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PREl‘’ATORY NOTE 


1 HI antliorN of thiN work nie^ aliont two years 

as to Hw (I^Mrihilih of rompiliiit^ and puhlishinpj a 
vohiiiKs iHuch on tiu* lines of (xmdmiUuJ ami E,ranij)k% 

issued by Mr (i* F. Han!y and n»y*self in 1889, wliich work, 
owinjr to tlie inalerial {uIvuikh* in iiciuarial scienee and in 
assnrunee praeluv since {hat da t(\ has lunv become insufticient 
f<»r Hu* fill! iHVils of actuarial stud<‘n{s. Beinjii: in entire agree- 
men! wiUi the autburs as to the demand for such a work, 
brought up to datt^ I enconrngcul them in their project, and 
uo%\ welconu {!h result of their labours. 

T!u‘ autbois have kindly given me an opporiunilv of 
pe!U‘-ing a jtruof of tin's volume; a*nd it is evident that they 
im\c d*'\(i{cd much can* and labour fo Jts^ production, and that 
tiieir large and sum’ssfu} experieiK‘e in training actuarial 
htud<*nts has wisely guided them in the preparation of the 
work, which appears lo me to form a most useful ami illuiiiin- 
uting «*(>uum*ntarv «p«m the adnumble Instilute Text Books. 

A fairly t^perlciu'c c'f actuarial students, both in their 
pieliminary siudies and in {he examination room, has shown me 
two d^'licit l're({UcnllN manifiM ni theii work; first, the 
lack of original and ind<‘p<aident thouglit, and a too slavish 
dcpeinlt'itce upon the demonstrutionH and conclusions set out in 
thi* nppioM‘d text books; and, si'condly, n considerable failure 
in lli(‘ pov^rr to apply, in practice, the results deduced theoreti- 
cally; these two tletich-ncics bcit>g ck>M‘iy associated with one 
another. I ha\e no dTiubt that the present work, by its 
elucidatory notes alU*rnative tlemonstratious, and illustrative 
<'\amph*s (\vhi<*h deal not onK with the fundamental bases of 
our Science, hut also nith its later practical developments), wdll 
prove m(»t OM'fid to students, by stimulating original thought 
ami rescarclu ami thus enabling them to secure a firmer grip, 
boUi of the 'I'heiuy and Pracli<x* of Actuarial Science. 

THOMAS <i. AOKLAND, 

Pf‘Uoi(* nf ih^ hi8tUn{$ i)f Aaiitarin', 

Hm, Ff'fhjt* (if thn Faruihf of Jrfn<trf(’n m SrofUinif* 



INTRODUCTION 

Students preparing for the Second Examinations of the 
Institute of Actuaries and of the Faculty of Actuaries in 
Scotland have, to assist them at this stage of their studies, 
the Text Booh of the Institute and Mr George King‘*s 
Thvon/ of Finance^ combined with the Graduated Exercises 
and J2xicmi)lc\s of Messrs Ackland and Hardy. But there is 
good re«ason for believing that, with the extension of the 
purely actuarial part of the examinations, these works are 
no longer sufficient l?b enable even a careful student to take his 
examination with confidence. To supply a lack so important 
is therefore the intention of the authors in compiling this 
book for students; of whom even those preparing for the 
later examinations will find some parts of it not unworthy 
of study. As explained below, however, it is not a substitute 
for, but merely a supplement to, the works already mentioned, 
which, it must be urged, there is no intention to disparage 
in any way. Encouragement to proceed has come to the 
authors from various directions : from those whom they have 
had the privilege of assisting in their pi'eparation for examina- 
tions, from their contempoi’aries in the profession, and, above 
all, from Mr Thomas G. Ackland, whose Prefatory Note they 
value veiy highly, as well as his kindly advice on many points. 

Slridly speaking, the book is a compilation of notes on 
numerous points which are not disposed of in the text books 
so thoroughly as pic.-icnt-day exigencies require. No claim is 
made to originality, for that were futile : the matter consists 
of extracts from contributions to the Journal of the Institute 
and other profosional records, or of explanations and elabora- 
tions of problems and statements contained in the text books. 
The effort throughout has been to simplify the obscure and to 
introduce only the essential. 

In the authors" opinion, no student can hope to become 
proficient if he confines himself to reading the various books : 
it is necessary that he should deduce every formula for himself 
at least so often that he shall be confident that his own result 
will correspond with that of the text book, and confidence is 
essential in the working out of actuarial piobleins. It may be 
true that in such work memory is all important ; the true use 
of memory, however, will be found, not m learning results by 
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hcartj but rather in tlie application of the proper nielhocls of 
deduction, and this will only come by practice. 

* An inspection of the contents of the book will show that 
.it is based upon The Theor}/ of Finance and the* Tn.^iiiutv of 
Actuaries' TciVt Bool\ Part II. These fundamental \\orks must 
of course be read side b\ side v.iih this; otherwise it \ull in 
great part lose its force. Ample references are made thrt>ugh- 
out to enable the student to follow with a mininunn of trouble. 
The authors ha\e been accustomed, both in studying and in 
teaching the subject of iulcrest and annuities-certain, to the 
use of *Mr King\ book rather than the TciVi Iiook\ Part I. 
But the student wdll find it ad\antageous also to follow 
closely the demonstrations and practical applications given by 
Mr Todhunter in the latter work. 

No attempt has been made to deal wdth the [)urely mathe- 
matical side of the w’ork. The three chapters at the* <dose of 
the Teoct Boohy Part II., and the subject of the calculus 
scarcely come within the scope of a work such as this. 

The examples are taken for the most part from the 
examination papers of the Institute and the Faculty ; and tin* 
answers, which follow immediately after the respective (juestions, 
have been prepared with care. The student should, of course, 
woi'k answers to these and other examples independently, 
though not until the subject-matter of the books has been 
thoroughly grasped and mastered. It wdl! frecjuonlly l^nppcn 
that tlie answ'cr obtained by him will vary from that given ; in 
which case it will be a useful exertds<' to prove the two 
identical, or, if they are clearly not so, to find where and how^ 
the difference arises. The authoi’s wdll be glad if any errors 
which are discovered are pointed out to them. 

It should be mentioned that, following the Book^ tiny 
have preferred the more familiar to the more oflicklly 
correct 1 jQjj. Furthei', in the di^caisMoii of poHcy-valuos they 
have used the symbols and to represent the ordinary 
and special reserves after n years for wdiole-life policies with 
premiums limited to t years. Otherwise they conform to 
Institute notation. 

Their grateful thanks are due to Mr John H. Imrie, M.A., 
F.F A , and Mr Thomas Frazer, jun., F.F.A., wdio have read the 
proofs, and made many \aluablc suggestions. 

W. A. ROBKRTSON. 

F. A. ROSS, 


Edikbtogh, Ocioher 1D07. 
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ACTUARIAL THEORY 


THEORY OF FINANCE 
CHAPTER I 
Interest 

1. The first matter requiring attention is the question of the 
difference between the nominal and effective rates of interest. 

In explanation of Article 12, it may be pointed out that^ where 
a loan is made at 5 per cent, (for example), the interest is, 
in the ordinary case, payable half-yearly. Now the theory of 
compound interest is that interest earns interest, and therefore 
the interest paid at the end of six months earns interest to the 
end of the year. In this way the interest actually earned is 
over 5 per cent., though the loan is always nominally a 5 per 
cent. loan. The amount of a unit at the end of six months is 
T025, for the interest then paid is '025. Starting then on the 
second six months with T025 of principal we have the interest 
thereon for the second six months 1‘025 x *025, and the amount 
of })riiicip<il and interest at the end of that time will be 

1*025 X 1*025 = (1;025)2=: 1*050625, 

which is therefore the ggptiount of 1 at the end of a year, and the 
actual interest on 1 for that period is *050625 or £5^ Is. 3d. per 
cent. By similar reasoning, the general formula (H) follow^s; — 

where i is the mmiinal rate of interest convertible m limes a year, 
and zW is the corresponding effective rate of interest. 

From the above we arrive at the following statements . — 

The Nominal jRate of Interest is the rate per annum at which 
interest is quoted, no matter how often within the year that 
interest is convertible. 

A 
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The IJJfedIve Rate nf luUrc'ti is flu* t«»lal intrnssl r(s‘ilis(‘cl hy tin* 
inveslmeiil of a unit for a \ ear. 

Now intei’est may he convorlihle half-vearh , (|uarterly, monthly, 

or at the close of any fixed intervals. And lliese intervals may !>e 

reduced in length, until at last we have intere'-t <*oinertihIe at 

iudnitely .short ])enod.s,/.<\,inouienfIy. In this ease, in forniu[a(U), 

T . . . ^ i f ) 

we write i for f^'**^and o for ^ ; and we ha\e / ^ ( I ^ | - I j* 

n? being infinitely great. But by llie tiieorx of logarithms 

1 — ) 32 J the limit becomes v* and wt* ]ia\e 

7)1 J 

i =. etf ~ i 

and 5 — Iog^(l + ? ) 

B is called the Force of Interest. It takes llu' place of the 
nominal rate of interest only when iaiert‘si is convertible 
momently. We therefore define the Force of Interest as the 
nominal yearly rate of interest when interest is convertible 
momently, or the annual rale per unit at \Uiich a sum of money 
is increasing by interest at any niomeni of time. 

2 , To find the amount of 1 at the <*nd of the plh pari of a 
year where interest is convertible r/ times a }car. 

The amount of the unit at the end of a y 4 S'ir will he 

(l + = (1 + if")). But by Arficlo 10 llic anu.unl of 1 at 

I 

the end of the ;ith part of a year at ral<‘ / is ( j ^ , and thertTon* 

at rate is (1 + 4 . ^ ^ 

8 * Aiticles 17-21. Discount is defined as the difference 
between a sum due at the end of a given term and the present 
value thereof. 

Discount assumes three forms according as it is cahmlated by 
the three following methods ; — 

(a) Commercial Discount . — In trade transactions, as in discoiuit- 
ing a bill, the discount is calculated like simplt* interest at the 
quoted rate for the currency of tlie bill. That is to say, tin* 
discount is ni for each unit of the bill, n usually being fractional. 
If w were large, then the present value of the bill to be hand<*d 
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over to the seller, B(1 - m), might be negative, which manifestly 
is absurd. 

(b) Simple Dtscoiiiil . — The present value of a bill, B, due. at 
the end of n years, where h may be fractional or integral, is 

1 + JM ’ simple interest. The discount, or by definition 

the difference between B and its present value, is therefore 


B - 


B 

1 +«7 


-K'-fhii) 


{1 + ty 
B-^1 - — 

tY r (i+>j 


, and the discount is 


(c) Cmnpomd Discoiml. — Again, the present value of a bill, B, 
due at the end of n years, where n as before may be fractional or 

B 

integral, is by compound interest 
accordingly, 

The formula for simple discount may be written in the form 

and that for compound discount -^(1 + 2 )^ - 1 

from both of which it will be seen that discount is really interest 
for the whole period on the present value of the sum, not, as is 
assumed in commei’cial discount, on the sum itself. 

Discount may, in similar manner to interest, be convei*tible at 
,iny fixed intervals, and as is shown in Article 22, the value of 1 at 
the end of a year, where discount at nominal rate d is converted 

Now, as before, the intervals may 


d 


in times a year, is ( 1 - , 

\ w / 

be made infinitely short, that is, discount may be convertible 
momently, and we have 

i7 ■= A « , where v is written for ai, and d for d, 

\ 'in J 

f S 

In the limit wdien m is infinitely great n - =e"- 5, whence 

V = e-S 

and - 8 log^v 


Here, then, 8 is called the Force of Discount It is substituted 
for the nominal rate of discount when it is converted momently, 
and we may define it as the nominal rate of discount when 
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discount is converted nioinenlly, or the aniniol rate per unit at 
which a sum of monev is decreasing hv discount at any inonicnt 
of time. 

4. In Arlicl<‘ 2n it is assumed, in tnidnijir the nunda^r of years 
m which money w’ill double itself, that inier<‘st is eoinertihle onet‘ 
a year. J^y a similar method it mi^e^hi he slnmii that, if inlere.st 
were converlilile in times a year, the number of wdhly periods in 
which mono} would double itself would. In th(‘ first formula^ he 
•69 

, and to find from this tlu^ number of vear^, it is necessary to 
m 

divide by w, and we have therefoia* tlie number ot' years. 


-1 1 HjUl - 

•«' I I 

' m ^ 

the periods of i*oiiver&ioii making no alteration in the length of 
time. It is obvious, however, that the length of time will be 
shorter the oftener interest is converted, and therefore it is 
necessary in this formula to use the effective rate of inlevesl 
always, I'hus : — 



(I -f 2 


wdiere js the efre<'tne rate eorresjauuling to nominal rate L 
From this we get n — a}ij)ro\im 4 .ti 1\ 

By the second and more exact formula, /.c., n +*SrK on 

/ 

the other hand^ the same error is not found. We have, if interest 

be convertible m times a year, the number of 7 wtblv iH^riods 
•693 

=« ^ + *35. Dividing by m, as before, we get the number of years 
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If, however, we use the effective rate we have the number of 
*693 

years = -I- + *35. These two formulas 



give results aimosi ecjual for ordinary rates of interest and periods 
of conversion^ and this is a further proof of the superiority of the 
second formula over the first, as the nominal rate may’^ be used 
without loss of accuracy. It is, however, necessary to note that 
the addition to be made to the result of dividing by the nominal 

rate is — of *35 and not *35 as in the case where interest is 
m 


payable yearly. 


5. With regard to the equated time of payment, the proof that 
72, as found from 

Sv7?«| “f* SaT^a * 4“ 

“Si + S24-* * * +S, 
is too great, is as follows : — 

The Arithmetic Mean of Sj quantities each v’h in amount, and 
Sq quantities each in amount, etc., and Sr quantities each in 
amount, is <*qual to the total of the quantities divided by the 
number of quantities, or 

+ S + • • • +S, 

~~ vS j f S7+" s' 

while their Geometric Mean is equal to the product of all the 
quantities to the root ofj^he number of quantities, or 


Now, as is shown below, the Arithmetic Mean of any set of 
quantities is greater than their Geometric Mean. Therefore 

_ ^ ^ • • +Sr%r 

Stti»i4-S3ii”3 4- • • • + Sy»'’^ ^ ,y 's'+s-T-T-rr+s;: 

Sj + S2+ • ■ + Sf 


(SjI>''i + S2!!"2+ • • • +SfB**-) > 

(81+82+- • 


4-Srttr 

+ Sr) V 


or 
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That is to say, the ])rest*ni value <»f clue at the of ;/j years, 
S.>.d'ue at the end of w, years, ete., and S. due at the end of 
fir years, is greater than the present value of ^ * • ‘eS^) 

due at the end of 

-f SoM,-4- » ; • 

Sj + SjH- • *' * -hh. 

years (or n years). Theivfore 


SjWj -i- S.,« . 


S , » . 

s 


for it) 


is greater than the eorreel equaled time of paynunit. 

Proof that the Anihmetie Mean (»f ?/ positne 'jumtitivs is 
greater than their Geometric Mean. 

The Arithmetic Mean of the n quaixtitics a, h, e, • • • /*, is 


« 4- 
n 


while their Geometric Mean is 
{ah • 


1 

ky. 


Now, in phu*e of each of the grc‘alt\st and least of these 
a 4* h 

quantities, say a and put - It may he easily pri>v<‘d that 


> nkj and therefore the result, has heen to inen^asi* the 


cry 

(ieonielric Mean while the Aritlnuetie Mean olndously reinaias 
as before, since 


a^k -- 


a *r k 4t 4 k 


In place of each of the two quantilie.s which are lunv tin* greatest 
and the least, put their Arithmetic Mean as befon% 'Fhe result is 
again to increase the Geometric Mean of the « ijuantities, while 
their Arithmetic Mean remains the same, 'rins process may be 
repeated until the quantities are all, as nearly as possible, of equal 
value, in which case the Geometric Mean is etjual to the Aritli- 
metic Mean, for 


L \ 

(r. , r • • to /i factors) « ^ {r )•' ~ r 


r-i-r-} r-i- • • to n I onus 


But we have seen that Iht* Arithmetic Menu r<nuains th<‘ same 
throughout, while the CTCoinetric Mean has lu*c*n increased at each 
step until it equals the Arithmelic Mean, Consequently the first 
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Geometric Mean (of the n original quantities) must be less than the 
final Geometric Mean (of the ft equalised quantities), that iS) Jess 
than the Arithmetic Moan of the w original quantities, and we have 

(ahc - • . ky < 


EXAMPLES 

1. A sum of £500 payable certainly at the end of 20 years is 
purchased for £239, 8s. lid. Find the rate of interest realised by 
the investment. 


Here we have 


239*446 = 5001)20 


Hence 


•478892. 


log V 


Resorting to the use of logs, we get 

log *478892 
20 

whence v = *96386 

and i = *0375. 

The rate realised is therefore 3| per cent- 


2. Verify the following figures : — 



ElleeUvo Kale, Interest being Convertible 

Nominal Halo. 




Half-Yearly. 

Quarterly. 

Momently. 


■04 

*04040 

•04060 

•04081 

•00 

•05063 

•05095 

•05127 


Kflective Bate. 

Nommal Bate, interest being Convertible 

Ilalt-Yeaily 

Quarterly. 

Momently 


*035 

■03470 

•03455 

•03440 

*045 

•04450 

1 

•04426 

•04402 


3. (a) What is the amount of £100 at the end of seven years, 
interest 4| per cent, convertible half-yearly.^ (p) What is the 
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present value of due at the *‘n(l of yuvs, interest 

4 per cent, convertible if. 


An.s'<\ tTs : 


(rt).£inO X .i'l.'M'), 1 Is. m arly. 

{h)£-2m y = “I''"'- •’•tl. m-ai-h. 


4. There are Uo sums of inonev, XA and ,£!>* due at the end 
of // and m years res|V‘<‘Uv«‘h\ (a) Find /♦ tlu‘ <‘quated time of 
payment. If this e(|uated lime of paymeni be (‘\t<md<*(l to 
r years, to ^vhat sum will the amount due fall ti> he nK‘n‘ase<!r 
interest to be at rate L 


((i) By tlie approximate formula, we have 
;/A •+• w/B 


/> « 


A + B 


((}) Let C be the addition to he made to A -f B if the time 
of payment be deferred tt» r. 


Then 


A + B + C 


A 


B 


(l+;y ^ (1 bo- 

und (A + B-|-C)(l -W) .= A(l-?d) 4- B(j -w/) ippr(r\imah‘h , 


vidience C' - 


.V - . ' ' ' . .Mil L , 


1 


m 


5, The premium ineome of an Insuranet* Otliee is distrihuii‘d 
throughout the } ear as follows : — 


( 

Pr('Ai3um» due m | 

Amount. 

rmniumh du'* in ! 

1 

Am>>unl. 

January . 

.£] 000 

July . . 1 

1 

.11000 

Februaiy 

.£1100 

August . ' . 

£2000 

March 

£1^.50 

September 

£2300 

vVpril 

£1500 

October . 

£2800 

May 

£1100 

November . ; 

£4000 

June 

; £1850 

Decimiber , * 

£t>000 

— 





Assuming that the premiums in eatdi month are clue on the 
average in the middle of the month, find the <H{uateil tune <*f 
payment. 



CHAP. I.] 


THEORY OF FINANCE 


9 


Here we have 

(1000 X i) + (1 100x1},) + (1250 x2i) 4- • • • +(6000 xlU*) 
1000 + U00 + 1250 +•*' * • +6000 
= 7 768 months approximately. 


6. If a sum of money at a given rate of interest accumulate 
io p limes its original amount in n years, and to p' times its 
original amount in years, show that = w ] 


By the terms of the (piestion 

= p 

whence u log^ (l +z) = 

= 1 ^ 


and M 

Again (1+?)^*'' 
Therefore n' iog^(l + ?) 

and n* 


1 __ 



i%p' 


“ log/l+i) 

=. n logyp' 


7. A sum of money is invested at 3 per cent. Find approxi- 
mately in how many years the sum will have increased to four 
times the original figure. 


From G. F, Hardy's formula we may obtain the time within 
which the sum will double itself — 


n = 


'693 

03 


+ *35 


- 23*45 


The sum at the end of 23*45 years, being double that at the 
beginning, only needs to be redoubled to reach four times the 
origmal amount. The time required for this operation is, of 
course, again 23*45 yeai*s. Therefore the time required for money 
to become fourfold the original sum is 46*9 years. 



(IIAPTKK II 

Annuities- Certain 


1. The amount of an aimiiit > -tiu<* of 1 por annum foi w \<‘ars, 
interest at late ? <*on\<*rtibIo v‘arl\, is as iullows: 

=. (1 + ?)a‘~ or - 1. 

The \aliie of the same annuiU-tlue is as follous: — 

a-. l+r + r“-i- • • 

ft I 

« (l + i)w..~ or j. 


2, The value of an annwity-tlue (»f 3 jun* annum for « years, 
pa3%able p times a J’ear, intercbt at rate / converti!>Ic </ is 

found as follows ; — 



That is, the \alue of an aniuut^'-due is <‘tnial io llu‘ value of an 
ordinaiy annuity of this nature with all the j>ayiuentb advanced by 

— of a year, which is obviously correct. 


8. Formula (13) may be written in the ft>nn — 
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— from which it is more easily seen that an annuity for n years, both 
payable and with interest convertible q times a year, is the equiva- 
lent of an annuity of — for nq periods, calculated at interest 

2 

or we may write — 

at rate — 

"■ I (j m q 

If i be the effective rate of interest, we have : — 

r/"'' - 1 -( l+i )-» 

'’ir\ i. 

1 -(!+,)-« { 


9[(i+*y-i} 


<71(1 +y - 1} 

The following explanation of this formula may be offered in 
supplement of that given in Article 26 If the q payments of 

i each, payable at the end of each ^h part of the year, were to 

be superseded by one payment at the end of the year, this single 
jjayment must be made equal to the accumulation to the end of 

the year of all the q paynionls of each ; that is, equal to 

1 / LI 

y^i+(i+0"+(i+0* + - • • +(1+0*1 


( 1 + 0'^ -1 

We therefore have the value of an annuity of 1 per annum, 
payable q times a year in instalments of — each, equal to the 
value of an annuity of 


<?!Ci+0"-i} 
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payable once a year, or in symbols 


iu) 




X 

I 


In formula (13) as modified at the be^4^ininn^2^ of this section, if 
n be increased indefinitely the annuity is changed to a J)e^)etlJi* ^ , 
and the term involving 7i in the mnnerator disajipears ; we have 


/ -i 11/1 1 1 ^ \ 

( ~ — ff at rate - - ) 

“> q \ (ji q J 


as the value of a jierpetuity at nominal rate of interest /, perjietuity 
payable and interest convertible q times a year. 

The value of such a perpetuity may also be found as follows : — 


The value of the first instalment is — f 1 + , of the second 

9 \ < 1 / 

^ , and so on. We therefore have 

““ “ lie f)"' +(i + y) ■ +(i + !)■'+ • 

1 . 

1 



1 1 
q 



That this value is correct may be shown thus: — If 1 be 

invested at this rate of interest it will provide — at the end of 

9 

1 . 

each — of a year (which is the same thing as saying that, if it 
be invested at rate -i- per glibly period, it will yield '' at the 
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end of each such peri(Kl)j and thei'eforCj if — be invested,.- by 

z 

sira])le proportion it will yield — at the end of each period, 

which is the perpetuity we desire. 

Similarly in formula let p=^q and let n be increased 

indefinitely, and the annuity becomes a perpetuity, the term 
involving w vanishing as before. We then have 

JL 1 


where is the effective rate of interest convertible q times a 
year. 

This perpetuity may also be valued thus : — The value of the 

1 2 


first instalment is -i(l +/<'/>) of the second -^(1 ^,and so 

on. We therefore have 




1 


|( 1 + 2 ( 9 )) ^'+(1 + 




ad in. 


r] , 


1 X 

<l -L 

l-(\ +{(.'!)) * 

1 1 


( 1 +*(-!))" -1 

This, then, is the value of a perpetuity at effective rate of 
interest perpetuity p^able and interest convertible q times a 
year, and may be explained thus : — If 1 be invested at this rale of 

1 . i- 

interest, it ^vill yield at the end of each “ of a year -1}} 


][ 

and therefore j will produce 1 at the end of each 

{(l+jW))"*-!} 

such period, and 

_1_ 1 

_!} 
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will* produce — at the end 4)f each period, is the pcrpcluity 

required. 

4, The following equations should he carefully noted : — 



(1 +0’" 

X (1+/)’ 

-- 




,v- 4- 

(1 +0'‘' 


a 4- 

iir 

1'"' a - 

n 


These formulas are of importance in coniKHdion with Interest 
Tables, It may be desired to obtain the value in respect of (??/+«) 
intervals, where the values in the tables are tabulated in respect 
of intervals up to in only. 

6. The value of future fines for the renewal of a lease, or, in 
Scotland, of future duplieands of feu-duty, and the substitution for 
them of an equal animal jiayment in perpetuity may be considered 
as follows : — 

Suppose F the diiplieand due now and at the end of eveiy 
^th year from now. Then the present value of all the payments of 
F in perpetuity is 

F (1 + -f +•••««/ b{t\) 

Now let P he the annual payment to be found which will he 
substituted for the periodical payments of F. 

Then the present value of all the payments of P, assuming the 
first to be due now, is 

P ( 1 4 - r 4 * + • ‘ * "ad in f . ) 

» pJL = pit! 

1 ~r i 

Now the present values of these two series of payments must 
be equal to one another, and we thei’efore have 
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Bui we see that the aujiiial sum payable in advance for t years 
which a sum of F payable now will purchase is 


1 


= F 


1 


1 - 


Our result is thus confirmed by general reasoning. 

Suppose now the first payment of the duplicand be due t years 
hence ; the present value of all the payments is then 


F (r* + -p 


ad mj\) 


1 — t;* 
1 


And the present value of all the annual payments of P, the first 
being assumed to be payable a year hence, is 

P(i) + ^2 4- ii8 . . . ad inf,) 

= p-l 

i 

We therefore have in a similar way as before 


P-L=:F 

I 

P « F 


1 


(i+ty-i 
i 


{i+zy-i 

Now the annual payment which requires to be set aside to 
accumulate to the sum F due at the end of t years is 

i 


F — = F 


(l + 0*-l 


this result also being arrived at by general reasoning. 


6. The schedule given in Article 39 illustrating the redemp- 
tion of a sum by equal payments including principal and interest 
is very instructive. It is shown how the capital contained in the 

wth payment of the annuity is + We also know that 

tTi 

the capital contained in the first payment is — , and m the 
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second is — (1 +/), hocansc tiu- inU-rcsl itii tli<' first ivjiayinc'ul 

'Sr 1 

of capital has i'clcas(*d and must he utilised to inertsase* I lie 

capital contained lu the second payment. Simiiarh in tin* third 

instalment the capital is -(1+0“^ generally in the ?;dh 

*«“i 

K 

instalment the cajiilal is — (1 


That 


. IS easily proved. 






By the first way of looking at the matter, the rcjiayments of 
capital in i years amount to 

— ^ ^'A-l 4. . . . 4- + 1) •« JL K - ^ 

%1 n\ rtj 

And by the second the total capital repaid in ( y<virH is 

“ {i+(i+0 + --- +(i + 0'-M ' .^-Vi 

’ vt i //{ 

These two expressions are identical, fin* 




-n’‘{u(i+o+--* +(i + «y 


4. iiW-l 4, ,, , 4..4WI"< Tl) 


=; 

nl n-ty 

— * JlL “■ ■ ■' (flf' —— ' " ' V 

n\ 


Again, the capital returned in the first pavnient is ----i»»*-.in 

a . ' 

ft! 

K K" 

the second — and so on, and in the last it is Now 

“iJl "il 
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the present value of the capital in the first payment is 

K K , K K 

p — pn, =- — ^ Qf that in the second y- — =: — 

a-. a-- a—, ^ 

n\ >i 1 )!, 1 n\ 

K K 

of that in the last -- r = — Therefore the total 

r/— r rtf—. 

K 

value of all the capital repaid in the w instalments is n — 


This expression is of use in ascertfiinin|y the value to be paid for 
an annuity-certain allovinp; for income-tax, when tax is deducted 
from the whole annual payments without regard being had to the 
jiroportions of capital contained therein. It is obvious that, for an 
annuity of 1 for n years, a purchaser in these circumstances should 
not pay aj— , but should deduct the value of income-tax on capital 

at t per unit, or Thus the net price paid for the annuity 

will be This result is necessarily only approxmiute, 

as an adjustment should now be made for the reduction of interest 
following on the reduction of capital invested, and for the con- 
sequent increase of capital returned in the successive payments of 
the annuity. 


In making up a schedule such as that given in Article 39, it 
should be carefully noticed that it is only necessary to work out 
the figures in column (3). The first value in this column is 
K 

The succeeding values are obtained by continued inultipH- 

*%Tj 

cation by (1 + ?'). The figures in all the other columns are obtained 
from those in colunni (3), In forming the schedule in this way, 
hovrever, a periodical chccjc should be applied, the figure in column 
K 

(3) opposite m being (1 + 


When the annuity is payable q times a year, it should be 
assumed that interest is conveii:ible at the periods of payment of 
the annuity. The schedule should then be foi’med in respect of 

an apnuity for ?jq intervals at rate of interest — , bearing in mind 

the formula previously found, namely 

1 i 

^ - a at rate of interest — 
n\ q q 

T5 
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7. In ibc ciremii stances mentioned in Arliele *10, when* an 
investor lias lent money, repayabh* by an amniity and yie]din.ir a 
given late of interest, say but where lu* is ahh* to aeemmilate ihe 
sinking fund returned to him annually at a lower rate* only, say 

be seen that for an advan<*c of L ibe borrower must pay 
interest aniounling to i per annum, and also the sinking fund al 

rate z' to replace the advance of i or In other words, 

V [ 

1 is the value of an annuity of / , and by proportion 
— is the \alue of an annuil 3 " of 1 ]>er annum. 

«i| 

To find in such a case the amount of capital outstanding at the 
end of t years. 

If K was the original advance, the annual payment being 



the sinking fund will have aceunmlated al T to 



in i years. Now, if the borrower be ask(‘d to repay tlu* capital 
outstanding for the eonvenh noe of the lender, he should pay <nily 
the balance outstanding after deduction of the accumulation of 

K 

sinking fund, that is, K - 


If, on the coiitraiy, it be to the hoivoweris t*oinenienca‘ that he 
should repay the balance of capital, ihe lender must i(*(<‘ivc such 

a sum as will enable him to purchase an annuity of Kf i. ^ 

' H 1 ' 

for the remainder of the tenn, that is, the 

value of the annuity being calculated at rate i', as that is the pite 
returned by investments elsew}u*re. 

The third case may, however, arise vhere b(>th parties desire 
to end the contract, and in such circumstances it will be sufficient 
if the lender get such a sum as will enable him to set u}) a sumlar 
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contract for the remainder of the term. That is, he should get 
the valne of an annuity oi K T ~ — j for the iinexpired period 

on the same terms as the original annuity was calculated, Wc 
saw that the \ alue of an annuity of 1 for the wdiole ?i years was 




1 4-"; y' ^ * Hence ■we get the value of an annuity of K + .-L-^ 
for (w-/) years as K^ / -j- 


''ril 

w -T] 


8. The general rule given in Article 43r/ for finding the present 
value of a series of jmyments of any amounts, to' be made at any 
times, the value to be so calculated as to yield the purchaser the 
remunerative rate, e, on his whole investment throughout the 
longest of the periods, ;? years, and to return him his capital at the 
accumulative rate, ?/, should be most carefully noted, as it is in- 
valuable in finding the present value of varying annuities of this 
nature. It is sufficient to know the first )>art of the rule ; namely, 
that the present value may be found by multiplying the amount 
accumulated at rate I' to the end of the n years of the series of 

iiaAunents by 

9. In Arlkile 50 it is shown how to approximate to the rate of 
interest by means of Finite Differences, given the value of the 
annuity and the term. By the same means an approximation may 
be made to the value of an annuity at a rate intermediate between 
the rates in a given Uble 4 )f values. 

The general formula may bo stated in the form 

, Ul - 1 ) 

"a V*** / AO 

“h « A -f* , “t" • 

where the values at intervals of *r in the I'ate of interest are given. 

For example, if tables of values at 3 per cent., 3-J- per cent,, 
4 per cent., etc., be given, and it is desired to find the value at, 
say, 3j per cent, wc have 
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For a term of f?0 > ears, 

« 14*87748 + x -04301 

« 14-87748 -.*00702 + *01013 

« 13*80599 


10, With reference to Article r»5, e, it should be noted that the 
value of an aimuity-certam for w y<J.n‘s deferred / years, interest 
at rale 2 during the first / years and at rate J thereafter, (vm be 
conveniently expressed only m the form 

It should 7t(>t be written in anv modification of the formula 




w+ t j 


"T| 


11. To find the annual premium payabh* in fuhance for f years 
required to provide aji annuity-certain for « years, the first pa\ incut 
of which is to be made at the end of / years. 

The value of the benefit to be obtained is 

'i 1 

The value of the payments to be made to secure this benefit 
(P being the required annual premium) is 

P(l+r + «-+.*• +e^“‘^) =r: Pa- 

Now the value of the benefit must cc^ual the value of the 
payments made for it, whence we have 


Pa 

and 


t\ 

P 


n{ 


M 




fl 


If the premium be payable half-yearly, we have as before the 
benefit side ~ ^ and the payment side 

p i 

-s —a,:, where interest is at rale 

2 2 
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Therefore 


o" 








"^TTi fiilculaled at rate A and the other functions at 


a-ii 

rate / 


12. Sinki!i^fji;-Fun(l Assurances ai*e of importance, as they are more 
fre<juenlly in use tlian formerly was the ease. They .ire employed 
to provide sums required for the redemption of debenture issues at 
their due date, to rctux’n at the expiry of a lease the capital sum 
paid for properly held on leasehold, and, in short, to secure the 
payment of a sum of what<iver nature at the end of a term certain. 

The present value of such a sum, that is, the single premium 
to secure it, is v '‘^ . 

Putting P~ for the annual premium to secure this benefit, 
the present value of the premiums is 

P.-|(l+« + c=+ . . . +C>»-1)= Pj_(l+«_-) 
whence P-, (1+^/ — r-i) =® 


and 





If the premium be payable p times a year, we have the payment 
side eijual to 


r{' +0- ;,)■'+(' "ir-- "04)' 


Oi-i) 


/ p(P) 


where a is calculated at rate — . 

/O'-li p 


From tins we get 


nl 

V 




i-ha 


W3»-Ij 


We have so far made but a simple application of the formulas 
already obtained, interest being assumed to remain constant 
throughout tlie whole term of n years. It is, however, the case 
that tlie rate of mterest has shown a tendency to decline for many 
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years, though of lale this tend<*tu‘y upjH'ars In havf* a 

check, whieli however is probably of only l<‘UJp«»i.n‘y effect. It 
will in «*inv event he prudent to inak(‘ allowance for sui*h a fall, 
and we must seek formulas to give effect to this eonsuieratiem. 

Suppose the rate of percent to hold for 10 years, there- 
after falling I per cent, every 10 years till a mininuim of 2 per 
cent is reached, 'fhen the value of i dii<^ at the end of (10 + wj 

years (»n < 10) is x 

At the end of (20 + ?a) \ears (/w <• 10), the value is 


At the end of (00 + ?/?) years the valu<‘ is 

10 10 10 

X y.o,, X X 


10 in 10 m 


^ ( 8 p ^ '( 3 > 

where m has any value. 

The present value of the annual pnaniinus where the sum is 
due at the end of (10 + 7«) years (?« < 10), xs 


(^3) 


10 V 

V) % i^y 


and P =s — 


10 


Nap 


^4o1(33) 


,10 

^8i> *N«:<8i) 


Similar values of P where the sum is due at the end of 
(20 + w/), (30 + w/), (40 + ?»), and (50 + m) years, m in each ease being 
less than 10, may be found. 

Finally, when the sum is ducat the end of (00 + ///) y<virs, w 
being of any \alue, we have for the value ivf the anmml pi* niimns 


P (a 


10| c»3) 


^\z\) ^\z\) ^ 


10 

#1 

0\) 






10 10 
^(*4) 


a- 

N‘i\i No 




And, the value of the benefit being as found above, we may at 
once determine the value of P. 


13. To find the value of an annuity-certain of 1 for n years 
paying the purchaser a desired rate of interest .me! securing by 
a Sinking Fmid policy the return of his capital w*illi one year's 
interest at the end ot the year following the last payment of'the 
annuity, 

A purchaser would pay I for an anniuty-due for (« + l) years 
+ d), whcrc P;j^j^j thc px'emium payable in advance 
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(‘h.irijfed by .‘in for ;i Sinkini^;* Fund polic}^ of (/z+l) years 

term, nud d is ilu* inierest in advance on 1 at the rate des-ired. 
For an {iniuiity f(»r // years of would therefore pay 

1 - (F — j j -h ^0^ und for an annuity of 1 for ji years he would pay 


A^ain, for the annuity of + r/) for n years, we saw that 

tlie policy eftecled was for 1, and therefoi^e for an annuity of 1 the 
policy \Nill be for ^ and the annual premium will be 

•/I hi I 


p 

«+u 


P-”. 4- 

n fij 


We have now to see 


(1) What the total capital invested is ; 

(2) How each annual payment is divided between interest and 
premium; aaid 

(3) Whether the policy returns the capital invested with one 
year’s interest at the end of (n + 1) years. 

(1) The value paid for the annuity is, as above, 

But in addition the purchaser must pay the first 
premium on the Sinking Fund policy, which is 




-1 


4l+l( 


rherefore the total capital invested is 




(2) Each annual payment is 
whereof there is 

Intel est on p ^ of capital 

And premium on policy . 


n-Hll 

P i-d 

«+ir 


Together 



2i 
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(3) I'he capital invested is, as hetore. 
One vear'sS interest t hereon 




Tt>a,’ether, making np the amount payable 
under the poluT 




If p — - be a net prennum, and ealeiilaled at the same rate a 

)i*r 1 


[IS 


d, then the piace paid for the annuity, - 1, is ecpial to 

' t'll 

. , the value of an aiinuity-eertain for ?? years, 

ftr 


For, since 


?i+i{ 


1 ^ ^ A 


a 


^ 5 + 11 +'^ =" T 


«-! l| 

1 




“Mil 

®nTl| 


And - Vh|-1 

e= a—,, 
ni 


EXAMPLES" 


1. If m annuity-certain is payable twice a year, intei'cst con- 
vertible four times a year, and the effective rate of interest Ls i, 
what is the amount of the annuity in n years ? 

The general formula to be applied is 


s 


i 

P 



-1 

-t 
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%vherey is llu* noininnl ral(‘ of intoirsi <M>iiveiiihlo 
But by tlic ioniis of tin* t|u<\sUoii ^ ^ 

(j=:4. Also p - 11. Therefore we have 

*“ 2(l + e)i -1 


(f {im<\s a year. 
( 1 -f «) where 


2. Find ihe amount })er anmnn payable momently, interest 
convertible monuuitly, for n years, correspondinsf to a yearly 
payment of a for ti years, inlt^rest convertible yearly* 

Let K be the amount per annum required. Then the value 
of K for )t years will be K ^ — , which must be equated to 


the value of the })ayinents of a, that is, to a 


i-(i+o- 


We therefore have 


kL-P* = „LiO±^ 

o ^ 


whence K 


1 ^(l4.A-n 
a — ^ ^ — X 


1 — 


3. An annuity-due of 1 per annum is to be allowed to accumulate 
until the payment has doubled itself. Assuming that this occurs 
at the end of an integral number of years exactly, find what is then 
the amount of the amuiit}^ Prove the result by general reasoning. 

If 71 be the nimibcr of years it takes the first payment to double 
itself, wc have the amount t>f the annuity-due at the end of that 
time equal to 

(i+«)+(i +*)•*+ • • • +(1+0“ 

“ (1+0 
= (1+0^ 

since (1 -h 0” ” 2 

1 +i 

t 

This IS the value of a perpetuity-due of 1 per annum, and our 
resuit is easily proved to be coiTect. For, the first payment having 
accumulated to 2, of this 1 may be paid away and the i*emaming 
1 accumulated for years further, -while the second and succeeding 
payments wall accumulate to 2 in succession, yielding 1 per annum 
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to be |>akl awnv mnl I per aiminn In be r<* in\esle«! and aeeiinui- 
lated, and so on, ad hj/iniium; all %\liieh is oiniously the value of a 
perpetuity-due. 


4. Find the value of an aimuity-eerlain of 1 payable half- 
yearly for 48 years and 48 days at *ls. IkL p<n* <‘eiil. interest, 
given log TO loTil =• 000801 and log *221011 =r l%'Un02T. 


We must assume here that intcu'ost is <*onveviibk* Iia1f-yi*arly, 
and then remembering that where both annuity is payahh* and 

interest convertible p times a year a!^ -? at rate of 

interest — , we have 

P 


J2) 


I oi.'cy) 




-01 579 


To evaluate v 


90+ 


865 


(•0t5T6) ^ 


we have 


log V 




m 

800 


= + Ion 1 - 01^70 

=» - (iKt J X -OOCKO I 


= r345027 


Therefore 



« log -22182-^ 


1- *22132 
•03i58 


« 24*657. 


5. Each payment of a perpetuity is divisible ecjually among dve 
funds. It is arranged that, instead of the perpetuity being slpired 
as at present, four of the funds should for a dxetl number of years 
each in succession, receive the annual payments in full, and that 
the fifth fund should be entitled to the perpetuity m full 
thereafter. 
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Find the <»f jt^ars which must elapse before the fifth 

fund comes po'Nst'S’-ifni 

Here the b{*ncfit which the fifth fuml is procuring is a perpetuity 
deferred / years, and the benefit it is forgoing is a fifth part of a 
perpetuity, and tliese two must he equal. 

' o f ^ i 

Hence -- > 

i 5 i 

i)f = *2 

ana / = 

log u 


6, Find the value at 3 per cent, of an annuity-certain for 30 
yearsj, the annual payment to be reduced by one-half after the end 
of each period of 10 years. Given at 3 per cent. = ‘74409. 


Here the value of the annuity may be written 

" = '’nil +T‘’“"iol +T*^“i5l 
l_„io 1- -74409 


Now 


and 




•03 


= 8-630 




Wl; 


-74409 x 8-530 = 6-347 


= -74409 x 6-347 4-723 

Therefore a « 8-530-1- 6-347 + 4- x 4-723 

2 4 

« 12 * 884 . 


7. A hliarcholder in a life company holds £2000 of its paid-up 
capital, the dividends on 'whicli are increased 10 per cent, every 
quinquennial valuation. Supjiosing a valuation to have just taken 
place and the dividends for the next five years to be fixed at £100 
per annum, what is the value of his interest in the undex-taking 
upon a 5 per cent, basis ? 


The amiual payment for the first five years is 1 00, for the next 
five 100 xTl, for the next five 100x(l*l)^ and so on. The 
present value of all these payments is 


lOOfl.- + rn00(M)ag^ + x;ioiOO(l‘l)%,j^ -h 


which at 5 per cent, is equal to £3134*547, 
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8. Calculate the price io he charged for an annuity-certain t)f 
^2i5 for 30 years, assinnin^ 1 per cent, inlere^t for the first 
10 years, decreasini^ thereafter by ] per ctuit. per annum each 
period of 10 years. (Use the Tallies ^iven at the end of the 
Tkeorif of Finance,^ 

We have 

« 8‘11090 + (-6'r.j564 x 8*31061) 

+ (•670561 X *708019 x 8 53020) 

= 8*11090 + 5*61840 + 4*08528 
= 17*81458 
and 25 X r? = 445*3645 

= £445, 7s. 3<I. nearly. 


9, In connection with a feu-duty of £20 per annum, a duplfeand 
is payable every 21 years, the next being due 7 years hence. 
Find the present value at 4 per cent, of all future duplicands; 
and the equivalent addition to the feu-duty if all duplicands be 
dispensed with. Given *88900, *85480. 


The present value of all future dujdicands is 
20 (v^ + + • • •ad hif) 


20 


I. 


«2l 


Now 

jiiji 


= -88900 X -85480 
and -= (c')» -43883. 

Thei-efore the value of the duplicands 

•'<5992 


-75992, 


= 20x, 


1- -48883 
= 27-083. 

This may be looked on as the benefit. 

If, then, the annual addition to the feu-duty be P, we have the 
payment side 

^ 26 P. 


= P 


04 


Equating the two sides, we have 

25 P = 27-083, 
whence P »= 1-083. 

= £1, Is. 8d. 
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10. The annual value of a certain property is £20, and .this 
increases each year by 1 per cent. The projierty is subject to a 
feu-duty of £8 a year, but the feu-duty payable at the end of 
every 21st year from the present time is to be, not £8, but the 
full annual value of the property at that time. Give a formula for 
the present value of the feu-duty. 

The value of the annual payment of £8 in perpetuity is 
obviously . 

But every 21st year the £8 is not receivable, and the deduction 
on this account is therefore 

8 4* u®® -{-••• ad 

Instead of the £8, there is receivable the full annual value of 
the property, at the end of every 21st year, and the present value 
of this is 


20(l*01)2h)2i + 20(l-01)^V2 + 20(l*01)68i)S8^ . . . adinf. 
20(l-01)%2i 
1 -( 1 * 01)%21 

Therefore the full value of the feu-duty is ex})ressed by the 
formula — 


8 

i 




^ -(l-Ol)V 


11. Construct a schedule showing the repayment of a loan of 
£1750 by means of an annuity-certain for 4 years payable half- 
yearly at 5 per cent, interest. 


Half- 

Yeai 

Interest 
contained in 
each Payment 

Principal 
contain^ in 
each Payment 

Principal 
B^aid 
to Date. 

principal 

still 

Outstanding. 

1 

43-750 

200-318 

200-318 

1549-682 

2 

38-742 

205-326 

405-644 

1344-366 

3 

33-609 

210-459 

616-103 

1133-897 

4 

28-348 

215-720 

831-833 

918-177 

5 

22 964 

221-114 

1052-937 

697-063 

6 

17-427 

2-2GG41 

1279-578 

470-423 

7 

11-761 

232 307 

1511-886 

338-115 

8 

5-953 

238-115 

1750-000 

... 
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12. Construct a similar schedule of the repayment of a loan of 
£1^00 in 7 years at 3| ])er cent. 


Year. 

lntf*r<‘st 

111 Annual 
Paymont. 

Principal 
in Annual 
Payment. 

Principal 
Kepanl 
to Date. 

Principal 

still 

Outstanfiing. 

1 

45*500 

167-108 

167-108 

11,32-892 

2 

39-651 

172-957 

340-0C5 

959-93.5 

3 

33-598 

179-010 

.519 075 

780-92.) 

4 

27-333 

185-27.") 

704-350 

595-650 

5 

20-848 

191-760 

896-110 

40.3-890 

6 

14-136 

198-472 

1094-582 ! 

205-418 

7 

7-190 

205-418 

1300-000 

... 


13- A loan of i&l 0,000, bearing interest at the rate of 4 per 
cent, per annum, payable half-yearly, is to be repaid by 40 equal 
half-yearly payments, including interest and instalment of principal. 
Having given (1-02) -20 « -67297, find 

(«) The amount of the half-yeaidy payment. 

(i) The amount of principal included in the first and in the 
twenty-first half-yearly payments rcs}>cetively. 

(c) The total amount of ]>rineipal repaid, after payment of the 
twentieth half-yearly sum. 


(ci) The half-yearly payment 


10000 X -02 


1 - c! 


40 




10000 

200 


1 - (‘67297)2 


= 365*557. 


(/;) The principal in the first payment 

^ 10^ ^ ^ 3C5-557x(*67297)« 

as l()5’fir)7. 


That in the twenty-first payment 

= X u® 3C5-r)57 X •GTiOT 

'^401 

«= 246-009. 
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(c) The total piincipal repaid after the twentieth 
payment 


10000 - I— X 

10000 - 365-557 x 
10000 - 5977-405 
4022-595. 


"^201 

1- -67297 
-02 


14, Given at 4 per cent. = 15*6221, and at the same 

rate =? 8-1109, find the capital included in the 15th payment of 
the former annuity. 

The capital included in the 15th payment of 

== 1 , 25 - 15+1 == ^11 

the value of which is found as follows ; — 

1 - pio 
^lol i 

whence == 1 - 

« 1- -04x8*1109 

= -675564 

rpi 4, n -675564 

Therelore . 

1*04 

= *649581. 

15. A life office advances £1000, repayable in 10 years, by an 
annuity to secure interest at the rate of 5 per cent., and provide 
for the accumulation of th^ sinking fund at the rate of 3 per cent. 
When the sixth annual payment becomes due, the borrower desires 
to cancel the arrangement and repay the loan at once. Find the 
amount of capital actually outstanding and state what sum you 
would advise the office to accept in satisfaction of its claim. 

The capital outstanding is the original loan less the accumula- 
tion pf sinking fund, 

= 1000 - iM. X = 522-988 

But the redemption money should be the value of an annuity-due, 
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of the same amount as the office was receivin^^ for 5 years at 
3 per cent. 

= loooC-^ + = ni7-nno 


16. Given that the ainonnl of an anniiity-c*ertaiii of 1 is 
26*87037, and that the jwes^nt \alue of the same anmuly is 
14*87748, find the rate of interest. 


Using the formula 

1 . 

d-—, 

/tj 

we have i 

In the present example 

1 

* " H-87748 
= -067216 
= -03. 


1 


i_ - JL 

. ty— , 

?i ; 11 I 

I 

26*87037 

*037216 


17. A jierpeluily of X7, lOs. payable yearly, and a composition of 
£1, 10s. jiayalile at the end of the lOUi and every 20lh year Uierc- 
after, are to be redeemed by an annuity payable half-yearly for 30 
years. Find the anjoimt of the annuity, taking interest at 4 per cent* 


Here it will be convenient to find seiiaraie expressions for the 
value of the old benefit which is being given up and for the value 
of the eonskleration wlueli is taking its })lace, ctjuating the two 
thereafter to aKccriain the amount of the aimuil}*. 


The Benefit Side 


.. 7-rj [-1 +(«'«+ «“«+«="' -f 

7-6r25 + :®!^^ 

-543613/ 


= 196-8205. 


• ad iiij'.) 


1 

J 


Now, if P be the half-ye»irly pnyment, Ihc P;iynu-til PiMe 
.. P X 31*7609 

interest being assumed to be convertit)Io at the |)<‘ru)ds of paynnuit 
of the annuity. 
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Equating, w e have 


and 


Px34-7G09 =r 196*8205 
196*8205 
^ 34*7609 


= 5 662. 

s=s £6f 13s. 3d. nearly. 


18. If a sum of £1,000,000 be borrowed at 4 per cent, interest, 
payable annually, and £60,000 be applied each year towards 
paying the interest and reducing the principal, in what time will 
the loan be finally discharged ^ 

Here we have 1,000,000 = 60,00Q|^— ^ where n is unknown. 
To find n we proceed as follows : — 

Qa— ~ 100 

HI 

- 16§ 
u 

vn = 1. 

n log 11 =: - log 3 
~ log 3 

” “ -lof? 1-04 

-^^71213 
- -oirnsj 

= 28-01. 

The time is therefore practically 28 years. 


19. An annuity of £5CJ payable by half-yearly instalments for 
20 years, is bought at 14 years’ purchase. Fmd, approximately, 
the rate of interest realised by the purchaser. 

It should be explained that, when years’ purchase ” is 
spoken of, it means that the price paid is r times the annual 
rent of the annuity. In this case £700. 

[Effective rate « 3f per cent, almost. 

20. An annuity-certain for 35 years is bought at 20 years’ 
purchase. What rate of interest is made on the investment ? 

[Rate of interest = 3] per cent, very nearly. 

0 
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21. All onnuily of cfSO, payable in half™y<‘arly inslahntaits for 
25 years, is boup^hl for ^£1400. lUH|uir<‘(l Uie half-yearly rale of 
interest which is made on the iiivehlnienl. 

Here we have 1 100 ~ 10 
Hence — 35. 

owl 

Rate of interest == H per cent, very nearly. 


22. Find the rate of interest at whielx a is ealenlated when 
it = 16*938, ^iven annuity \ allies for tlie same term as follows: — 

3 percent 17*413 
31 per cent, 16 482 

4 percent. 15 622 


Usin|T fornmla (43) of this chapter in the Theorif of Flnmiccg 
we have 

_ -*931 +*0355 

p — OOo X Y:i 

i +*0355 
~ *4 / 0 


«" *005 X 


*8955 


wlnmec 


1*7893 
«= *0025, approximately, 
s *03 + p - *0325, or 3} per cent. 


23. From the tal>U\s given at the* end of llu* Theimf of Finance^ 
calculate the value at 3| per e<‘ai. <»f an annuily-ctalaia for 
20 years. 

The formula to be used is 



where A axid represent the suecessive diflereiKes of 

^iHXy ^ period of 20 years. 

The true value of at 3} per cent, is 14*539. 

24. From the tables givt^n at the <uul of the 'fluvir/ of Finance, 
calculate the aumimi at 7J per <?ent. of an annuity-certain for 
25 years payable lialf-ye.iriy, interest convertible half-yearly. 



THEORY OF FINANCE 


35 


CHAP, n.] 

The formula to follow is 

^26|f7i%) “ ^ *60|(Sg%) “ g ^\siZ)} 

where and represent the successive differences 

of and for a period of 50 years. 

The true value of J at 3-^ per cent, is 68*032. 

Neither in this question nor in the previous one will the formula 
quite give the true value of the function, as second differences 
are assumed to be constant 

25. Assuming one rate of interest throughout, obtain pro- 
spectively and retrospectively the value of a Capital-Redemption 
Policy of 1 taken out n years ago for a period of t years at an 
annual premium of Pjj, and prove the identity of the two 
expressions. 

Before attempting this question, the student should know 
something of prospective and retrospective policy-values, though 
he will come more in contact with them when discussing life- 
policies at a later period. 

When a capital-redemption policy is entered upon, the value of 
the benefit to be ultimately received is exactly equal to the value 
of the series of premiums to be paid therefor. As time goes on 
and the date of payment approaches, the value of the capital sum 
obviously increases, while on the other hand the premiums to be 
paid are fewer and their v^lue consequently decreases. Thus the 
value of the benefit now exceeds the value of the premiums still to 
be paid. For this difterence the office must keep a sum in hand 
which is called the "policy-value.” The policy-value has here 
been looked at from the ^^prospective” point of view. 

But again, after the policy has been in force for a number 
of years, the premiums which the office has received have been 
invested and accumulated (at the rate of interest assumed in the 
calculations). These accumulations constitute the value of the 
policy, which has here been discussed from a " retrospective ” point 
of view. 

In the case in the above question the value of the benefit at 



ACTUARIAL THEORY 


36 


[chap. h. 


the commencement of the contract is ; and tlie \alue of the 


1 ! 


premiums is P~(i whence P--, ~ 

* *! 1 

After n years the value of the benefit is iinn^eased to while 
the value of the premiums is reduced to „i,)- There- 

fore prospectively for the value of the policy we have 

,v- = 

Again, the premiums already paid have at‘cumuiated to 
Ppj(l therefore retrospectively 

These two expressions are identic*al, for 




=s 


fji-U _ 


1+^/: 


r-i{ 


.n+'^TT^rri) 


[ 0 - Iflliilli') - ‘’I'iH 
’ O+V-i,)’"' 

V (1+01(1+0" -1} 


] 


20. Calculate the net level annual premium for a capital- 
redemption assurances of ^6100 payable at the expiration of 
60 years, assuming 3i per cent, interest for tlie first 10 years, 
3 per cent, for the next 20 years, and 2i per c<*nt. tliereafter. 


The Benefit Side 
The Payment Side 


1 A/x 10 tie iK) 

100 X X X 


m) 






10 


t'O 


Therefore 

p ^ _ 


'JilOlO 




20 


“lOUSJv) 


100 X X » 

■ 10 


^ ^io;C3 l) + (*\3i 1 ^ ’(SM ^ *aj'(2}')) 

_ 100 X 7089188 x -nOliOT'iS x -OU'riTlO 

8-607C8GG+ 7089188(10-3+37991 + >03o708'>rr5-9788^ir) 
23 954 
25-743 
= -931 

= 18s. 8d. nearly. 
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27. Find the annual premium per cent, for a Leasehold Assur- 
ance to mature at the end of 30 years, 

(a) assuming 3 per cent, interest throughout ; 

(b) assuming 3 per cent, for the first 20 years and 2| per cent. 

thereafter. 

Answers : (a) £2, Os. lOd. per cent. 

(6) £2, 2s. 8d. per cent. 

28. It is desired to have a policy providing i^lOOO at the end 
of 30 years. The policy is to be by annual premiums under a 
special system which provides for the premium being doubled at 
tlie end of 5 years. Calculate at 3 per cent, interest the premium 
payable during the first 5 years. 

Here we may state the Benefit Side as lOOOu'*^® = 411*937, 
and the Payment Side as 

= Px 36-660. 

Equating the Benefit Side to the Payment Side, we get 
Px 36-660 = 411-987, 
whence P ■= 11-563 

= £11, 11s. Id. nearly. 

29. Ex}ne.ss in the simplest form for applying to Interest 
Tables the aimual premium required to provide £1000 at the end 
of 3 m years, the premium to be reduced by one-half from the 
beginning i>f each w years. 

The simplest fomula for this premium is 

^ 1000 ®^ 

P sa 

j — -j- a-r— j "f* -«a 
Srel n! 

Then the premium for the first n years is 4P, for the second 
w years 2P, and for die remainder of the period P. 

30. Calculate the reserve required at the end of 30 years 
undeV a Leasehold Assurance policy with a premuni of £10 
(fi) assum ing 2| per cent, throughout; (6) assuming 3^ per cent, 
for 10 years, decreasing thereafter by J cent, per annum each 
period of 10 years. 
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(ff) The reserve required is (by the rcLiospeclive luethod) 

* (1)) I'he reserve here is 

31. An insurance c>ffi(*e calculates its Leasehold Assurance 
premiums at 3 per cent, interest, and allows as the surrender value 
of a ycarly-pi*emium policy the prenmnns ]>aid, with the exception 
of the first, accumulated at 3 per cent, inltu'cst, less a deduction of 
10 per cent. Given at 3 per cent. — *30368, find — 

(a) The annual premium required to provide a Leasehold Assur- 
ance policy for £100 payable at the end of 20 jears ; 

(b) The sui render allowed by the office for such a policy 

at the end of 10 years. 

r-o _ *55368 X ^3 

(T+i)^: - (1 U3)(l r-55368) 

£3, 12s. 3d. per cent, nearly. 

■flS'SiSxC'f.-i)! 

fr, . L-'"" 

(- 55368 )^ 

•74410. 

1 -*74 410 
•03 X *74 110 
11-46L 

*9 X 3*613 x-i0*464 
34*020 

£34, Os, 6d. nearly. 

32* If A represents the fund of a life assurance company at 
the begiiuung of the ye<ir, B the fund at the end of the year, and 
I the amount received for interest during the year, find the rate of 
interest realised by the office during the year. 

represents the mslanlancous rate or foi*C‘e of interest, 
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bein^ the nnniial rate per unit at which the funds are increasing 
by interest at any moment of time, assuming that the increase or 
decrease in the funds is uniform throughout the year. 

-i represents the eftective rate of interest or the rate 

- II 

of interest actually realised by the company during the year. 


33. An estate, the clear annual value of which is £800, is let by 
a college at a rent of £300 per annum on a lease for 20 years^ which 
may be renewed at the end of 7 years on payment of a sum of 
money. Interest being reckoned at 6 per cent, what sum should 
the tenant pay on renewing his lease } Given log 106 = 2*0253059, 
log 4*688385 =-*6710233, and log 3*118042 « *4938820. 


The lease has 13 years to run ; the tenant wishes the term 
extended to 20 years. Therefore, if he is to continue at the same 
annual rent, he must pay the difference between the full annual 
value and the rent for the period of extension, or 




®00(a55| - «jj|) 


500 

500 



Now log 


- 13 log 1-06 

- 13 X -0353059 


= --3389767 


1 

And log(l-06)-a> = 


T -6710233 
log -4688385 

- 20 X -0253059 

- -5061180 


Therefore SOO^^jH-- = 500 x 

= 1308 619. 


T -4938820 
log -3118043 

468S3S5- -3118043 


•06 


The sum to be pjud by the tenant is thus £1308, 12s. 5d. nearly. 



Varying Annuities 


1. In ilie si'hcnu* of fit* unite uiiiuIhU's i{ is lo he noted that 
the tenn of any order is eqnal to the sum of tlu* first (w~ 1) 
terms of the preccdinpf order. 

Apfaiiij from the eonsideralioii that the ternis of the (r-l)th 
ordei are the first difieienees of the terms of the rth, those of the 
(r-2)th are the second (iifrerciu*es, aiuL so on, and those of the 
first are the (r - l)th difiercnees of the terms of the rth order, and 
from the formula 

Utn = Wj + jy * • • 


we liave 

‘H 

jr- 1 UTj 


iLzl 




(all higher dilferenees yinisliing) 

'iin + V v^ifrri + 12 ■ 'nrrsi + 


(»w - 1)(7» - 2) • • ‘ (j7j-r+l), 

MM 


But the first terms of all orders exeept tlic first are ;^ero, and ^tho 
first teini of the first older is 1. Theiefoje 
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2. A proof by induction of the value of is as follows:- 

n\T\ 

We must premise that 




-f 


l|r-l{ 


which may easily be proved by expressing a- ~ in simplest terms 

of V and t, and rearranging so as to obtain the right-hand side of 
the above equation. 

Then we have 


^ 1 - 


n\'2\ ')i-illj^ ^i-2jll^ "i|l| 

1 _ 1,71-1 

=: V +H ; h * • ’ H-y'*-" 


1 - 




fl!- - n 

_«1U 


“sisi ■= + 2|5| + 


+ -f ^ 


T -iii: :Ii-lL- - ^ ^ 1 R~A1LJ: i +. 




rj “ 
Z 


« 1 in 


w(« T 1) 


2,71 


Here the law of the formula seems to be disclosed, and we may 
assume that 

„ «(«-!) • • • (n-r+'2) 

\l —II - |r-l 

To obtain tlip value of a—, — we must add to the right-hand 

lb j 7*”1 J 

side the difference between and or otherwise 
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= — 

»| r-rl| > ^ n' ) rl, « > 

= iTl + C^+OCV lrHlj-V r]z^;.^f:vZ%n^ 

i 

“ r- 1|) i: m, 

+ + ' ’ +'’"'""n rii|> 

-(^'«5rrTiri + '’\-r2,7+ ' ’ > ) + ("nri; ri + '’'''»i r, )j 


i. . '!)» t + / - r“ t 

2 ' n.|r-.i!^ Hi rl H+l|r| 

4. (Or^^ _ 4- 1) a — - -j- — -1 4- • • 4- -) 

'■ r| H-l( rj M--j rj 11 rf 

= T^^l?1-®"^5Trir-n) 

. _ « (/>-!) • • • («-r+l) 


which follows the s«mc law as the ex|>v<*ssion %ve assumed 
for and which has been obhiincd therefrom by aHhuming 

nothing but the truth of the equation above preniist^d. Tlu'reforc 
if the expression holds for the rth order it also Isolds for the 
(r4-l)th. But we have seen that it holds for the third order, 
therefore it holds for the fourth ; Iherefoi^e for the fifth ; and so 
on, until we reach the rth order, wKen we Isave the general 
expression 

wjr-Il 

sss ==■ 

ftlr{ I 


3. The following may serve as an alternative eX])lanatiou of the 
value of an annuity of the rth order as found by general reasoning — 

Suppose one is entilk^d to a perpetuity of the (r -1)^1 ord<;r, 
but ])rcfevs not to spend tlic payuuuits as tiny fall due. 

Instead, they arc invested, and the interest on the investments 
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alone is spent. Now for the first (r - 2) years nothing is received 
and nothing can be invested. At the end of the (r - l)th year a 
payment of ^ ^ is received, which is invested, and yields m a 

year interest of or This amount is spent at 

the end of the rth year. 

But, fui^her, at the end of the rth year a payment of t is 

rlr-lj 

received, wdiich is invested along with the previous j _|, and 
the interest received at the end of the ( 7 ' + l)th year is 


nirrii + ^nFrii^ or filin’ 


since the ;«th term of any order is equal to the sum of the first (m-1) 
terms of the preceding order. This amount of it — ^ is spent at 
the end of the (r+ i)th year. 

The payment of receivable at this time is also 

invested and the whole interest I’eceived at the end of the (r+ 2)th 

or is spent. 

This pi'ocess goes on in perpetuity. But we notice that the 
annuity being spent is i ^ 

We therefore have 


®~"l ~ ""'I "“7 

ool y ~1{ eol r I 


If, however, the payments receivable cease at the end of 
w years, wc have an annuity for n years, and in this case we must 
take ac^count of the iiayments of the annuity of the (r- l)th order 
which have been held back and not spent. The sum of these at 
the end of n years is 


+ ^—1] + ^f+ilr~| + • • ■ +^|r^|) 
which is of course equal to 

We thus see that the value of an annuity for w years of the 
(r - l)th oi*der is equal to the value of i times an annuity for n 
years of the rth order plus the value of a payment of due n 

years hence. In symbols 


I a — f -r 

n\r\ TO+l|r| 
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4. As explained in Ai'tkde Uo, Finite Dilfen^iices are nf great use 
in finding the value of any varying annuity, and it is hero also tliat 
the use of the values of annuities according io the several orders 
of figurate numbers comes in. For it ^\lll he observed that, in 
stating tu in terms of and its successive difFerenees, 

the coefficients of the differentu's follow precisely the same laws 
as tlie scheme of orders sho^vn in Theort/ of Fhumce, Article 3. 

Thus we ha-vc 

V 7/j H- 4* 4 . ... 4 . 

sr flr-. + a , A-//, + • • +0 A**”^?/. 

It 1 1 , ^ H , - , ^ A . ,i ‘ J }i r 1 


where the rth and higher difierences of the series etc., 

vanish. 

If the series be a perpetuity', we h<ive. as is sh<mn, 

V Uj -f 4* ^ • ad i7tj\ 

where the rth and higher differences vanish 


“I + + 




From this we may get a fonnula for the value of the series of 
pHynients Hp % * * ' as follows : — 


V 7/^ 4* + v\ 4“ ‘ 

- ii' + p - 


A'--' 


r / 




+ -t + 

1“ 


■ '«-» ( 1 '^ 


I'his will be found useful whore the differences are not numerous, 
and the number of terms unknown. 


As an example, suppose it is re<|uired to find the value of the 
annuity whose payments are 1, 5, 11, • • * 101). 

Here ?/j » 1, A?/^ s® 4, A-//j, *=2, and 
109 % ass 4 (« *« l)A?^j 4 

= 5 : 1 4 4(w - 1)40^ l)(w I^) 

« 4 7i — 1 

whence ?i » 10. 
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Also = Amj^ = 24, = 2. 

Therefore 

IrS +11153+ , . , +109r^^ 



EXAMPLES 

1. A 30-year sinking-fund policy is effected on an increasing 
scale of premiums, beginning at £100 per annum and rising by £3 
each year till the end of tlie term. At the end of the fourth year 
it is proposed to commute further payments. Determine their 
value on a 3 per cent, basis. 

The premium due at the beginning of the 5th year is £112, 
which will increase by £3 per annum for each of the succeeding 
15 years. Now, assuming for the moment that the premiums will 
be payable at the end and not the beginning of each yeai*, we have 
their value equal to 

"will + ^ "w|F[ 

Adjusting this expression (since the premiums are actually payable 
at the beginning of each year) by multiplying it by we 

have the commutation price of tlie future premiums equal to 

/ a- - 16 d'iQ\ 

« (l+i)(ll2«-|+3-iSL- ) 

= 1-03^112 X 12-56110 + 3 

= 1-03 ^1406-8432 + 3 

« DOS (1406*8432 + 259‘043) 

« £1715*863. 

2. Prove that if denote the value of a varying annuity of 

'ii\r\ 

the rth order for n years then (1 |~j is equal to the sum of 

the first (»-r + l) terms of the expansion of (l-tj)-’* in powers 
of u. 
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Remembering that 


/ _ (?n - 1) (w ~ • (m ~ i) _ Q 

ami that where < r, /- p = 0, have (l+/y«7|7| 

= (i+0t.iC.a*'’-+.c. ,.>’•+!+• ■ +,.,C,.,r«) 

= (1 + i)-| I’*' + r K+i + ('■ I;/ ) H2 + • • + ~ (" “ 2) • ■ 2-_l 

\ -j; |r ~ I J 






which IS the sum of the first («-r+l) terms of the expansion 
of (1 - a)” *’ in powers of v. 


3. Find at 4 per cent, the value of the annuity of %vhich the 
first three payments are 40, 45, and 52 respectively, and the 
last 325. 


The first step necessary is to find the term of the annuity. 
For this, u.se the form\ila 

tip, aa Hr 1) -f 4* . « • 

In this case 

325 =a 40 4 5 (a - 1 ) + (a - 1 ) (;/ - 2), sim^e A ^ 5 and A-Vj *« 2 

Hence 4* - 288 0 

(w4l8)(ii-.l0)«0 

J?a= 16, 


Now, proceeding to find the value of the annuity, we have 

ssa 40 fl!— 4- 5 a—. — 4 2 <3r 

16} ^ 10|2l 10/8} 

cr (40 X 11-652)4(5 X 77-744) 4(2 x 341*879) 

* 1538*558. 


4. What is the value at 5 per cent, of the annuity whose pay- 
ments are 16, 26, 58, 124, etc., the sum of ail the payments being 
1322480? 


Here it is necessary to find w, the term, from the formula 

jl Li 
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Then proceed to aj^ply the formula of varying annuities- 

a = - 4- ~ 4- ~ 4- A^?/,rtr— 

^ 1 1 ^ rtj2| -l 9i| Sj 1 /tl4f 

The value required is 287998*936, as follows: — 


"joi n 5| + "«i 8| + % 3fT 


= (16x17-159) + (10x229-545) 

+ (22 X 2374-991) + (12 x 19431-595) 
= 274-544 + 2295-450 + 52249-802 + 233179 140 
= 287998-936. 


, 5. Find tlie present value of an annuity of the rth order, to yield 

" interest at the rate i per annum on the whole capital for the entire 
term of the annuity, the capital to be replaced by means of a 
sinking fund accumulating at the ratey per annum. 

Here we must resort to the general rule given in Article 43« of 
Chapter 11. that the present value of any senes of payments, n 
remaining constant, may be found ^^by multiplying the ainormt, 
accumulated at rate j to the end of the w years, of the series of 

payments by 

Now the amount of an annuity of the rtli ordei* accumulated at 
rate i is -i and we therefore have the value of an annuity of 

n I r 1 

the rth order under the conditions laid down as where 

A*' and are taken at» rate j. 

7ir 1 r I n\ 


6. Find the value of an annuity-certain for 20 years whose 
several payments are 1, 2, 3 • • • 20, the value to be so 
calculated as to yield the purchaser 5 per cent, on his whole 
investment throughout the whole of the 20 years and to return 
him his capital at 3 per cent. 


Applying the rule cited in the preceding example, we have 

l + -05s^l^j^ 
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since the amount of the annuity to lh<- end oi‘ 20 years is 

f.v- -+• ,¥ at o per cent 
^ *^0j 1 j :j 0| ii K ^ 

2C*870;?7 + 229*012 
l+l-9i:rrj 
= 109*187. 


7. A loan of £12,000 has been made with the followin^e; 
condition as to repayment: Annual instalments of pnuci])a] fttr 
20 yeai's, the first being £1000, the second £.9800, tlio third 
£3600, and so on; interest at the rate of 4 per cent, being paid 
annually on the outstanding amounts. luniH-ilialely after pay- 
ment of the fifth instalment, it is arranged to repay the balance of 
the advance with a premium, the lenders being able to re-invest at 
only 3 per cent. Show how the jireiuium should bo coiupuied. 


The value of the capital at 3 per cent, is 

^0( iTj i] (3\) 

and of the interest on the outstanding amounts of capital 
•04(24000«jj, ri,o- 3000a,-, ,-,, 3 ,) + 200«,, 

Therefore the whole value of the outstanding loan is 

3960«jj;| q(3'j- + 

And the jjreniiinn rt'q\iin*d is 

SaOOrt.f,, - 320«,., , + Srt, ,,, ,,, ,-aiooo. 

lOj 1 1 (S/e) i&l * 1 1 M 



CHAFER IV 

Loans Repayable by Instalments 

1 . In connection with the discussion of loans repayable by instal- 
ments, it is important to remember that the symbol C stands for the 
capital actually returnable by the borrower, that is, taking account 
of any discount or premium on the par value of the loan, and 
further, that j is dependent on this definition of C, being the ratio 
which the annual payment of interest bears to C. These two 
points must be clearly borne in mind in all questions of this 
nature. 

2. The following wording, differing slightly from that of Mr 
King, may be useful to explain the general formula for the value 
of a loan, repayable by instalments at stated periods of time, with 
interest in the meantime at rate so as to yield the purchaser a 
given rale of interest, i. 

Had the borrower contracted to pay intei*est at rate i per 
annum on the capital C, then the required value of the loan would 
have necessarily been C, since, interest at rate i being payable at 
the end of each year, wuth C repayable, the investor would have 
realised rale i on the purchase price. The value of the capital at 
rate i being K, the value at rate t of the interest, on the basis 
assumed, would have been (C - K), which then is the value of the 
annual fkyments of interest, if these wei*e made at rate i. But, in 
point of fact, the annual payments of interest are made at rate/, 

and tliei-eforc by simple proportion their value is 4- (C - K), 

Adding to the present value of the interest the present value of 
the capital as already noted, namely K, we have the whole value 

of the loan equal to K + 4- (C - K). 

3. In the converse problem to find the rate of interest yielded 
by a loan purchased at a given price, we have the equation 

I ^ whence i may be found as explained in Articles 

A — K. 

II and 12. 


D 
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^ Mr Ralph Todluinter ha<* given (J L J. xxxni. 35()) a very 
useful formula for approximating to the rate of interest yielded by 
a bond bought at a premium. In the explanation accompanying 
the formula, he suggests that the premuim might be dealt with 
in practice by writing down the book-value out of each dividend 
by an equal proportionate part of the preniium, the remainder of 
the divirlcmcl being treated as interest. Taking the case of a bond, 
repayable at par at tile end of n years, interest m<*antime at rate J, 
purchased at a jiremium of p per unit, Todhunter gives us the 
follo'wing schedule : — 


ypar. 

Book-Value of Bond at 
b<*gumut !4 of y»‘ar. 

.... - - - 

Intern t. 

1 

1 +p 


2 

1 *f - --p 
n ^ 

*' n 

3 

1 1 + -r ! 

r ^ JL 

n 

• 1 

i 1 

• 

1 

n-1 

2 

I -f — p 
n ^ 

■> - :■ 

n 

1 

l^—p 
n * 

j - f 


giving an average ra1-e of interest 


t » 


- 1/ 7/r-2, ,2 

i + + 


1 + 



» 'in 
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The result by this formula will as a rule be sufficiently close, for 
practical purposes ; but if greater accuracy be desired^ the rate of 
interest thus found may be used to obtain K in the formula 

i « 'when a very close approximation would be obtained. 


Mr Todhunter, however, points out that his formula should only 
be applied as a final result when n and j are not large. The 
reason for this will be readily understood from the following : — 


Using Makeham’s formula, we have 


. /(C-K) 

A-K 


or in the example submitted by Mr Todhunter 
i = 

1 

where v^'' is calculated at rate i 


Hence 

and pi == (y - 2)(1 - v’*-) 

;; i { 1 -(1 

»» - • • •} 


pt 

P 


f-l «+l - . -2 

. 


Neglectmg higher powers of i than the first, we have 

w + 1 


P 


whence 


t =: 


1 . + 1 
1 + -o — P 

2n ^ 


which is Ml Todhuntei's formula as given above, 
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EXAMPLES 

LA bond for ^£775, 15s. lOd.^, rc^payablc at par in five years, 
afid bearinjnr interest at 3J per cent, payable half-yearly (first 
payment six months hence), is bought at a price (£750) to yield 
the investor per cent, on his investment. Draw up a schedule 
showing the amounts that must be added to capital each half-year 
so as to gradually write up the sum invested to the redemption 
value. 

The schedule will In* as follows ; — 


! 

Half. 

Yea-. 

Book.ValttP at, 
tipgirminR 
of Half*Y*»ar 

r fit«»rp<it ATI 

111 lok-Valm* 
at. m 

Interest 
reci'iveil at. 

^ H : on 
£77i», lOfl 

Amount to 
hi* added to 
Book-Valup 
(8)~(4> 

Buolc-Value at 
end of 
Half-Year. 
cn+(5) 

Half. 

Year. 

i 

(2> 

(■3.) 

(i) 

(5) 

(6) 

(7.) 

i 

‘ 1 

750-000 

ir)-87:> 

1 i r)4fi 

2 529 

752 329 

1 

2 

752-329 

10-927 

14-340 

2*381 

754*710 

2 

3, 

754-710 

10-981 

14 546 

2*435 

757-145 

3 

1 

757-145 

17-035 i 

14*546 

1 2*189 

759-634 i 

4 

1 5 

759-831 

17-092 I 

1 14^r)46 

‘ 2*546 

762-180 

5 

6 

702-180 

17-149 

11*546 

2*603 

764-783 

6 

7 

761-783 

; 17-207 

1^*516 

2*661 

767-4 41 1 

i 7 

8 

7 07-144 

' 17-267 1 

14*516 

2*721 

770-185 

1 8 

9 

770-165 

17-32S ] 

1 1*546 

, 2*782 

772-947 

9 

10 

772-947 

17-391 

14*516 

2*845 

775-792 

10 


2. The value to yield 4 per cent, of a 5 per cent, bond for 
£1000 due after five years is £1044, lOs. 4d. Give a schedule 
of the amounts to be carric'd csudi year to principal and interest, 
with the amount of principal outstanding at llu* beginning of each 
year. 


Here the bond’s book-value has to Uc written down (not up, as 
in the foxiner case), and the schedule will aceoi’dingly be : — 


Year 

Book-Value al 

Interest on 
Book-Value 
ati4,o 

Intereat 
received at 
s;; on 
£1000 

Amount 
carried to 
Principal. 
(4)-(8) 

Book -Value at 
end 

of Year 

Yeai. 

(1.) 

(2.) 

(BO 

(4) 

(6.) 

(61 

(7.) 

1 

1044-517 

41-781 


8-219 

1036-298 

. 1 

2 

1036-298 

41-152 


8-548 

1027*750 

<0 

3 

1027-750 

41-]l(i 


8-890 

1018*860 

3 

4 

lOlS-860 

10-755 


9-245 

1009-G15 

i 

5 

1009-615 

40-385 


9-615 

1000-000 

5 
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3, The five per cent, stock of a colonial municipality is 
redeemable at par m 20 years. What can a purchaser give for it 
m order to make 4 per cent, on his investment? 

Using Makeham’s formula, 

A = K + i(C-K) 

we have K = j = -05, i = -04^ and C = lOO. 

Therefore 

^ = 10o{.J^^j+||(l-vJJ^;} = 100(-456387+|.x-64361^^ 
= 113-590. 

4. Two loans were granted 10 years ago— (a) £20,000 at 4f per 
cent, per annum nominal, repayable by 60 equal half-yearly 
instalments which include both principal and interest ; (5) £20,000 
at per cent, per aimum nominal, repayable by 60 equal half- 
yearly payments of principal, interest being also paid on the 
balance from time to time remaining outstanding. Find in each 
case the amoimt of the payment due to-day, and show the amounts 
of principal and interest included in the payment. Find also the 
sura for which each loan may be redeemed to-day, assuming 
interest at 3 J per cent, per annum nominal. 

Fhst, as to the payments due to-day — 

(«) In this case the periodical payment is always the same, and 

IS equal to whereof x is pruicipal, and the 

®£oi(2|%) %1 

. , 20000 « s . . ^ 

remamder, or (1 - interest. 

a-TT, ^ 

eoi 

(b) The payment due now consists of (1) of principal 

and (2) interest on the balance of principal outstanding at the 
beginning of the twentieth half-year, that is 

(20000 - 19?^) -0225. 

Thus the whole payment due is 20000 + (l - -0225] 
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Secondly, as to the nnlemption price — 

(a) As the amount jiaul to redeem the loan can only be 
invested at 31 pt‘r cent., the future half-yearly pau neats must be 
valued at that rate, that is, the price is 


20000 

) 




(b) The value of th<‘ future instalments of capital is 
2t)000 X future payments of interest 


therefore the 

redemption price is 


plus the payment due to-day. 


5. A 6 per cent, debenture of £100, redeemable at par in 
20 years, is sold for £107, 10s. How would you approximate to 
the rate of interest i*ealised by the purchaser, given that to obtain 
5 per cent, he would have paid £112, 9s. 3d . } 


Since wh* are given the value of A to return 5 per cent, to the 
purchaser, we <‘an find the value of K from l!ie equation 

• 06 , 


112-463 


K + :;;|cioo.K) 


For K(“-l) -= 1-20- ll:!-463 
and K ~ 37-680 


But 

therefi>re 


K « 100.p; 

.20 


01 ) 


<&/) 


•37685. 


Now the question is to find the rate of interest when the 
purchase price is £107, 10s. 

We have i = / 

A - K 

or substituting 37*685 for K (that is, approximating with 5 per cent ) 

. 62-31^5 
’ 69-815 

from which we see that 5 per cent, is too low, the true rate 
being about 5'^ per cent. 


i - -06 
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6. A bond of ^100, bearing interest at the rate of 4 per cent, 
per annum, payable half-yearly, and redeemable at the expiration 
of 30 years at a premium of 10 per cent., is bought for £114. 
Find approximately the rate of interest realised by the investor, 
having given at 1| per cent.=s 36*964. 


. C — K 

In the formula i = J ~ i and j for this question denote 
half-yearly interest, y = *02 x ^ C =* 110, 


and A = 114. 
Since 


^0T75 

^60 


36*964 

•35313 


Therefore trying 1| per cent., we have 

_ -02 110-38-8443 

’ 1-1 ^ 114-38-8443 

= ^ X -94678 

= -01721. 


Hence the approximate yearly rate of interest is 

(1*01721)2- 1 « -03472, or 3*472 per cent. 


7. A bond for £1000, bearing interest at 5 per cent, payable 
half-yearly, and repayable at par in 30 years, is purchased for 
£1250. What rate of interest does the investment yield to the 
purchaser } 


As before, we have 


.C-K 

•^A-K 


where it will be well to treat i and J as interest for a half-year. 
We then have 


• _ ,aok 1000- 1000 v60 

" 1250- 1000 i'6o 


Trying first at 2 per cent, we get 

1000 - 304*782 

t s== ’OSo 

1250-304*782 

*0184 




8, Towards the close of 1905 the Japanese Government issued 
a four per cent, loan at 90 per oenl., repayable at par on 1st 
January 1931 (or in certain curcumstances carlic*!*), coupons foi* a 
half-year’s interest payable Isi January and Isi July each year, 
with first payment on 1st July 1900, Allowinp^ for discount on 
the instalments tbt‘ issue-price may b<' lafcen as 81)^ on 1st January 
1906, Find the rate of ini crest realised. 


^ .Q,, 100- 100 

" 89* > - 1<)J) / 

ea (taking at *21 per cent, ~~ '2909 1) *0235 
as (taking 0 ^^ at 2,^ per cent, as *32878) '0237 

whence approximately the half-yearly rate is *0236 and the effective 
rate is (T0236)®- 1 «« *04776 *= about £4, 15s, Cd. per cent. 


9. A debenture of £100, redecumble at £110 on 1st July 1915, 
and bearing interest at tlie late of 4 J per cent, per annum, payable 
half- 3 ^cai*ly on Isl Juniiary and 1st July in each year, is purchased 
on 1st April 1905 for £109, How would you calculate the yield to 
the purchaser ? 

Here i nnist be considered as the ral<* yicUlcci it) the ])urohaser 
per half-year. At 1st July 1905 ilio value of the capital will be 
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110 X v^y and of the interest 2-25(1 +a 2 oift))- <iate is half 

a period forward we must discount these values for that time, and 
we get the equation 

109(l+i)l = 110.^^+2-25(l+«^,^^p. 

i must now be approximated to, and this result being the half- 
yearly rate we obtain the effective yearly rate from (1 + i)^ - 1. 

It is probably better, however, to proceed in the same way as 
in our other examples. Then, i being the half-yearly rate as 
before, we have 

•0225 110(1 

* ~ 1-1 ^ 109-llOv2Oi 

As before, i may be approximated to, and the yearly rate found 
from the result. 

The formulas produce the same result. 


10. A bond for ^100, bearing interest at 6 per cent, per 
annum payable half-yearly, and redeemable at par at the end 
of 40 yeai's from the date of issue, was issued at par 30 years ago, 
the present market value being ^£115. 


(a) Find the rate of interest yielded to a purchaser now buying 
at the mai'ket price. 

(b) Find the rate of interest obtained by the original holder 
when his profit on sale is taken into account. 

(c) If it were proposed to convert the bond into one for ^125 
bearing per cent, interest, redeemable at par in 30 years, what 
gain or loss would there^be to the holder of the bond on 
conversion ? 


(a) 


. C-K 100-100»20 


Trying 2 per cent , 

^ 5 = 


100-67-297 
^ ^ ^ 115 - 67-297 


-03 X 32-703 
47-703 


ss: 2-0567 per cent. 
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Also trying 2J per cent., 

100-64 082 
» - -Od X 115 _ 64-082 
_ ;;03x35-9^ 

~ 50-918 

= 2*1162 per cent. 

2*25 gives 2*1162 
and 2 gives 2*0567. 

Thus a difference of *25 gives a difference of *0595. 

.AKQK 

Theiefore 2+a: = 2*0567 + 

25 

whence x = *0744 

and i = 2*0744 per cent. 

The yearly rate then = (1 020744)^ - 1 = *04192 «= 4*192 per cent, 

. . . _ *03 115-115i)«o 

W * - 1-15 ^100 -115 lie® 

Trying 3 per cent., 

. _ -03 115- 115 X -16973 

* 1-16^ 100- n5x-16973 
-03(100-16-973) 

~ 100-19-619 

~ 3*0949 per cent 

Also trying per cent, 

, ^ *03(100-14*676) 

* 100- 115 X -14676 
_ -03x85-324 

83-123 

3*0794 per cent. 

A difference of *25 m the rate per cent, gives a difference 
of -*0155, 

Therefore 3 + a? = 3*0949 - 

*25 

whence a? = *0894 

and « = 3*0894 per cent. 

and the yearly rate « (1 *030894)2 - 1 = *06274 ~ 6*274 per cent. 

(c) A = K + i-(C-K) 

t 

* 126 c3»+ -^(125-1251)®®) 
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Wheie t = ‘04192, as found in («) 

A = 36-465 (125 -36-465) 

= 36*465 + 73-920 
= 110*385. 

Thus there is a loss of 4*615, or, say, «64, 12s. 4d. to the holder 
of the bond on convex*sion on the terms given. 


11. A foreign corporation issues a loan of .£390,000 4 per cent, 
bonds, repayable by annual drawings as follows: — £10,000 at the 
end of 5 years, £11,000 at the end of 6 years, £12,000 at the end 
of 7 years, and so on, till the whole is repaid. The issue-price 
being 94 J per cent., what rate of interest is paid by the 
corporation ^ 

Here it is necessary to find the term when the last instalment 
is paid. We have 

390 « 10 + 11 + 12+ . . * +{10 + (»-.l)J 
20 + (»-l) 

= 1 

whence n « 20. 


Therefore the value of the instalments of capital is 

C — K 

Using now the formula z — J and trying 4§ per cent,, 

A — Jtv. 

we have K = 196943*6, as found below. 


Also 


^1 11 


C « 390000 

A « 390000 X *945 = 368550 


20t;2o = 
+ *045 


13*00794 

8*29286 

4*71508 


and J = *04. 

Therefore 

. 390000-196943*6 

* ~ ' ^368550-196943-6 

= -045. 


'^12] ~ 

104-7796 

10 H 

ll 

130-0794 

234-8690 

X lOOOxj^ 

838-561 

K = 

196943*6 


Thus the rate is 4J per cent. 
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12, Having given the value of ^ 7 - at 4^ percent. =* 13*0079 

and at 5 per cent. = 12*4622, find approximately the rate of 
interest yielded by an annuity for 20 years, m which the payments 
are successively 20, 19, 18, etc,, when purchased for .£150, 

The successive terms of this annuity involve first differences 
only, and consequently its value may be stated in the symbols 

%12] 


Now at 4J per cent, IT ~ 


t;20 « 1 - *585355 - *414645 


and 77 --, — 
20 | 21 


"5)1 n- 20*^“ 
*045 


20 | 

13*0079-8*2929 

•045 


104*778 


Therefore ^ 260*158-104*778 - 155*380 


Again, at 5 per cent. 775 ^^^= 12*4622. 

t; 2 o « l-777~j - 1 - *623110 « *37689 


and 


^20| 2 I 


a - 20 ^ 2 ® 

mu 

•05 


12*4622-7*5378 

•05 


98*488 


Therefore 20 77 -^ - 77 -, ~ « 249*244-98*488 « 150-756 


We see that a rise of *005 in the^rate means a fall of 4*624 in 
the price, and to bring the price fi^m 155*380 to 150 (a fall of 
5*380) the rate of interest must be increased by 


•005 X 5*380 
4*624 


•00582 


Therefore approximately at the pnce of 150 the rate of interest 
realised is 5*082 per cent. 


13. Apply Todhunter's formula to determine the rate of interest 
yielded by a terminable 6 per cent, debenture, repayable at par at 
the end of 20 years, purchased for £119, 10s. 
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Here we use the formula- 


J - 


P 


1 ,«+ 1 
1 + -tt-F 




•06- 


•195 

20 


91 

1 + g X 195 


= -04558 

as 11s. 2d. per cent. 


14. Twenty years ago a Local Board borrow’ed £100^000 at 
5 per cent, from an Assurance Company, such loan being repayable 
by 30 equal annual payments, including principal and inteiest. 
The Board now offers 3f per cent, debentures, repayable at par 
60 years hence, but now issued at 90, in equitable fulfilment of the 
contract with the Assurance Company. What amount in deben-. 
tures should the Company accept ? 

The annual payment made under the contract of the original 

loan is and there are 10 such payments still to he made. 

^851 ( 6 %) 

If the Company is to forgo the receipt of these they should be 
commuted at the rate of interest presently niling in the market, 
and the proceeds should be employed in buying the new debentures 
at 90, 

To find the rate of intermit now obtainable on mvestraents we 
may take the rate yielded by these debentures as fair. Thus we 
have 


where j = *0375, C=sl00, A = 90, and K = 100v®o at, say, per 
cent. = 8*231 

•0375(100-8*231) 

90-8*231 

= *0421 approximately. 
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The value of the 10 annual payments outstanding is therefore 
100000 ^ and the amount of debentures this sum will 


"'I0l(4 21%y 

purchase at the price of 90 is 


“sol (5» 


100000 
“sol (6X> 


“i0|(4'21» 


•9 


100000 X 8- 02677 
15-37246')< -9 


= 58016-994 = £68,016, 19s. lid. nearly. 


15. A Company has an issue of 6 per cent, debentures 
maturing after 5 years, which are quoted at a price which yields 
4 per cent., and it proposes to redeem them by issuing 5 pei 
cent, debentures for the same nominal amount in lieu. Show how 
to find the number of years for which the 5 per cent, debentures 
should run so that the holders would still realise 4 per cent, on 
their investment. 


In the general formula 

A = K + ^(C~K) 

when C=: 1, we have 

A = 1-(1-K)(l --f) 

Under the present arrangement of 6 per cent, debentures 

• 06 \ 


A - l-(l-u^^^P^l - 


On the proposed altered basis of 5 per cent, debentures 

•05\ 


A - 1 


1 *01 


Equating these two 


■0I(I-.y . -02(1- 


“n(«> 

6 
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Therefore 


and 


( 4 %) 


= 


log c 


1-80879 

1-98297 


= 11-23. 


The penod may therefore he put at nearly 11 J years. 



CHAPTER V 


Interest Tables 

1. In Articles 16 and 17 is discussed the formation of a table of 

log (1 + . The column of values thus formed may be used further 

to get the values of (1 + i)”' by taking the natural numbex's corre- 
sponding to the logs. As this is not done by a Continued Process, 
a periodical check is not sufficient. Each value must be separately 
checked. This may best be done by taking independently the 
logs of the table last found and comparing the results with the 
original logs. 

2. If a column of (1 + z)» has been formed, a column of may 
be obtained from it by the use of a table of reciprocals. By taking 
the reciprocals of the values thus found the original table of 
(1 should be reproduced, and a check put upon the work* 

Again, a column of log might be formed in the same -way as 
a table of log (1 + (m this case there is no need to start at the 
end of the table as for forming a table of directly) and the 
natural numbers corresponding would be the values of u’S each of 
which lequires to be checked as before. 


8. In view of what has been said afeout Leasehold Assurances it 
will be well to discuss methods of fonning a table of annual 
premiums for such. It is necessary to note that as the premiums 
are due at the beginning of the year, we have to deal with 
annuities-due throughout. 


First, we have P— , » 


and hence 




1 + Cl 




(1 + — 1 |)- 

Therefore, being supplied witli values of and ns--, -vve ])roceed 
to form columns of log and log and, deducting the 
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value in the latter of these from the value in the fomiei, we obtain 
log fromwlhcli P— may be obtained at once, 

Tlie following schedule shows the process : — 




( 2 )-( 8 ) 

(4) 


-n\ - 
log- 1(4) 

(5) 



Again^ we have 

P~. = 


^ 0+0"avi 


Thex*efore knowing the values of we form therefrom a column 
of and take the reciprocals of these, the results being 

the values of P^ . The following schedule indicates the 
method : — 


Term 

n. 

(1) 

o 1 p 1 

'«+li ^^1 (2) 

(2) (3) 

1 


2 


3 


4 


etc. 



Furthei', P-j « — 

^ inA ^ 


1 +<*:rrTi 


0+0 


B 
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It is on this relationship that Orchard’s Conversion Tables for 
annual prcaniunis arc founded. By them if one enters with the 
given value of the result is P— Tliey are fullj’^ discussed in 

Chapter VIII. of the Text Book, Pari II., and are only nienlioned 

here to show their use in forming a table of P-.. 

n I 

In all the above methods it has been assumed that one rate of 
interest holds throughout the term of the assurance, but it is not 
implied that this assumption always holds good. 



INSTITUTE OF ACTUARIES’ 
TEXT BOOK— PART IL 


CHAPTER I 

The Mortality Table 

1. A Mortality Table is defined in this Chapter as an instrument 
by means of which are measured the probabilities of life and the 
probabilities of death. In its final form a mortality table sets 
forth the history of the experience by means of the number living 
and the number dying columns. If we refer to page 494 of the 
Text Book, we find the following figures : — 


Age. 

Number Living. 

Number Dying, 

0 

127,283 

1 1,358 

1 

112,925 

3,962 

2 

108,963 

2,375 

3 

106,588 , 

1,646 

4 

104,942 I 

1,325 

etc. 

etc. 

etc. 


These figures tell us that, according to this experience, out of 
every 127,283 persons born, 112,925 on the average survive to age 
one, 108,963 on the average survive to age two, and so on. Or 
again,, they tell us that out of the same number of births, 
14,358 on the average die before attaming age one, 3,962 on 
the average attain age one, but die beiore attaming age two, and 
so on. 

It cannot be too carefully impressed upon the student that a 
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mortality table rloes Pot fyive absolnle bni only relative or avemsfc 
results; in other words, it is not ml ended to bo inferred from 
these fi^ivurcs that 127,283 children were in reality found who 
were all born at the same moment of tune, that ll, 3 r >8 died before 
attaining age one, that 3,962 aetnally altnmcd age one but died 
before attaining age two, and so on An arbitrary figure called 
the radix is selected to represent tlie number of entrants at the 
initial age, and the figures subnntted are onlj- on the average, and 
relative to one another. 

Were we asked to form a mortality table representing the 
experience of Edmbuigh durmg the calendar year 1906, it would 
not be sufficient to give us merely the deaths that occurred 
in Edinburgh during that calendar year, ananged according to 
year of age. The summation of these deaths would have no 
relation wdiatever to the Iq persons out of which the deaths 
actually occurred, nor again would tlie (Iq - d^) persons have any 
relation to the persons out of which the d-^ deaths occurred, 
and so on. 

It is possible that the deaths column so supplied us might adopt 
a quite irregular form, for it naturally depends on the number 
living at each age out of which the deaths occurred. For example, 
the deaths between twenty and twenty-one might be twice as 
numerous as those between twenty-one and t\vcnty-two, owing to 
the fact that the number living between twenty and lwi‘nly-ouo 
happened to be fully twice as numerous as those living between 
twenty-one and lw’'enty-two. 

Again, it would not be sufficient that it be added to our data 
that the number born in each calendar 3 ’ear for many years past 
had been equal to the annual deaths. The migration element 
would require to be kept before u--, since people might be 
emigrating and immigrating in different numbers and at entirel}^ 
different ages. 

Before a mortality table can be formed in the way here dis- 
cussed, it IS essential that the population be proved to be in 
every way stationary; that is, that the annual births be equal 
to the deaths, that the births all take place on the same day of 
the year, say 1st January, and that there be no emigration or 
immigration. 
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EXAMPLES 


1 . Prove thtat ??? - q + --■■ 1 - 4 - 

'i' *2 ” 4 ~ 


We have by Te>.ii Book formula (9) 
2;?^ 

“ 2 4. ?;?, ’ 

TO 

= i^L. 

= 3- 

= '7,(1 


whence ?w 


(7.)’ (?j 

'/»+ ^ + ^- + 


2. Prove that = 1 - 7 ??^ + 4 - . . , 

and that = . . . 

Fiom Text Book formula (8), we have 
1 - 

= 1 - Vi^ + - Kw + . . » 

Also from Text Book formula (0) 

7)1 

a =, ^ 

l+^w-^ 

=s 7 k(1+“Vw)"^ 

JJV .W Q>/ 

-= . . . } 

= ’^-lK)®+'fK)‘'“-K"'^)‘+ • • • 

The latter result might have been derived direcily from the 
former, biiice 
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, 3. Given the following particulars 


20 

•00572 

21 

•00G08 

22 

•006 13 

23 

•00G68 

24 

•OOG91 


find how many of 10^000 people living at age twenty die during 
each year of age up to twenty-five 

Here we are given and and hence we may find since 
from Text Book formula (5), x from Text Book 

formula (1), /oj^ = /,q - and being gneii we may similarly 
find and so on for dgg, and d^^. In the example, ” ^^9 
= 60, d^2 ” ^23 ” ^^9 ^24 “ 

4. Find, out of 30,000 persons living at age thirty-five, the 
number who are still alive at each age up to forty, being given 
?7235-*00865, wz 3 (, = *00889, 7«3y== *00914:, =» *00942, nt^cj = ‘00975» 

Here the first step is to find etc., from w/gg, etc. 

By Text Book formula (8) 

2 + m^ 

. 2 --doses 

“ 2 + -b0865 
= -99139 

Also, p3o = -99115, ;;3^ = -99090, j»33 = -99062, ^33-= -99030. 

Now, from 2'ext Book formula we have = 
therefore 


^30 ~ 

^SoPZo 


= 

30000 X 

-99139 

= 

29742 


^37 “ 

^30 Par> 


-= 

29742 X 

-99115 


29479 


^3S ” 

29211 



28937 


^40 “ 

28656 




CHAPTER II 


Probalbilities of Life 

1. It is very important that the student should have at his 
fingei'-ends the values of all probabilities in which two lives may 
be involved^ and for that purpose he should practise, till he attains 
complete proficiency, writing down the values of the following, 
giving m addition the symbols, where these are possible. The 
answers should be carefully compared with those given in the 
Text Book. 

The probability that : — 

1. (or) will survive 7i years, 

2. (x) and {y) will both survive n years. 

3. Neither (x) nor (^) will suivive n years. 

4. At least one of the lives (x) and ( j/) will survive w years. 

5. (.r) will survive n years and die within n years, 

6. Exactly one of the lives (.r) and (^?/) will survive ?z years, 

7. At least one of the lives and (7/) will fail within « years, 

8. Both (x) and (^) will die in the ?ith. year from the present 

time. 

9. The first death will happen in the ?zth year from the present 

time, 

10. The second death will happen in the 7zth year from the 
present time. 

11. One only of the two lives will fail in the fith year. 

12. Neither of the two lives will fail in the ?zth year. 

13. One at least of the two lives will fail in the 7zth year. 

14. (x) will survive n years and {y) will survive 1) years. 

With regal d to the last of these, it is useful lo note that, 
besides the form given in the Text Book, this probability m«ay be 
wiilien : — 
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2. To find the probability that r at least of ??i lives will survive 
?i years. 

An alternative proof of the formula 

n 

AiiZ (m) _{. zy 


is as follows : — 

This probability is equal to the sum of the probabilities that 
exactly r, exactly (?'+ 1), cxactl}'^ (r+2), and so on ad inf,, will 
survive n years (though, when 74 -/* > ni, the individual prob- 
abilities will have no value). 

But by Text Book formula (14), we have 


p [ri 

% XlfZ (Wl) 


z^- 

(1+Z)'+1 


Hence 


■ • ■ (M) “ (i4.z)'+i (1 +z)’+2 (r+z)’-3 + ••• 

Z’ f, , z , , I 

“ (1 + Z)'+H “^(l + Z) (1+Z)2 + •••]• 

= z- (i _ 

(1+zy+iv i+z; 

7/ 

~ (1+zy 


8. In expansion of Text Book, Articles 34 and 35, it may be 
asked what are the expected deaths and expected claims respec- 
tively amongst m joint-life policies on (a) and (y) for £K each. 

The expected deaths are and the expected claims 

£K7w(l-p^p. In the former of these expressions, lumevcr, it 
might fairly be argued that it is incompetent to lake account of a 
second death on any one policy in the year, as the lives arc not 
traced beyond the firikdeath. 

But in last-survi'w policies this does not hold, and the 
expected deaths are as before ^niq^-hq^y while the expected 
claims are £Km(jq^ x q^). 

In contingent insurances payable if (.r) die before ( 1 /), the 
expected deaths may be considered to be mq^, and the expected 
claims are ^Kinqjl - 


4. It is most necessaiy that a clear perccjitiou should be 
obtained of the nature of the force of mortality, and the following 
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explanation is offered in the belief that it will assist towards the 
attainment of that object. 

On page 495 of the Text Book will be found a table of 9 ^, the 
rate of mortality. This is the probability that a person aged x 
will die within a year, and it is deduced from the elementary 

equation 

X 

It must, however, be evident on consideration that the rate 
of mortality is not constant between ages a’ and (.r + 1 ), then 
suddenly rising to ; nor constant between ages (.r 4 - 1 ) and 
(.r + 2 ), then suddenly rising to and so on. The probability 
that a person of any age will die within a year obviously depends 
upon the number who are alive at that age (whether the age may 
be expressed by an integer or not), and the deaths within one year 
after that particular age. 

Now it is frequently necessary in actuarial work to have the 
probability that a person aged x will die at a particular moinent. 
The function, however, that is tabulated is the force of mortality 
at age .r, which is clearly defined in Text Booky Article 38, as 
the proportion of persons of that age •who would die in a year, if 
the intensity of mortality remained constant for a year, and if the 
number of persons under observation also remained constant, the 
places of those who die being constantly occupied by fiesh lives.” 

It may be useful at this point to introduce an illustration to 
assist in making the idea clear. Let us consider the speed or the 
force*' of a railw’^ay train. This is generally measured by the 
distance covered in the course of an hour, c.g., the speed is 40 miles 
an hour. Any other function if tabulated would convey hut little 
meaning. For the same reason the force of mortality is always 
measured as wdthim^ne year. 

Suppose now we wish to measure the rate at which a tram 
is travelling at any particular point. We might ascertain precisely 
the distance covered during the following nunute, when simple 
propoition would give us the distance covered in an hour. It is 
obvious, how’ever, that a minute is too long a period within which to 
measure ; that, in fact, the rate at which the tram was travelling 
may liave varied considerably within that interval. A better 
result wMiild be obtained were >ve to measure the distance covered 
during the following second, and resort as before to simple pro- 
portion. in other words, the smaller the interval of lime withm 
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which we measure, the more accurately shall we be able to ^au^e 
the rate at w’hich the train is travelling at any particular point, 
•it will be noticed that our ans^ver gives us the distance that the 
train 'would cover during one hour, were the speed at which 
the tram was travelling during the infinitely small interval of 
measurement to remain constant for an hour. 

When now we come to measure the force of mortality at any 
age .r, we might work out the probability that a person of that 
age will die within, one day. Multiplying the result by 3G5, we 
should get an approximation to the force of mortality. In symbols 

— 3Go 2 approxim<ifcely. 


A day, however, is too long a period within which to measure. 
A better result would be obtained were we to reduce the interval 
to one hour. This would give us 


~ 24 X 865 

= 24 X 365 Y~ approximately. 


The smaller the interval within which w(‘ measure, the more 
accurate will be our result. Hence we say that 




1 ^ 


where t approaches the limit 0. 

When t approache.s tlie limit 0, wt liave ~ ^c\i ~ 
if the infinitely small increase in jc, is wrillen da\ Wo therefore have 




I dx 

X 


where ~ is the first differential coefficient of with respect to .r. 


It may be pointed out here that the value of the force of 
mortality among lives assured varies between zero and infinity. 
The value is nearly zero in the case of lives of age at cnliy .r who 
have just passed the medical examination for life assurance. It is 
infinitely great when we come towards the end of the morlalily 
table, say when there is only one person alive, and that one about 
to die. In the last year it lises from a fraction less than unity to 
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infinity. It mhj be noted that the rate of mortality can never 
exceed unity. 

If the column followed a mathemadeal law, it would be » 
dl 

simple matter to evaluate and hence The several formulas 

that have been suggested for vrill be discussed later in Chapter 
VI. Meantime we must take it that the column does not follow 
a mathematical law, and be content to obtain an a))proximate 
formula for a . 

' a. 

At this x^omt we find it useful to resort to the method of Central 
Differences. The ordinary formula of Finite Differences for 
interpolation between two of a number of given values of a 
function is 




+ /A« + A3« + + . 

t 2 3 * 


where all the known values but one are on the same side of the 
unknown value, for t is supjiosed to lie between 0 and 1. la a 
scheme for Central Differences we choose values of the function 
which are distributed more nearly equally on each side of the 
required value. We have the following 


u 

% 

X 

(««) 


^+1 

Vi 

K+l 





a 


where 

1 

a ^ — 
X 

-I a 

2 


a _ f « 

X—l CC-l X 


and a 


Also, 


X — l ■" ® 

Clr “ 

X X 

= “,-Vi 

= %-%+ih 
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Then since 


neglecting differences beyond the second, and substituting for 
u and a their values as found above, \vc have 

(3? — 1 X 1 

+ 1^) + a + 1 ) (^ - VO + K 




Adopting now the notation of the mortality table, and 


writing / for v , we have 

^ X X 

4 + '"a + 2 

whence = «, + 

from which we get, in the limit when t approaches 0, 
ill 




^*+1 ^-1 




But 


Therefore, fx 


_ 1 ((,M _ ^-1 






We might otherwise arrive at the same result by a process 
slightly different. 
du u -?/ 

= ^-.£ ± . ^ f when i appx'oaches the limit 0, 

[u +/A(/ +Viz^)V-Z3.\m + . . 

\ * ^ 2 >■ |;i I ' 


when / approaches the limit U, 
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(hi 

77 ■ + 




when / approaches the hniii 0, 

= — ’A‘// +’A'h/ — . . . 

,t - h * r 

= A//^- approximately. 

Hence, since in this approximation third and higher differences 
are held to vanish, and therefore second differences are constant, 
du^ 

— = A?/^, appi'oximately, 

= A«_ - 

n 

= — izJ- approximately. 


From this we get as before 
dl 

% 

dx 


‘a?-M 


JC-l 


and fit 

’ X 


^a?-l “ 4+1 


2/ 

as 


This formula provides a good working approximation to the 
value of the force of mortality in almost all cases. 

Again arguing from the same formula as the preceding result 
was obtained from, we may obtain a general formula for 


Wc ha\ .successively 




/ dx 




1 ■» 

-y- ( - (stopping at first differences) 


^ % 

= - -L [ - - ^4+i) ^ second differences) 

= 7. + K7,-i|?.) 

= '7.(1+-D-|Xi|?* 

X 

(stoppmg at third differences) 
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= '7, + l(7.-i|?r) + K7,-2x,|7,, + „|<7,) 

= '7^(l + -^ + D - 1 + .1) + X , |7, 

= 7.(l+-i+-?>+f)-il<7»Q + “ + f)+o|7,a + ?)--l x„|y_, 
(stopping at fourth differi'uces) 

And generally 

= 95,(1 + i + -J + T •<- -J + • • • )-i|9,.(-J'+“ + :i +-1+ • • •) 

+ 2|9a,('J'^'l+‘3+ ■ ■ ■ )-s|7i(T+i+ • • ■) 

+ 4|9»(t+ • • • )- ‘-‘tc. 

The proof that the central deatli-rate is equal to the value of 
the force of mortahl}’ at an age half a year older is as follows : — 

Making the usual assumption of a uniform distribution of deaths 
throughout each year of age^ we have 

(l-a-y = Cl 

= 2(4.. -g 

(4-4+i) = 

- 2(4 -Ci) 

But u _ ^x+i 

® ■ 2 / 

J, 

_ (4-i"4)+C4“Ci) 

■ ” 2/ 

X 

_ 2(4-i-^>2(/,-4^p 

24 

*^4-^ 

/ 

iL 

I 




whence also in 
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EXAMPLES 

L Write down formulas for all the possible combinalioiis of the 
probability of dying in or surviving a year among three lives, and 
prove the truth of your answer. 


(J«) 

live 

(y) 

live 

(^) 

live 

= 

P.p 

live 

live 

die 

=r 

-P) 

live 

die 

live 


Px.0- -P) 

die 

live 

live 

= 

-p) 

live 

die 

die 


Pf^O- -p^O- -p) 

die 

live 

die 


PyO- -P.)i'^ -P) 

die 

die 

live 

= 

-P) 

die 

die 

die 


(1 -p,) 


If these probabilities be summed, the result will be found to be 
unity, and thus proof is obtained that all possible contingencies 
have been noted. 

2. The probability that two persons aged respectively twenty 
and forty will not both be alive at the end of 20 years is *38823. 
Out of 96,223 persons alive at age twenty, 6,358 die before they 
attain age thirty. Find | 


Isofe ^""soPao 

= 1-^ 
^2b 


= 1 


^40 

^40 ho 


« 1 -(1- *38823) X 


96223 

89865 


= *34495 


3. Given that the probability that two persons aged twenty- 
five and fifty respectively will both live 25 years is *27516, and 
that, by the same mortality table, out of 93,044 persons alive at 
age twenty-five, 82,277 attain age loi*ty, what is the probability 



ACTUARIAL THEORY 


80 


[chap. ?i. 


that a person ased forty will sim-ivc till the aliaininent of age 
seventy-five ^ 


srj/’w ■ 


/rr, 

/.n 


h, 1;. Is, 




^-.0 rri hx 

^25 50 ^40 


/o- 


jr./^25 50 '' / 

‘ If 


= -27510 X 


<V>Qi l 

82277 


= -31117 


4. An annuity society is formed in winch mombers may secure 
an annuity of m at ago by payment of a single sum at age oc. 
If k members aged x start the society and / new niombers of the 
same age join each subsequent year, find how many members will 
be entitled to rank for annuities at the end of n + i years and the 
corresponding amount payable. 

Of I entering now / . , , will survive at the end of w 4- / years, 

flj ^ nr( * 

I 

and therefore of k entering now k wull survive at the end 

X 

of w4-j{ years. Again, of entering one year hence will 

survive at the end of w 4- / years from now, and of I enlering one year 

hence / will survive ; and so on for succeeding years. 

X 

Thus the total number surviving at the end of n + f years and 
entitled to rank for annuities will be 

7. Ww+i 1 Ml -1-^-2 . . 

k—r + ly—i — + —7- — + . . . + — ; 

X X X X 

Each of these gets an annuiti’ of ?«, and therefore the total 
amount of annuities in force wull be 

’”{K+fPx + iL+t-iPx + ^+f-A + ■ • 

5. Obtain from the Teat i>oo/ mortality table the numerical 
values of the probability that out of three li\ cs 30, 35, and 40 

(1) One, at least, will die in the lOlh y<*ar. 

(2) Not more than two will fail in the 10th year. 

(3) All will die wuthin 20 years. 
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(1) This pi*obability in sj’-mbols is 

1 ■"o|9'3o)(^ ol fe)(^ *"ol9'4o) 

81176 


8S879 85213 


1101 \ 
82277; 


89685 
•03274. 


86137 82277 


(2) This is the probability that all three will not die in the 
10th year, and is equal to 


^l^so ^ ol ^?35 ^ 0I740 


I ^80 


/< 


SO 


. 806 
" 89685 
•9999987. 


X X 

ks 


djt 


924 


''40 


1101 


86137 82277 


C^) jsogso; 


85 :40 


20 jP 3 o) SoPss) 20P40) 


4ifv “■ h 






m M X X 

^40 

23435 
86137 ^ 82277 


/ / 

^'30 ‘35 

16890 19571 

89685 ^ 

•01219. 


6. There are X persons living aged x, and the number of 
combinations of them taken 3 together is 35. What is the 
probability that, at the end of n years, the number of combinations 
of the survivors taken 3 together, will be at least 10? 


By inspection one may see that the number of combinations of 
seven persons taken 3 togctlicr is 35, and of five taken 3 together 
is 10. Thus the question is to find the probability that at least 
five persons out of seven of age x will survive n years. 


Now 


th* seye - 


(m) 


Z'^ 

(i+zy 


Therefore, p ® 

n AioxxxiLx 


7? 

(1 + Z)® 

Z6-5Z& + 15Z7 




F 
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7 Find the probability that, out of five lives all aged one 
designated life, A, will die in the ^^ear and be the first to die. 

This may happen in several different ways, 

(1) A alone may die in the year, the other four surviving to 
the end of the year. The probability of this event happening is 

(2) A and one other may die in the year (A first), and the 
other three survive to the end of the year. This probability is 

(3) A and two others (A first), the probability being 

(4) A and three others (A first), 

(5) All (A first), 

The total probability therefore is 

+ A'l (S-^Pa. + i (?*)"' 

= ■|[{CP.)®+ 5q^ip:)^+l0(q;)Xp:)^+10iq;)Xp^y 

+ %r)'‘P* + (7*)®}-(P*)“3 

8. Find expressions for the following probabilities : — 

That out of 25 persons aged 

(a) Exactly 5 will die in a year. 

(b) Not more than 5 will die in a year 

(c) 5 designated individuals and no more will die in a year. 
(c2) 5 designated individuals at least will die in a year. 

(a) The 5 may be chosen in ways, and therefore the 

probability is 

(b) This is the sum of the probabilities that none, exactly 

1, exactly 2, exactly 3, exactly 4, and exactly ^5 will 
die, and is thex'efoie equal to 
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(c) The 5 can only be chosen in one way^ and therefore 

the probability is ((]J\p 

(d) It is no matter what happens to the remaining 20, and 

therefore the probability is simply 

9. Two offices have each £.1,000,000 assured — office A, by 
100 policies of £10,000 each ; B, by 1000 of £1000 each. 
Assuming all the ages equal, and the rate of mortality to be 
2 per cent, per annum, give an expression for the probability in 
each case that the claims will amount m one year to £30,000 at 
least. 

In the case of office A, in order that not less than £30,000 
of claims should be made, not less than 3 deaths in 100 must 
occur. In other words, the deaths must not number either 0, 1, 
or 2. The probability required is therefore 

iV50y [50/ J’ 

the probability of one life’s surviving being, according to data, 
^or gg, and of Its dying gy. 

In office B, the deaths must number not less than 30 in lOOO, 
if £30,000 at least is to be claimed ; and the probability of this 
happening is, similarly to the above, 

- //49yooo p/49\00^1‘ /49\97i/iyo'i 

^”\V 50 / ■ ’^iooohn[-gQj [^qJ | 

the probabilities of surviving and dying being as above. 

10. At the beginning of a year there are 100 policies in force, 
each for £100, and each payable on the death of the survivor of 
two lives, the ages in each case being thirfcy-six and fifty-five 
respectively: — Calculate (1) the expected mortality in the year; 
and (2) the expected claims in the year — given ^gg = *991, and 
P5^==-980, 

(1) . The expected mortality is 

+ -‘l00(-009 + -020) = 2*9. 

(2) The expected claims arc 

£10000(r/3<jxr^55) = £10000(009x-020) =. £1-8. 
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11. Show approximately that the force of mortality at jc is 
greater than the probability of dying in the year after age when 
the number dying in the year after age a; - 1 is greater than the 
number so dying after age a:. 




approximately as 


according as 




d ,+d > = < 2rf 

.TJ - 1 » X 


that is, according as 


12. Show that 


K ’i> = < 

X-l X 


1 P dl 

= -r -’‘+*dt 
V ® dt 




13. Prove that h = 

/■*’ dl 

« - / 

Jo dt 
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14. Show that .approximately colog^p^ = +^,( 9^)3 

co’ogA = -JogA 

= -l‘>gc(l-0 

Also apjDroximately 

% 

= <?.(! -k)-^ 


0) 


= 


(9.)^ C9j 

— + - 4 - 


+ etc. 


(3) 


Stopping at the term involving ( 9 ^)^ and deducting ( 2 ) from ( 1 ) 

{(i'f 

and colog^p^ = 

15. Show how to obtain an approximation to 

I 

Here the ordinary approximate formula fjL = f^iig 


us ; for if we wrote 


K 

X 

— — — we could assign no mean- 


24 


[a?] 


ing to The persons aged x are select, and come under 

observation at that age for the first time, and consequently we 
know nothing of the persoim of age .r~ 1 , of whom thej^ are the 
survivors. We must accordingly seek another approximation. 


^C»] 


i] dx 
1 


= - — r A/ - 1-^2/ 4. \ 
4 / C«3 


IA 34 


•M 




• • ) approximately. 

If then we take the column ^[ 3 * 3 + 1 ? ^[ 3 , 1 + 2 ^ difference 

it, we obtain successively furthei, these 

be divided by 1, 2 , 3, etc., respectively, and the sum of the odd 
terms deducted from the sum of the even, the result, divided 
by will give us an approximation to 
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• Or we may proceed thus — 

dx 

1 being the modulus of common log- 

~ "M ~d^ ~ antlims and equal to *4-342945). 

= - + • • • )approx. 

Following a method similar to that indicated above we obtain 
another appioximation to the value uf 



CHAPTER III 


Expectations of Life 

1. The definitions of the following functions and the dis- 
tinctions between them should be carefully noted. 

The Complete Expectation of Life at any age is the average 
future lifetime of each person of that age. 

The Curtate Expectation of lAfe at any age is the average 
number of complete years which will be lived by each person of 
that age. 

The expectation of life^ or more properly the complete expecta- 
tion of life, is also sometimes called the mean after-lifetime'^ ; the 
average after-lifetime"; the ^^meau duration of life"; or the 
average duration of life." 

The most probable afier-Vfetme at any age is the difference 
between that age and the year of age in which the life will 
most probably fail, that is, the year in which most deaths 
occur. 

The Vie Probable at any age is the difference between that age 
ahd the year of age to which there is an even chance of living, 
that is, the year in which the number living is reduced to 
one half the original. ® 

2. In Text Book, Ailicle 24, Lubbock’s formula is applied to 

find a more exact expression for e^ than The deduction of 

the formula itself may be presented as follows : — 

To find the sum of the series 

+ W ^ -f M ^ 4* • • • "h "h ^ JL “f* + A * " * 

T f t t 

to the end of the mortality table, the values ultimately disappear- 
ing whatever function u may represent. 
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.We have then 


> ..ja i(hi) (ill) 




A®tt„ + 


«„ — ?«g+ — ■*■ 




A\,+ ' 


1 A 

^ t-i ~^o'^~ ^ Aiiq 

~r 


i-l/t-l 




A /^-1 


A\ + 


' + ’ 


And summing these 


^-1 

2ft ^ =« IUq 4" 2 ^^^0 M A%q + * 


since coefficient of Aw^ 

1 /T , n 


(lHh 24 '* • • +^ — 1 ) 




coefficient of A^z^q 


=4n^+2^+ • • • +(.f-m-l(.i+^+- ■ ■ +T^) 


12^2 4 12 t 


and so on. 


Similarly 


yt 11 = Aki - -:_A2j/i+ - . . . 


s«-l /.S^l /2 1 

S i _ A«3 - t^-A2«2+ _A3»2 - . . . 


and so on. 
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Now summing these summations^ we get 

+ + • • ‘ +^^ + ^^1+1 + '^+!+ • * • 

— 7 - t t 

*= + + ^2+ • • • ) -f 4- Az/j -f • • 0 

- + + . • •) 

+ ^^^(A\ + A8«j+A\+ . . .)- etc. 

= /(«o + “i + "2+ • • * 72 ^A?/o - A\+ etc. 

Subtracting from both sides we have 

Wi -f • • • + * • * 

T T t t 

= ^(“i+“2+‘ • • )+^i'o+ 


For the application of this formula to the case of the complete 
expectation of life, we may proceed as follows : — 

If we were to say 

== -r(Wi+W2+W8+ • • • ) 

a? 


we should be wrong in that we take account of no more than 
complete years lived. We should therefore obtain a somewhat 
better result from 


W ^aJ+2 

X 


The same error in principle appears, however*, for w'c take account 
only of complete half-years lived ; and we shall obtain a correct 
result only from 


J-C^,+ i+^.^i+U4-+- ■ •) 


ti. 


where 


1 

t 


is smaller than any assignable value. 
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•We now use the sunnnfitifin forniiiln, aiul say 

+ . . . 

^ ^ Ut^ I 

it 

1 A/ - 

= (where — is infinitely sniiill) . . . 

I 

But in discussing the force of iiiorlality in Chapter II. we 
showed that 


(U 
1 

dx 


.y = A/^--iA7^ approximately. 


Therefore 


+ approximately 


— p X 1 ^ A® 

- + ^ 12 

- e 4.l_ «-l ~ 

- + 24/ 


The process by which w.as obtained w.as perfectly gcnci’alj 
and we may similarly write 


& = e 4- 1. _ 

m iv ~ 12 


and generally 


g j_ -i _ l^t'^ 1 ^ 1 + • • ■ to OT terras 

m- .(m) ays. ..(ra)"^ 3 — J2 


EXAMPLES 

1. Given the following mortality table, deduce, in respect of a 
life aged cighly-two, (a) the curtate expectation of life, (6) the me 
probable, (c) the age at which it is most prob.ible that he will 
die. Find also the average age at death of the 129 lives, aged 
ninety-five. 
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Answers: (a) 3*582. 

(b) 3*5 approximately. 

(c) 82. 

The average age at death of those aged ninety-five will be 
96*593. 


2. From the Text Boole mortality table ascertain the values of 
jao^so 5 ! 10^40* 

1 10^30 “ 9‘599; 5 1 15^40 ~ 12*643. 

3. Deduce a formula for without making the assumption 
of a uniform distribution of deaths. 

By I'ext Boole formula (27) we have approximately 
Now 

= !»«»+ J 







CHAPTER IV 


Probabilities of Survivorship 


1. In Text Book, Article 3, is derived from formula (1) by 
giving to n successively every integral value from unity upwards. 
It may be derived by a similar process from formula (2) 


c? , , X / , , 

I _ t-hn-l 

n-l\^xy I 


Here then 

xy 


ixy 

A V 7 

_ X . 

X 

I I 

y-^n-1 

n 

» y 


-1 ?/■ 


= 4 (- 


?/+«, 

21 

V 

i . f ^ , 






Since 


H 


^'x-^n-l ^y-^n-l 

I I 

» y 





2. The formula 






v~l 


12) is, 


by the intro- 


duction of ages a? - 1 and y - 1, in a form unsuitable tor application 
to select tables. To render it in a suitable form we have 

Qi = ^(1 _ !kilri + ^£jzl2^ 

2 ^ Py-l n -1 ' 

- Jl/i , i’*-! „+0l 

2 1 i;:, / 
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QL 


= +«.+!:,) „ = P.-l + 


S, By the use of Te,rf Book formula (2) wc may also very easily 
arrive at the probability that (*r) will die before (;/) or within t 
years after the death of (i/), i,e , formula (14), as follows : — 


We have Qi ^ = (1 - 


/ I 

X y 

/ ; 

= (l-iPj + 

X xi-t y 


= G-iP*) + AQsTf:^ 
= l-ACl-QsTi:,) 


4. To find the more restidcted probability that (.a?) will die within 
t yeai’s after the death of (^), we have the required probability 

I I 

V » 

__ v+’i-l 2^+«r“l jw+u+i-i 

/ / *“ / I I 

y X X y x+t 

= (i-Qy-A(i-Qi ) 

»+« : y 

-i-a(i-Qa. )-Qi, 

*“ * 2/(Tj) ^xy 


which is obviously correct ; for, if we take the probability that (.r) 
will die before (^ij) from the probability that (x) will die before (;/) 
or within t years after, we are left with the probability that (x) 
will die within t years after the death of (y). 


5. The allied probability that (x) will be alive £ years after the 
death of (y) is found as follows : — 

Taking the 7^th year, the jirobability of (y) dying therein 

is and the probability of (a’) being alive at the end of 

y 
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t years after the middle of the wlh year (since (i/Js death will 
occur at the middle of the year on the average) is Hence 

the required probability 

/ I 

y « 

= tPA+f.l as above. 

This probability is the same as the probability that (x) will 72oi 
die before or within t years after (y)’s deaths since 

iPA+t.l = ) 

a+i : y 

= )} 

aj-ft : y 

- 

6. The preceding probability must be clearly distinguished from 
the probability that (x) will be alive at the end of the fth year 
succeeding that in which (j/) dies, which may be found thus — 
Taking the nth year, the probability that (?/) will die therein 
d , ^ 

is ^ and the probability that (x) will live to the end of the 


tth after the 7ith year is Tlie total probability required 

must therefore be 

1 


y 0 

tP^i\Px+t ^ -'^P^+t X nPy> 


= a(- 




7. We may find an alternative formula for as follows : — 
Taking the wth year, the probability of (.?y) dying therein is 
^Py% 0^’)*® expectation of living to the end of that 
year and of each year after amounts to 

(»P» + »+A + »42?'*+ • • •) = »?*(!+«*+„> 
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The expectation of (.r) after (;/), should (//) die in the ? 2 th year, is 
therefore and the total expectation 

That this expression is identical with that in the formula 
may be shown as follows : — 

= ?j,(lf’® + 2f’» + 8P*+ • • • ) 

+ ll?!/(2P* + sPli+ ' • • ) 

+2l?M+- ••)+••' 

= %pS^ + ®.+i) + 1 1-?!, ^ ^.pS)- + V 2 ) 

+ 2!9i/^8-P»(^+V8)+ ' • • 

8. In finding e we have, as shown in the Text Bool\ to divide 

the expectation. Then the expectation for i years depends on (a?) 
alone, and is equal to |^e^. Thereafter, in order that {xjs living 
to the end of the (t + l)th year may count, (y) must live to the end 
of one year; that (.r)'s living to the end of the (i + 2)th year may 
count, ( ?y) must live to the end of two years ; and so on. We have 
therefore 

« —ssr- I /? 4. JJ-f f-f*! V'M a?4-^4-3 ^/4“S 

x*y{tp \t X / / 

X y 

— ( ^ 4. 41 

/ I 
x+t y 

“ \t^ ,y 

“ i^S^xVt *le.K:P 

9. Coming to the probability that (x) will die first of the three 
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lives (*r), (;/), and we may proceed in the same manner as 
m the case of two lives. 




/ -/ / +/ / 4 -/ 

V 'K+Ji-l vy "“iw-l r+n. 

^ X — 2 ^ X 2 / 

JJ 1/ 5 


j' 4 ‘<w >— 1 


V ^ / rc+w — l 

LLL 


^x+n-l ^y+n^l ^y+n -1 


^jp+n> ^y 4 ^ K-^n-l 


1 ^»/+ jt ^ 5 + ^ae 4 -? t ^j/+n > (s-f 


^1 - ^ ;7/~l :g _ ^ f®rlili5zL 


P.^i P«-.l ^ 


/ ^flj+Ti - 1 h{+n - 1 - 1 n ^j/-f n. 

v“ ^ n /, ; 


The formula given m the Teo’^ jBoo^ differs from the above, 
exceeding it by 


iA — ^a;-3;y^l;g ^x~l ;y iis^l 

12 V P,.i:y.i ~ P«-x:..i 


c , e 

, a; 'I/-! ;® , n 
*1 1 ; 


:v:±zi+.f»rirf 

“,-i P^-i / 


which, however, is a very small quaiatity. 



CHAP. IV.] 


TEXT BOOK— PART IL 


97 


10. To adapt the expression given above for use with select 
tables, we have 

®a!+l :2/+l :c) ^*+1 j; : e+l^ "I" ®a; : j,^.l . 

11. A simplei* solution of the problem to find the value 
of than that given in the. Tejct Book may be suggested. 
If, in the equation 

\ =: 2 o X f 

y^lx n^x \n^yz 

it be assumed that, for all values of n, QJ. x (see 

Articles 7 and 8 Text Book, Chap. XV.), we have at once 

\ « 2 « X I (7 

yz\x x^yz In-iys 

= e j 

^yz yz\x 

= (e -e ) 

^yz^ X xyz^ 

Also 

e 2j — gi I e I 

yz\x yz\x y\xz 

= (e - e )~-(e - e ) 

X xyz' ^ xn xyzJ 

= a-Q^)(^ -<? ) 

V ^yzJ ^ X xyz' ^ xz xyz^ 

=a (e — e ) - Q - e ) 

V X ziy ^yz^ X xyz^ 

Or we may proceed thus : — 

^yz\x “^n^x^\i[Syz 

^m,PsL\%^z \n^y^ 

5» e \ — e 

z\« yz\x 

s» fe — e ) — Q ^fe — e ) 

V X xz' ^yz^ X xyz' 

12. The following should be carefully noted. 

There are two formulas for : — 

*xy 

~~ ^x^%j ^x/y 

We may express in similar foi*ms the probability that two 
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children, ten and fifteen years old respectively, will both die 
before attaining age twenty-one, viz - 

and |n^io^|o^/i6 

The probability that one at least "will so die is 
1 -(1 - In 10X1 ““ 1 0^15)* 

Now to obtain the probability that both the children will die 
before twenty-one in the lifetime of their mother aged fifty, we 
have analogously 

|n^lO so’^lb^is -60 "■Qo^'in5'*50‘f 15 .50 ^ is^ib .50^ 

and 1 11 5' 10 : 50 ^ 1 0 ^ is 50 
The probability that one at least will so die is 

l“-a~lu^lV5oXlHo^/l\.5o) 

EXAMPLES 

1. Out of married couples, the husbands being all aged x 
and the wives aged ?y, show how the number of husbands ivho 
become widowers in the wth year may be ascertained. 

The number of husbands becoming widowers in the wlh year is 

= I X V ^x+n-l 

^ I I 

y ‘as 

We do not cancel in the numeratojt with in the denominator, 
since the former is taken from actual experience, while the latter 
is taken from a table which represents suitably the mortality of 
the lives concerned. 

2, If the probability that (x) ivill die before (s) is T996 ; 

« (-r) both (y) and (p) Is T 6 1 0 ; 

» (y) „ (^) IS -2990 ; 

« (y) 5 , both (x) and (p) is *^602 ; 

find the values of the following pi*obabilities : — 

(1) That the survivor of (x) and (y) will die before (p). 

(2) That (x) will die before (sr), (y) having died first. 
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- Ql,+Q4 = Q!-Q1,„+QL-Q4, 

= 1996 -TG10+ -2990- 2002 
=■ 0386 + -0388 
= 0774 

(2) = -0386 


3. Find the probabilities that^ m the ith year from the present 
liuiej 

(a) A life now aged .r will die, having survived a life now aged y 
by at least m years, and a life aged z by at least ?? years. 

{h) The last survivor of three lives (.r), (;/), and (s) will die, 

(c) A life will die, leaving (x) and (j/) surviving. 


(a) To fulfil the conditions, (a?) must die in the ^th year, (jf) on the 
average before the middle of the (t - 7;i)th year, and («) on the 
average before the middle of the {t - »)tli year respectively. 
The probability is 


A’+«-i 


V n+t-m-l , 


L-l 


I ^ I " l 

y z 




W |S-i|^aj/ff tPxtp 

“ C - / -1^// f- l^r ~ f ~ ~ < -1 "" f- 1 ^7/- i 

- Op. + tPy + A - ^ tPxz -- tPr. + 


V V JL±t± 

~r ^ "T^ I • 

''z X y 


4. Find expressions for the piobabilities that of three lives 
(.r) {tf) and {z), (x) will die 

(1) In the same year as (s), whether first, second, or third of 

the lives. 

(2) At least f years after (^), and at least t years before {s). 
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(1) This probability is equal to the sum for all values of n of thc^ 

probability that both (x) and (p) will die m the «th year 

= + Jh- 

= l + 2f - 

” P.-i P.-i 

(2) If (c-u) die in the (w + ^ + l)th year^ then to fulfil the conditions 

( ly) must on the average have died before the middle of 
the (n + l)th year, and (p) must live on the average till the 
middle of the (w-f2f + l)th year. The probability required 
is therefore 


X 

'c y s 


I -I 


I 


= tP. ^ ^ - T 

x+t 

®= tPx ^ 2tPz^x^ • y : s+^t 
1 


- X ■ 




I 




5. Required (ir)’s expectation of life ten years after the death 
of a life presently aged ?/. 

From the whole expectation of life of Qc), we must deduct the 
part during the life of (^) and for ten years after. The expectation 
required is therefore 

^x " :2/(.i01) X IqPx^^x+ 10 ^x+lO : 

~ loP/^a-flO ^»+10 . 

Or we may proceed otherwise. The (w + 10)th year will count 
only if (it?) survive it, and if (y) die i«ithin 7i years. The prob- 
ability of its being reckoned is therefore (1 - the 

sum of this expression for all values of n is the expectation 
required 

■“ nP y')n+lOPx 

~ nPy^nPxi^lQ 

“ I0^/®af4*10 ““ : p 


6. Write down in respect of the (^+l)th year the probability 
indicated by each of the following symbols: — (a) {b) 

W^WQi:S.0Qi.,. CflO^,. ' 
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III ^y+t+i) h+t+i 

X y z 

X y z 

TTT ^%+lK~^y+t+})(h~h+t+^ 

X y z 

TTT ‘^*+(^^j/+<+i^s+J+J ■'■ ^y+t+')^s+t+i 

X y z 


^ (K h]-t+Oh+m^ 

(e) 1^1 - + Uy"^ 

X y z 

^~m ^s+i+i(^»+«+4'^»+« ^v+t+i^x+) 

X y z 


7. Show that ^ - pj, 

r-p-l 

“ TT fo 

X y ^ 

1 7 » T ^a:+I— 1 

“ IT Jo *+*■>'+* 2/^+/" 


I - pA+1 -.) approximately. 


(if approximately 


= —f— r ^’‘+>-'^j.±i di-p^ r 

_ ^ (fszllM - p # ) 

"'2Vp,., ^» »+! = »/ 


since e == 


T±Ldt 

0 i 



CHAPTER V 


Statistical Applications of the Mortality Table 

The intricate problems relating to population in this chapter may 
be simplified by the follov/mg explanations. 

1 . In Tejct Book, Article 14, we are told ^^the average age at 
death of a stationary population, kept up by births alone, is 
T 

7 ^ == Sq/* which IS explained as follows : — 

% 

The persons who die between 0 and 1 are on the average 
^ year old at death, that is, amongst them they have lived 
years. 

The dj persons who die between 1 and 2 are on the average 
1-^- years, etc. 

The d ,2 persons who die between 2 and 3 arc on the average 
years, etc. 

Therefore, the etc. persons who die have, taken 

altogether, lived -J-dy + -fd^ + -Vo + etc. years, and the average age 
at death of each is therefore 

etc. ^ Ly + Lj L 2 "b 
Hh t/j + <^2 "b ^0 



To find the average age at death of those who are aged x and 
upwards, we have by a similar process such average age 

= (‘^ + ^)^ai + (^ + T)‘^»+l + (‘g+D^a+S+ • ■ • 
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Ag<ain^ simiLarly, the average age at death of those who die 
within the n years after age oc is 




= X + 


■■ 




4* fl?. 


+(«-IK 


i -i 




A+n 


T -T ^ ^nl 
« 1 •*' ^+«- 

_ j. + 

JC X+% 

since -irf+H+i+- • • +(«--J)^*+„-i 

= G‘^. + Hh-i + H+s+ • • • ) 

- {h^x+n + + ij^i+»+2 + • ■ * ) 

~ ^ (^»+* ^a!+»+l ^i+n+a + ■ ' • ) 

s= T - T ~ nl 

as+u i&-T% 

We are now in a position to state the solution to the problem 
in Text Book, Article 14, as to the effect at the end of n years, 
on the average age at death of an otherwise stationary population, 

disturbed by an annual influx of -1- x Z persons aged x.** 

The total years lived by those that have died out of the original 
population are + +|(/ 2 + • • • ), and the total years at 

death lived by the immigrants are 


Also the whole number of deaths of both is 

(<?g + «?i+rf2+ • • • ) + -^(<^J, + ‘^*+i+ • • • +<^S,+ »-l) 

and therefore the average age at death of each who dies is 

(K+-K+-I‘^2+ * • •)+^{(^+iK+(®+IH+i+ • •• +C^+«-iK+„- 

(c?o + rfi + rfa+* • * )+ + 
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2. Passing to the problems discussed in Text Book^ Articles 
18 to 20, we may find the average present age of the existing 
population as follows : — 

There are Lq persons living between 0 and 1, and they have 
lived on the average \ year each. 

There are persons living between 1 and 2, and they have 
lived on the average 1|^ years each. 

There are Lq persons living between 2 and 3, and they have 
lived on the average 2| years each, etc. 

Therefore the total years lived amount to (| Lq + + 4^2 4* etc.) 

and the average lived by each person is 


L0 + L1 + L2+ • • • 'lo 



Similarly the average present age of the population who are 
aged X and upwards is 


= .r + 


IT +T +T + 


X 4* 


3. Again, to find the average future lifetime of the existing 
population, we must first note that t]?.e average future lifetime 
of pei*sons is T^. Hence the average future lifetime of L 


persons, Le,, persons, is the 

average future lifetime of each of these persons is therefore 

KT,4-T^,) 

years. 


Now the average future lifetime of Lq persons living bebweeii 

0 and 1 will be ^(Tq + Tj), and of L^ „ 

1 2 + and of Lg ,, 
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Therefore the average future lifetime of each of the whole 
existing population will be 

UTo + T,) + ^(T,+T,) + J-(T, + T,)+. . . 

-f- L, + + • • • 




- lo. 


Similarl}' the average future lifetime of the existing population 

Y 

who are aged x and upwards may be shown to be 

4. Now if the average present age of the existing population is 

Y 

, and if their average future lifetime is -f#, it is obvious that 

■^0 

the average age at death of the existing population will be 
OY 

; and for those of the existing population who are aged a? and 

2Y^ 

upwards the average age at death will be a? + 


5 The distinction drawn in Text Book, Article 21^ may be 
shown thus : — 

In the case of the stationary population which is recruited each 
year by births, ivc have for the average age at death 
^ dQ 4" + -| + * j • 

^0 ^1 "h ■ * ‘ 



In the case of the existing population we have as follows : — 


Age, 

(1) 

Number 

Imng 

(2) 

Average age at death 
of each 

(S) 

0»1 

Lq 

Lq 


Li 

« , KTi + Ts) 

■g- T j 

A-i 

2-3 

L, 

. , 4(t.4-T3) 

I, 

etc. 

etc. 

etc. 
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Multiplying the number living at each age by the average age 
at death of each of the group, and dividing tlie sum of these pro- 
ducts by the total population, we have for the aveiMge age at death 
of the existing population 

^ KTn+T,) + -KT, + T,) + KT, + T,)+ . . . 

Lo + Li + L.,+ ... 


Lq 4- “J- L;| -f ■ §■ L2 ' 

^0 d" d* Lg + • • 




^ Tq 4" 1 1 H~ T*} 4* 


~ To 

2 Y. 


In the case of we have the average age at death of the 
population and, assuming that there are annual births, this 

2Y 

average age is the same every year. In the case of 7 ^ we 

■*‘0 

multiply the number at present living in each age group by the 
average age at death of the group, and by this process obtain 
the average age at death of the present members of the 
community. 

Applying the same process to those of the present population 
aged a and upwards we have for their average age at death 

(a; + |)L^ + (.r + ^)L^^^+(.r + .«)L . . . 4-T„ + T. 

^* + ^.«+l + ^ai+2+ ••• 


+ T +. 


T i 4 * 1 ' 4 " X-i 4 " 


«— X 4” 


ja 4 * 


2Y 


5 


EXAMPLES 

1. Having given a complete table of accurately representing 
the probabilities of life at all ages, show how, from the “deaths 
taking place in one year, to calculate approximately the total 
numbexs living in a stationary population where there is no 
disturbance from immigration or emigration. 
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Since the population is stationary^ the deaths in any one year 
must equal the births^ that is 

/o = + ^/ ) H- 4- • • • 

We are also given Pq, p^ etc., and therefore since 

/g = X p^ 

etc. 

we can successively obtain /j, 

Now making the assumption of a uniform distribution of 
births and deaths, the total population numbers 

K^o + y + K^i + ^ 2 ) + K^2 + ^j) + * • * 

~ 2 ^0 "b "t ^2 ^3 "h • • ' 

2, A military power desnes to maintain a standing army of 
1,000,000 men. Five years’ service is compulsory on all males 
attaining the age of twenty. How would you apply a table, 
showing the mortality amongst males, to ascertain the annual 
number of recruits required to maintain the army at its proper 
strength ^ 

By the table, an entry at age twenty of males will support 
a population between twenty and twenty-five of Tgo — By 
simple proportion we find the number of recruits of age twenty 
necessary to support an army of 1,000,000 men of ages twenty to 

, ^ ^ 4. 1 1000000 ; 

twenty-five to be ^ ^ /go- 

This formula naturally only takes account of the numbers in 
time of jieace. It further docs not allow for the necessary 
selection by medical exammation of the recruits, nor for the effect 
thereof on mortality 

3. In a stationary community supported by 5000 annual births, 
each member, on attaining the age of twenty, makes a payment of 
^020, and contributes £1 at the end of each succeeding year until, 
and inclusive of, tlic sixtieth birthday; receiving thereafter an 
annul tj of ^15, payable at the end of each year. In respect of 
each contributor who dies before receiving the first payment of 
£15, a payment of £5 is made. Find expressions for (a) the 
number of contributors, (b) the annual receipts, (c) the total 
yearly annuity-payment, and (cf) the annual death claims. 
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5000 


(Too "^eo)* 


(a) The number of contributors is —j — v. 20 eo^ 

^'0 

(b) The annual receipts are 

5000, 


1. 


-(20i[2Q + l^i + ^22 "b 


■+« = ^(20^20 + N',o-N'J 

/a 


(c) The total yearly annuity-payment is 

5000 , ^ 5000 - 

"1 — 15(/g;^4-^62 + ^63+ * * 15IS 

% ‘0 

(d) The annual death claims are 

5000 , , 

-7— x 5 (t^ 2 o + "21 + ^22 + • ■ 


5000 

+ ^^ 00 ) I X 5(/2(j- 


T 2Y 

4. Explain clearly the difference between 0aiid4fr^* What 

^0 ■*■0 

T -T 

^Qes represent 

a 

A community otherwise stationary is bubjecl for n years to an 
annual increase from immigration at age a* to the extent of 10 per 
cent, of the number %vho attain that age. wShow how to ascertain 
the effect of this immigration upon the average age at death at 
the end of n years. What practical consideiation would vitiate 
your result ^ 


1. 


'■ is the average age at death of each of persons horn in a 


stationary community^ while as explained in Text Book^ Article 21 
2Y 

of this chapter^ is the average^ age at death of the present 
Tq 

members of this community. 


T -T 

' ^ - j IS the average number of years lived by each of 

’sB 

persons between ages x and (oj + w)* See Tex*t Book^ Article 12. 

To get the average age at death 111 the above described com- 
1 1 

munity^ put — = ~ in the formula 111 Text Book, Article d 4. 

The result is vitiated as shown m Text Book, Article IG, by 
leason of no increase in births following on the incieasc in 
population being taken into account. 
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5. In a population of 1,000,000^ hitheito stationary^ the birth- 
rate begins to increase at the rate of 1 per cent, per aniiiim 
What IS the population at the end of three years, assuming a 
uniform distribution of births and deaths throughout the year ^ 

According to the mortality table, a population of Tq must be 
supported by births, and therefore a population of 1,000,000 

must be supported by x — births. 

At the cud of a period of three years, the population due to 
the increase in the birth-rate is 

lo X [ { (1-01)® - 1 j L<, + ' (1-01)2 - 1 } Lj + -OIL,] 

= l^x i2^^(-030301Lo + -0201Li + -01L2) 

•*0 

Hence the total population is 

1000000 + i»-(30301Lo + 20100Li + 10000L2) 

Iq 

6. In a certain community the number of annual births has 
been observed to decrease approximately m a geometrical pro- 
gression. It is desired to introduce a pension scheme, pensions 
to commence at age sixty-five, the contribution being from age 
twenty to age fifty-five. The number of births this year being k, 
find expressions for the immediate numbers of pensioners and 
contributors. 

Let be the common ratio of the geometrical progression 

in which the annual births are decreasing. Then it follows that 
the births n years ago were 

Assuming that the births take place uniformly throughout the 
calendar year, that the figures are required at the close of the 
calendar yeai, and that there is no disturbance from immigration 
or emigration, we have the number of immediate pensioners 

^(r^'L,5 + 7WL« + r6-Le,+ . ■ • ) 

and the number of contributors 

±(r20L2o + r2iL3j + r22L22+ • ■ + 

^0 
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7. A system of free education is introduced into a community, 
embracing all children from the age of five to thirteen inclusive. 
The present number of such children is A, but the birth-rate in 
the community, previously stationary, has been increasing during 
the last four years at 1 per cent, per annum. What would you 
estimate to be the number of children under education at the end 
of twenty years, and how many children will have passed out 
during the period ^ 


Assuming that, duiing the period the population was stationary, 
a table of mortality was formed showing the column of L and the 
column of T, we may proceed as follows ; — 

In the first year of the system the number under education is 




V 

7 

fL5(l*01) + Lp,4-Li-4- • 

•• 71 - 13 ) 

t 

J 


Inlbe third A 

and so on, till at the end of the twentieth year the number 
will be 


A {LB( l-OiP + L„ (l- QiyB.n^(1.01)iT+. . . 

I " I'd “”^11 ^ 

The number that will have passed out during the twenty years, 
having attained the age of fourteen, will be 

+ ( 1 - 01 ) +( 1 - 01 ) 2 + . . . +( 1 - 01 )«} 

■^6 ■*'14 t J 


8. In a pension society it is a condition that if a member dies 
after m years from entry his widow is entitled to an annuity. If 
on the average there enter the society in the course of the year 
k new members aged a’, each with a wife aged how many 
widows entitled to draw annuities will there be at the end of the 
%th year of the society’s existence ? 

The widows between + and + 1) years of, age are 

on the average each (y + + and that they may be entitled to 

annuities their husbands must have died between (jj + j-w) and 
(a + m + J). Similarly the husbands of the widows whose 'average 
age is + + must have died between ( 0 : 4 - 772 ) and (o: + 7?z4-;j) 
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if tlieir widows are to get anmiities, and so on for (n - m) terms. 
Therefore the number of widows entitled to draw annuities is 


A y ^ 


'y>f h +7)1+ j )+ 




7i+7?. - 'a)+m x+n 


-p} 


JJ ^ 7)1 1 71 - m ^}J 7K I A - 7)1 


An alternative method of arriving at the same result is to 
deduct from the number of females who are alive and who have 
become entitled to annuities by the survivance of their husbands 
for the necessary m years the number of females who are alive and 
whose husbands are still alive. The result is obviously the number 
of widows who are entitled to draw annuities. Following out this 
plan we get 


t{(', 

! U t 


V+Tn+i 


+ / , I 

y+7l-i !»+7) 




j/+7)t+} ^jc+m+J ^j/+m+2 ^a)+7)i+3 


^J/+ 7 t-'i ^U!+ 7 lf-J 


k( P X I I — 
M)l^ X 771 71-7)1 V 




e ) as above. 

y mlTb’-m xy' 


9. A railway staff in a stationary condition is recruited 
annually by 500 entrants at age twenty, who are required to 
contribute to a pension fund. At age sixty they have the option 
of retiring on pension, and retirement is compulsory at age 
sixty-five. Assuming that there ai’e no secessions other than by 
death, and that one-half of those who reach age sixty retire at 
that age, the others remaining till age sixty-five, give expressions 
for : — 

(1) The total number of j^'esent contributors. 

(2) The total number of present pensioners. 

(3) The total number of future years' service with which 

existing contributors will be credited. 

(1) The total number of present contributors is 

^|(^30 + ^i+ ■ • • +1^04)“ + • * • +1^04)} 

= ^{T2O-KT0O + T66)} 
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( 2 ) The total number of present pensioners is 

+ . . . +LJ + (L^-1-L,,+ . . ){ 

^20 ^ 

= ^{KT„o-T,„-,) + T„,} 

= ^xKT„o + TJ 

''20 

(The total of present contributors and present pensioners makes 
up the whole population of age twenty and upwards. This is 
obviously coriect, and goes to prove our results.) 

(^) ("^ 20 + -^21) future lifetime of the 

persons living between twenty and tw^enty-one. Of this number 
of yearSj however, + lived after retirement. Hence 

iC^2o*^'^2i) + number of future years' 

service in respect of the LgQ persons living between twenty and 
twenty-one. 

Similarly KT21 + T32) - KT^o + Tes) represents the number of 
future years' service in respect of the L21 peisons living between 
twenty-one and twenty-two. 

We shall obtain similar expressions for Lgg, etc., to Lg^, 
that for the last being | (Tg, + Tgg) - | (T^g + Tgg). 

Further, for the |Lgg persons between sixty and sixty-one 
who have not retired the number of future years’ service is 
i{KToo+T 6 i)-Tog}. Also for the persons between sixty-one 
and sixty-two years of age the expression is i {] C^'oi ■" "^05} » 
and so on, till finally for it is HK'Tgi + 1 Tgg}. 

The total number of future years' service with which existing 
contributors will be credited is therefore 

^ {(Y20 - Yeo) - 20 (Tgo + TJ + -Y^- 5 T J J . 



CHAPTER VI 


Formulas of De Moivre, Gompertz, and Makeham, 
for the Law of Mortality 

1. Under the supposition named at the beginning of TeH 
Book^ Article 7^ viz., that the numbers living at successive ages 
are in geometrical progression, it may be shown as follows that 
^nhere would be no assignable limit to the duration of human 
life, and the values of annuities would be equal at all ages.’* 

Let K be the radix of the table, and r the rate at which the 
population is decreasing, and therefore fractional. Then the 
numbers living at successive ages will be kt, Kr% etc., to 
infinity. 

At any age x we have the force of mortality 

1 

“ Idx 

- Jl 

KT^ dx 

_ JL Kr® log r 
= - logs'" 

which is independent of the value of .t, and therefore constant at 
all ages. 

Also the complete expectation of life at any age x 

K - 

1 ^OD 
SS / 
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is therefore also constant at all ages ; and thus the first part 
,of the statement is proved. 

Anticipating by a little the theory of annuities, we have for 
the annuity value under the supposition 

«« = 

XJ 0 
s= Jl. f 

« I rHt 
Jo 

1 

logv + logr 

which as above is independent of and is therefore constant at 
all ages. Thus we find the second part of the statement correct. 

2. Under Gompertz’s law the formula for is expressed in 
terms of three constants. The constant k does not vary with 
the age, and is therefore of importance only in fixing the radix 
of the mortality table. 

From any three values of the number living, the three con- 
stants may be deduced. For example, taking the values of log I 
at ages a*, (.r+ i), and (^ + 2i), we proceed as follows : — 
log = log/c + c®]ogg 
== log/c + c^'+Uogg 
“ logA-,+ c»+2*logg 

Taking the first differences of both sides of the equation 
log A = c»(c‘-l)logg 
logfP^+j = c»+*(c*-l)logg. 

Now dividing each side of the second equation by the 
corresponding side of the first, and taking the logarithm of the 
result, we have 

log(logA+t)-log(log,pJ = ilogc, 

from which c may be found, iuid by substituting its value in one or 
other of the second set of equations, iogg may also be found. 
Again by substituting these two values in the first equation of aU, 
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log k may be found, and from the three constants now known the 
table may be wholly determined. 


S. In the case of a mortality table following Gompertz^s law it 
may be shown that 

a relation which, it was suggested in the notes on Chapter IV., 
might be used as an approximation in any mortality table. 

1 

~ YTI 

X y' 0 


By Gompertz's law 


Also 


\t^xy 


■nf 

X V'' Q 

A/' 

X Q 

X y' 0 

Q 

cx 

1 

fjJ 

X y" 0 

c® 1 /** 

c^ + cy FT j ^yi-t^x+t 

X y' Q 



4, From consideration of the actual figures in the Carlisle, 
Seventeen Offices, and Government Annuitants’ Tables, Makeham 
deduced the principle of his first modification of Gomperlz’s law, 
namely, that the probabilities of living, increased or diminished by 
a certain constant ratio, form a senes whose logs are in geometrical 
progression.” If, then, Gompertz’s law is defined in the statement 
that the logarithms of the probabilities of living are in geometrical 
progression, Makeham’s modification thereof is covered by the 
statement that the first differences of the said logarithms are m 
geometrical progression with common ratio c, which is sho^vn to 
be true by the process followed in Text Boolc^ Article 1 9. 

It may be noted in passing that Mr King is perhaps not 
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strictly correct in suggesting that Gompertz had foi'eseeii Make- 
ham's modification^ but had not arrived at formulas to express it^ 
for, as Makeham points out, he would in that case have expressed 
himself thus : — It is possible that death may be the consequence 
of one or other of two generally coexisting causes,'* and so on. 

Examination of mortality tables based on the experience of 
assuied lives convinced Makeham that while his modification of 
the law accounted for the facts very closely from about age thirty- 
two onwaids, the agreement was not so close at the early ages, and 
he proposed to have recourse to a complementary series during this 
portion of the mortality table. The want of agreement with the 
observed facts is due to the fact that the great proportion of the lives 
under observation at these early ages have recently been medically 
examined ; in other words, it is due to the unequal effect of selection. 

The following table gives the rates of mortality of the 
experience (1) as graduated by Makeham's law, and (2) as 
adjusted without reference to any formula. It will be noticed that 
at this portion of the table Makeham's law considerably over- 
estimates the rates of mortality. 


Age. 

Assuming 

Malceham's Formula. 

Assuming 
no Formula. 

10 



11 


•00409 

12 



13 


•00381 

14 


•00385 

15 


•00404 

16 


*00436 

17 

•00700 

•004S3 

18 

•00704 

•00543 

19 

•00709 


20 

•00714 


21 

•00718 

•00679 

22 

•00725 

•00G92 

23 

•00732 

•00695 

24 

•00739 

•00695 

25 

•00748 

•00700 

2G 

•00755 

•00710 

27 

•00766 

•00733 

28 

•00775 

•00769 

29 

•00787 

•00783 

30 

•00800 

•00806 
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The same difficulty presents itself in applying the formula to 
the graduation of annuity statistics, where the mortality is dis-, 
turbed for too long a period of the table by the introduction of 
new entrants. 

The French experience, both of assured lives and annuitants, 
was graduated by Makeham’s law. The formula was not, however, 
applied below age twenty-five, the rates of mortality at these ages 
(which were made identical in the two experiences) being obtained 
by assuming that could be represented by the following 
algebraical expression : — 

= A 4- B.27 + Cr® 4* + Gtt®, 

A, B, C, etc., being obtained from seven equations depending on 
the unadjusted data. 

One curious point connected with Makeham's law is the fact 
that the value of logo as deduced from different mortality 
experiences is very nearly identical. The following examples 


may be given : — 

Seventeen Offices «... *03956 

-0400008 

Thirty American OfBces . . . -041280 

Gotha Life Office .... -039626 
0'“^ -039 


Commenting on this, Makeham has said: ^^The practically 
identical agreement in the value of log c in these several instances 
could only result from the rate of deterioration of the vital force 
being the same for each individual. Thus extended, Gorapertz’s 
law may be stated as follovfs: The vital force or recuperative 
power of each individual loses equal proportions in equal times; 
and the proportion of vital force so lost by each is universally the 
same, being approximately represented by log c ^ *04:**’ 

Makeham’s first modification of Gompertz’s law was never 
intended to be applied to every mortality table. In some cases 
it was shown to fail to represent the experience. Where 
geometrical second differences of log were not found to exist, 
he suggested that geometrical third differences might exist, not 
as in any way superseding the method of second geometrical 
differences, but merely as a substitute which may be available in 
certain cases where the other is found to be unsuitable” This 
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method lacks the neatness of application to joint-life eontingc^ncies 
possessed by the well-known fir.st modification, and has never 
proved to be of more Llaan theoretical interest. It may simply 
be stated that under the second modification is of the 

form whence we find that - A + Ha’-!- Bo* 


EXAMPLES 

1. Find, on De Moivre’s hypothesis, the most probable number 
of deaths among 1000 persons aged thirty. 

The most probable number of deaths may be found by deter- 
mining the greatest term m the series (^30 -f- 

But by Ue Moivre’s hypothesis = || 

and 930 = 

Therefore we require the greatest term in the expansion of 
V56 56; 


Now the l)th term « the «th term x 


lOOO-w^-l 1 


n 55 

And therefore the (w-l- l)lh term > the wLh term 

so long as 1000 — »-fl > 55» 

or b^n < 1001 

or n < 174-|. 

That is, the ISth term is the gi^catest. 

But the 18th term involves 17 deaths; therefore the most 
probable number of deaths is 17. 

2 . Prove that upon De Moivre's hypothesis the force of 
mortality is equal to the rate of mortality at all ages. 





1 dl 

* a 

~ 86 ^ hypothesis) 


86 —j! 
= % 
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3. If the force of mortality varies inversely as the complement 
of life^ deduce the forms of I and e . 

X X 

1 


(0 —JS 


Let 

^ = 

k 

ft) - a’ 

But 

^ = 

- 

dx 

Therefore log = 



= 

-i-L.dx 
j ft) - a? 

whence 

i - 

k log (ft) - x) 

(ft) — xy^ 

Also 

i = 

M-X 1 

1 ^dt 

0 X 



lo («>-«> 


dt 


But 

Therefore § = 

® (co-cr^ k + l 


k+1 


4. Obtain an expression for the force of mortality when the 
law of mortality is expressed by the equation 

X ® 


Since 

But 

Ncfw let 

and 

Then 


= X-s*u.»g«* 

log ~ log^ + o? log^ + a:^ log?<? + c® logg 
d log { 
dx 

a= - (log ^ + 2X log W?+ C® log C logg) 
-log^ == A 

- 2 log == H 

— log c log g = B 

u 5= A -f Ha: -{-Be* 

* X 



CHAPTER VII 


Annuities and Assurances 

1. B37- Text Book formula (3) 

whence 

(l + e>^ = 

From the equation stated in this manner much that is useful may 
be learned. 

If be invested at age x in the purchase of a life annuity, by 

the end of one year the purchase-money Mull have accumulated to 
Now if the annuitant has survived, he will be aged 

and will be entitled to the first payment of the annuity 
immediately. The value of the annuity will therefore be 
+ The excess of over {l+z)a^ is, by the 

equation above, qjl + a which, is the loss to the granter of 
the annuity for each survivor, and therefore the total loss in 
respect of the survivors of entrants at age x is qjl + 

Again, if the annuitant dies during the first year the whole of 
the accumulation, that is + will be set free. The total 
amount set free by the deaths among entrants at age x will be 
R is assumed that the mortality actually experienced 
%vill be that shown by the table adopted, and it may easily be 
proved that 

Expressing Text Book formula (3) in slightly altered form, we have 
From Ibis it may be seen 

(1) That, unless die during the ^"car, the accumulations of 
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the purchase-monies of entrants will not be sufficient to meet the 
annuities payable to the survivors. This confirms Mr King's 
remarks in Article 4 that ^^we must always presuppose a suffi- 
cient number of such benefits to form an average; so that 
the contributions for those that never mature may be available 
to meet the deficiency in the contiibulions for those that actually 
become payable/' 

(2) That, when an annuitant dies, the reserve released is not 
to be considered profit to the office, since the amount released has 
to be applied to make good the deficiency under the contracts of 
those who survive. 


2. The following simple proof shows the identity in result of 
Barrett's and Davies’s forms of commutation columns. According 
to Barrett, who used the initial form. 


B 


aj+l 

A 


•^g+i ''' 


( 1 + 0 “-*^ 

( 1 + »> + ( 1 + • ■ • 


®* I 




D 


D. 


according to Davies, who used the terminal form. 


S. In Text Book, Article 25, it is shown that the value of a 
life annuity is less than the value of an annnity-certain for the 
term of the curtate expectation, and it may similarly be shown 
that the value of an assurance of 1 payable at the moment of death 
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IS greater than the value of 1 due at the end of the term of the 
complete expectation. 

A^= 1-^(1 + 


> 1 


■ since a < hts 

^ ‘•aJl ^ 




1 - 


> V 

> where 1 - /c is the time lived by (.r) 

in the year of death. 

Therefore A^^CI ’\-%f > 

or since X - A Yl -f x- being the 

time before the end of the year, at which death occurs. 

Or we may prove it thus : — Let there be quantities each 
equal to Vy each so on. The arithmetic 

mean of these ‘ * * quantities is 

‘^ir+‘^»+l+'^»+2+ • • • 

and their geometric mean is 




But the arithmetic mean of any number of positive quantities 
which are not all equal is always greater than their geometiuc 
mean, as proved on page 6. 

Therefore A^ > 


and 

Again 


A > as before, 

K 

(«)p = 2— 

® 1+a, 

X 

^ 1 + «: 


■ - O 

since A„ > and < a-r\ 

X X 

From this we argue that the annual premium required to provide 
a payment of 1 at the moment of death is greater than the annual 
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premium payable in advance required to provide 1 at the end 
of the lenn-certdin of the complete expectation of life. 


4. If we are given any two of the three functions a , A , and P 

ar flr x 

we can fiiid iy the rate at which they are calculated. 

(1) Given a and A . 

^ X X 


By Te,v£ Book formula (22) = 

whence (l-i- 2 )A^ = 

and i s= 

(2) Given A and P . 

By Tea;t Book formula (37) = 

whence (1 4-2)Pjj^(l - A^) = 


1 

X 

1 4 " 2 
1 ~ ia 

X 

X 

1~A 

X 

X 


and i 

(3) Given P^ and a . 

By Text Book formula (38) P^ 

whence (1 + 2 )P^( 1 +fl5^) 

and i 




X 


6. The form of the equations given in Text Book, Article 39^ 
can be adapted to the eCSse of endowment assurances in every 
instance. 


A„T| = 


1 - ia 


‘iS.ft-lj 


1 +2 


X, 

l+aS 


All through is substituted for and it will be found a 
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useful exercise to reason these equations out for endowment 
ass^urauces as is done in 'Fcxt Book^ Articles 30, and 41 to 44, foi 
whole-life assurances. 

6. In connection with Text Book formula (41), it should be 
noted that 








, ^x+n 
+ 


+ Ai 


Hence 

A ^ - 
xn\ 

and 

P L = 


JWJ} 


d — Cl ' ' - 7 
xn\ g.u-H 


This formula is frequently useful and exhibits the method of 
finding the annual premium for a pure endowment by means of 
tables of temporary annuities alone. 

7 . By application of Text Book formula (57) we have 

Cl,—^ =5 (Z " 1 “ Cl Cl 

X y jsy 

And also by Text Book formula (63) 

= {»(! + - aj + {i.(l + - [i<l + 

But it must be observed that we cannot write 

P_=.P +p _p 

ry x y si^y 

which will be at once apparent when it is remembered that 
A- 

^ 1-ha- 

A +A ~A 

~ X y xy 
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8. In Text Book, Article 88, A~ 


described as an 

assurance on the last r survivors of m lives, by which is meant 
that it is an assurance payable at the end of the year in which 
at least r lives cease to survive, the year in which occurs 
the death of the (?M-r+l)th person. Now the probability that 
the (77Z“-r+ l)th death will occur m the ?zth year is 


Therefore A 


But again 


wxyz . . 

, . (nt) 


r 

wxyz . 

. . (m; 


T 


= ( p 
= 


W3,yz. 




(m) . . . (w)‘ 


;)• 


1 


n-l wxyz . . On) 


v(l p 

wxyz 

«;(! +a 


P— 

r 'ti'r.) 




n‘" v'xyz , . . (m)' 
.)- p. 


) 


wxyz . . . (m)' 




uxyz , . , (to) 
r 


unjz 


(m) 




wxyz . 


. (m' 




V'xyz 


(m) 


= 2u’‘|Z’'-rZ’-+i+ Z'+3- ’ • • } 

where each power of Z represents the stun of certain probabilities 
of the form „ , I ihe number f being the same as tiie 

index of the particular power of Z involved. We may therefore 
extend the meaning of Z for use with assurances ; so that 
Z’’ may signify the sum of the values of the assui’ances on t joint 
lives for all the combinations of r lives that can be made out of m 
lives. We shall then have 

_ Zf - rZ’'+i + Z’'+2 - . . • 


uxyz . (ni) 

Taking as examples ; — 
.Z2^_Z3_Z4 


A_1 - Z- 

wxyz 


+ (A« 

■ 2Z» + 3Z^ 




A_J = Z2. 

wxyz 




A__i 

wxyz 


ZS-SZ't 


wxyz 


^'^70X7j ^v'rz ^wyz "^xy^ 


3A 


7{!Xy 

A_i :=. = A 

wxyz 
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9. The Text Book skeleton formula (57) can be applied to 
temporary benefits and deferred benefits, by altering the meaning 
of Z. 

Thus we may say 


wxyz . . (m) 


= + 


r(r+l) 




where Z*" signifies the sum of the values of the temporary 
annuities on r joint lives for n years, for all the combinations of 
r lives that can be made out of m lives. 


Or again ^|A; 


'wxyz . . . (m) 


= Z*" - rZ»'+i + 


r(r-f 1) 


Z^+2. 


where Z^ signifies the sum of the values of the assurances deferred 
?i years on r joint lives for all the combinations of r lives that can 
be made out of m lives. 


10. To find the present value at rate i of the amount at rate j 
of an annuity-due of 1 per annum to accumulate during tlie lifetime 
of (or). 

The following is perhaps a clearer demonstration than that 
given in Tcai Book, Article 98. 

If (x) die in the first year the amount of accumulated annuity 
payable is (1 +j) = (1 +y>j|. 

If (x) die in the second year the amount payable is 


{(i+jO^+(i+y)} = 


And so on, and generally if (x) die in the ith year the amount 
payable is (1 


The present value is to be taken at rate z, and the probability 

d 

of (soys death in the fth year is Therefore the present 

X 

value of the amount to be paid in the event of (a?)*s death, in the 
fth year is 


«f(l +y) 


(l+y7-l 


I 
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Hence A = .1 

i=i I 


2 

J 




= L!-i(A' -AJ 

J 

•where A' is calculated at rate J, which is such that = - — j. 
» 1 + 2 1 + J 

For an alternative solution we have 

A = «(l+y)i+u^{(l+.;) + (l+i7}% 

X ^ 

+4(1 +i)+(i+i)^+(i +/)'}—+• • • 


/ytf +?;-( 

(i+i)(-^ 




+ (l+i) 


•NO/ ;b+l it4 2 


/v^d + • 


(i+.;)M,+(i+i?M^+a+(i+.;)®M,+2+- • • 

'K 

11, To find the present value at rate i of the amount at 
rate j of a tempoi*aiy annuity-due of 1 per annum for n years to 
accumulate during the lifetime of Qc), the accumulations to be 
payable only in the event of (^)*s death within that period. 

As in the previous problem, the present value of the amount 
to be paid in the event of (.^8)*s death in the ^th year is 

<1 +y) ^ — 

*/ X 

f.. *\G ~^/y ^ ^x+t-1 

Hence A = j 

J J, 

J ^ X ® 

= 1±/(a'S-a;^) 

7 N aitf xn\ 

1 4? ^ 

where A'^— . is calculated at rate J, which is such that ^ 1 + j‘ 
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According to the alternative method 

A = <1 +^) f + «^{(1 +.;•) + (1 + . . . 


+ „.{(! +^) + (l+^7+ . . . + (1 +y)«j 




^ /'vd^ + + • • • + 


-K+TJ -1 


I 




v'^d , _ 4- • • • + r” 




v'^d 


+(i+i)“— 7 


g+w-l 


(1 +^)( M ^ - + (1 + . . . + (1 

— 


12. A different problem from the last is to find the present 
value at rate z of the amount at rate j of an annuity-due of 1 per 
annum which is to be allowed to accumulate until all of persons 
are dead. 

This means that each payment is to be allowed to accumulate 
at ratej up to the limit of life, and the whole must be discounted 
from that time at rate i Therefore 


A = tjw-® X 




a 


^»+Ua+i)-^+ ••• + 


• + */ 

where a''^ is calculated at ratej. 

For the value of a temporary aimuity-due which is to be 
allowed to accumulate to the end of the term under similar 
conditions, we have 

. • • +U-xO+^-) 

t 

= X +■;•)-'+• • • 

5= calculated at rate j. 
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. IS. 1 o find the value of a temporary assurance for n years 
on the life of (x), commencing at 1 and increasing by 1 per 
annum so long as (a’) and (j/) are jointly alive. 

According to the terms of the contract it will be noticed that 
1 is payable in any case provided (.v) dies between ages x and 


x + n. 


The value of this portion is therefore 


M - M 


'x-i-n 


D 


This 


sum assured of 1 falls to be increased by 1 provided (y) lives one 
year and (a?) dies between ages + l and x+n. The value of 


this second portion is therefore p — And so on 

y JD 

X 

for every year until the ?ilh, the last increase taking place if 
(;y) lives w~l years and (x) dies between ageSir + »-l and.r + w^ 

M - M 

the value thereof being 


Therefore the whole value of the assurance is 


14. The annuity of Text Book, Article 99, is payable so long 
as (x) lives, but not more than t years after the death of (y). 
Now as to the first t years, it is obvious that (y) does not come into 
consideration at all ; but, in oi'dcr that a payment may be made on 
(kys surviving the {t + l)Lh year, it is necessary that (y) should 
have lived at least one yej}r, and similarly for following years* 
The value of the whole annuity is therefore 






I 




, h+t ^^a:+^+l ^2/+l ^j/+2 




D 




16. To find the value of an annuity to {x), the first payment 

I 
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to be made at the end of llie /tli year succeeding the year in 
which (j/) dies. 

The value of this annuity could be obtained by deducting 
from the foregoing annuity, for this would give the value of 
a life annuity to (a^ less that of an annuity payable so long as (.r) 
lives jointly with (j/) and for t years after the death of (?/), should 
(x) live so long. The difference is obviously the value of the 
desired annuity. 


Thus 




— ({I — 

V xA-t 


D 


Or we may proceed as follows : — 

Wssl / / H 

y X 

« ^tilLlin+a 'I 

y X 

O I — / 2)^ I 4- I 4. 

.U+i %;> J/+?l — 1 yAr*f^ SC-fW'+i • 

D~ I i 


oj-fw-fi+l 
ill -hi 


+ * V. f * + 




y+l y+2 /^.„2 

f 

y 

v±liV+s ( 

f 

V 


j- ’Ctr M 71 ' j_ 


) 


] 


= -^[iV,+t+^^P,+t + ^sPj,+t+ ‘ • •) 

JJ '■ 

- X Py + ^Sp^^t ^ ^ sPv + 


D 

T) 




**'(«»+* 


16. To find the value of an annuity payable for i years certain 
after the death of (y), and thereafter so long as a life presently 
aged Qc) may live. 



CHAP, vn.] 


TEXT BOOK— PART 11. 


131 


The value of the first t payments of this annuity is that of an 
annuity-certain of which the first payment is made at the end of 
the year of death of ( y), or A^(l 4* <3^^— |)* The value of the 
subsequent payments is that of an annuity to {x), of which the 
first payment is made at the end of the ith year succeeding the 
year of death of (?/), and of which the value as found above is 

(a - a V 
a; 

The whole value is therefore 

ATI-}- Cl- — -r.) 4“ — — (ci ,j,"“Ci , ) 

X 


17. To find the value of an annuity payable so long as (x) 
lives with and for n years after the death of (3^), but in any 
event no payment to be made after m years from the present 
time, m being greater than n. 


The value of this annuity is 


+ 


^^41 1 




► . o + • 


, . 4*ti’»Z I , 

^ a,+m y+m-n 


D 


I I 

X y 


^ ^ 4 . *4w- _ 

X 


18. To find the value of an annuity payable so long as the 
survivor of (;y) and (z) lives with (a?) and for t years after the death 
of (.r), should the sm*vivor o5 (^) and (jsr) live so long. 

Following Text Book, Article 99, we have 




D 








D 


+ a - 




D 

Z 

D 


■%=+t) 


•V-+ -D 


3 / 


yz 
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19. To find the value of an aiiiiuit 7 payable so long as (x) lives 
with the survivor of (y) and (p), and for t years after the survivor's 
death should (x) live so lon^:^. 

X 

D . . 

£C 

D .. 

X 

■ I ^ f ■ \ 


D 








, - CL 

a+i a-j-i ys 




20. If we are given a table of at a certain rale of interest 
we may deduce the mortality table. The process is as set forth 
in the following schedule : — 


Age 

X 

X 


^0, 

’^Cl + a,+i) 

(4) -(5) 

(8) . 

4* X(1 4'®} 

■KL 

X 


0) 

(2) 

(8) 

C4) 

15) 

(6) 

(7) 

(8) 

(9) 





i 






The values in. (3) are obtained from those in (2) by entering 
conversion tables inversely as explained fully in Chapter VIIL 
The value in (7) is 

log a^- log (1 +o^^^) + log (1 + 0 = log 

»+l 

« logp^ 
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As usual we fix a radix or initial value of the log of which 
is placed at the head of (8), whence by continued addition of 
the successive values in (7) those in (8) are found. The values 
in (9) are the natural numbers corresponding to the logs in (8). 
Here we may repeat w-hat is said in Text Book, Chapter 
Article 18, viz , “ The values in the column of so formed will 
not be the same as in the corresponding column from which the 
given table (of P^) was origmally calculated, unless the radix we 
choose is the same as in that table; but the ratios between the 
values wnll be the same, and that is all that is required. As 
before reniai’ked, the column does not give absolute numbers 

living, but only relative numbers.” 

It may be mentioned that an easy way of obtaining Te<vt Book 
formula (72) is from formula (70). Thus by formula (70) we have 


But by Teai Book formula (39) 


P 

St) 


and therefore 


1 + 


ss+l 




Substituting these two results in formula (70) we have 




^ 21. By the use of the,theory of varying annuities (Theory) of 
Finance, Chapter III.) the values of the functions a^, and 
on De Moivre’s hypothesis may very easily be found. 

!’(»-!) + (» - 2) + • • ■ +u”(«-w) 




(« - - 


< 7 ^ - 


?i , r - V H 1 


Since a 


wlrl 
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■“ m 

ni 

*” 711 

Again, from the reasoning in Te.ri Booh^ Article 108, we may 
form a mortality table for joint lives as follows • — 


Ages. 

Couples 

remaining. 

Couples broken. 

,vt/ 

.1-4 1 ..y4l 

X + 2 : ,V + 2 

•V 4 o * // 4 J 
etc 

iim 

(»-l)(w-l) 

{u 2K'm-2) 

{n - 3) (m “ 3) 
eic. 

n 4 wi - 1 

71 + 971 - 3 

7? ^ 771 - .5 

724 771- 7 
etc. 


Hence 

v( 7 i 4- m - 1) + (w + - 3) + (71 + W? - 5) 4- ■ > * to terms 

\y = ~~ ~ 

1 r ^n\ ■“ 

= ^ {(» + «' - - 2 —i / 

Also = - Tv\>m-(ii + m) + l] +v^Hm -^(n + ni^+i} 

xy imL 

+ »» («i» - 3 (». + 0?) + 9 j + ■ - to >1 terms J 

= L [{«.»»- (» + w) + l)«5nri -(.« + "*-3Kul+-«sisi] 

7mi L ' ' 


and a 


«ni 


"»iji 





"«12l 



2 
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22. In Text Book^ Article 115, we have the value of a temporary 
annuity on two lives^ the term varying with each life. Similarly 
we may have a deferred annuity on two lives, the period for 
which it is deferred varying with each life. For example, the 
annuity payable till the survivor of two lives, aged six and eleven 
respectively, attains majority is 


|io"n lio^e 11 


And by analogy the annuity payable to the survivor of two lives, 
aged SIX and eleven respectively, but deferred till each or the 
survivor has attained majority, is 


loi^b’^iol^ll 15|^6-11 


The general formula for such an annuity is 


or 


. + \a - if < n 

- ta ifw > n, 

n\ a m\ (h vi\ av 


23. Again, the assurance payable if either of two lives, aged 
SIX and eleven respectively, dies before attaining majority, is 


A1 — 1 — - A . ^ 4. 21 A 1 _ 

"^( 6 : 16|) (11 : 101) . i5] ^ D 16 : 5 j 

,>■ m t 6 . 11 

and for the annual premium we shall have 


pi _ 1 _ 
^(0.151) (11, 101) 


A_jl , ^10 21 A 1 __ 

•^'6 11'. 101 D 10:5j 

(3 11 

%.ii.io}‘^ T) ^10*^ 
•^6 1 11 


Generally 


pi„ = 
(attl)(«wj> 


A 1 , ^a+vit A+m A 1 

mj ^ ‘ r,S 


D 


ft+w 


a »_4. g-f-m 

D A -7)11 


if m < n 


A J 4- ‘£+2.^ A-d_- 

'flWJ'wj I) a-fH n-'ttl 

a« 

g, , • se-^n 

^axn\ -r g— 

x+n> 


or 


if m > n 
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24. Alao the assurance pa 3 "able if both lives^ (six) and (eleven), 
die before aliaming majority is 

A 1 - ^ IT = Ai —h-Ai —-A1 - ^ ~ 

(6 ; 151) (11 • 101) 0 101 11 101 (0 : 151) (11 : 101) 

— A1 4- A 1 A 1 ^J0:21 4 1 

“ \ iTr^ii.ioI T) "^10 5l 

. 11 

The annual premium for this benefit is 
Ai _ 1 _ 

p-j— ”3— - ^ (b 151) (11 101) 

^6.151)(11.101) 

^0.i5i)(ii i^)“ ^10. ri 

b : 11 


Al lAI A 1 




__ ■ Al _ 

lan ""ll.lOj ■^*'b li ;10| ]3 * lb:5| 

b 11 


D 


nXi + a -. 


16 21 


a,, rr 


“b.ur 11.101 '*’0 11 10] D ‘lb. 51 

b ; 11 


Generally 


D 


P i_ 1--. « 

(an IXswJil) 


A 1 I A 1 A -J g+m g+w A _T_ 

onl"’" 'cml ‘ga!'m|~ J) g-f?n 


'g*f : n - ml 


D 


or 


, g+yn a.+m 

an} ^ajjftl “aa,w| T) “g+^n *. 

ax 

A1_4-A1 ~ A J ^g-fn x+Qi A 1 

•^anl a?nl '^‘01)1 w I n x+n /n-wl 

(U 

„_.a a *■+” a 

gnl * .whI gjcztl 13 x-\-n:m--n\ 

ax 


if m < n 


if m > 


25 The following are problcmsr, connected with national 
insurance. Given a stationary population where the numbers 
living at each age correspond with the figures in some known 
table of mortality, find 

(a) The amount that will require to be subscribed to provide 
1 at the death of each member of the community. 

The deaths in the first year are + ^/^ + + • • • 4- ^) -- 

„ „ second „ +'^2 + ^/^+- • • 

„ „ thkd „ + + + . •+d„.,)=/2 

and so on. 
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The present value of the benefit is therefore 

= ^0(^0 + ^o)' 

If each member of the community is to contribute the same 
single premium irrespective of age, we must divide the value of 
the benefit by the population. The total population is 

"h ^2 'b • • • = 

Therefore the single premium that each must contobute is 

^/ft(l+go) ^ < l+f/o) 

/o(l + 1 + ^0 

(h) The fund that will require to be subscribed to pay an 
annuity-due of 1 per annum to every member of the community. 

^0 ^ KO - + + ^0) + hQ - + ^1) + + ^2) + • • * 

»l-Ao ,l — Aj rl-Ag, _ 

°° • • • )--r 

= 4-{^o(l+««)-”^oCl + «o)} 

_ (1 + e)/o(l -f - /()(! + gp) 

i 


(c) The fund that will require to be subscribed to pay an 
annuity-due of 1 per aniii^ to every member of the cuinmumiy ; 
no payments to be made at and after age ?y. 

The expression for this may be stated thus ; — 

- { + V + «y) + • ‘ ■ 


that is, we deduct from the fund required in respect of the whole 
community that portion of it which is not required 111 respect of 
those who are at present aged ^ and upwards, and from the result 



138 


ACTUARIAL THEORY 


[chap. vrr. 


we deduct the value of the deferred annuities payable after 
attainment of age y to those who at present are of younger age. 
The expression may be reduced as follows : — 

= KQ +«.) - 

(i+0!/o(^+g-/„a+^)i-!/oO+«o)-vi+«„)i „ 

S3 ' ■ ' ' ■ I - — I fi X I a* 

I 0 iy| ?/[ 0 

(d) The fund which will require to be subscribed to provide an 
old age pension of 1 per annum, first payment on attainment of 
age y. 

The value of this fund is merely the last term in the preceding 
problem, that is 

= 

(e) The annual premium, equal at all ages, to be subscribed by 
each member of the community to provide 1 at each death. 

This premium will be obtained by dividing the fund of problem 
(a) by the expression found in problem (6), since the benefit side is 

and the payiiient side is P x 1^(1 + cQ, 

(/) The annual premium equal c^t all ages, payable up to 
but not including ago //, to provide an old age pension of 1 per 
annum, first payment on attaining age //, 

This premium will be obtained by dividing the expression in 
problem (d) by that in problem (c). 

These problems are discussed by Mr R. P. Hardy in a paper 
on “Collective Assurance” (J.LA,, xxx. 79), whore the formulas 
are given. 

26. It is interesting to notice the foims taken by various 
benefits on the assumption that money yields no interest. 
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If i=0, 

Also 

And j 
Again 


« = !, and 


'’^i+ 1+_'!^+S+^»+3+ • • 


''x+l + ^-t2+f«±S+ ■ 




^.fl + U2 + '^.+3+ • • • 


^xn\ 


)i\^x n\^x 


\ = 






^m\ 


‘^* + ‘^+1 + 




+ < 


x+n^l 




^aal 


0--.Px) 

0--^P:)'^nPx 

1 

1 +«, 

•V 

1 

I’-f r 
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P'- 

^xai 






1 -|“ 


I 1b-l\ 


1- p 

u "r 


1 + e 


c . u-1* 


nM = I-. 


1 


1 


P- 


1+^ 


U. «l-l’ 
1 


Further ~ 


i< + 2®H+l + 3*’'X+2 + 

‘^»+^‘^»+1 + H + 2 + • • 




= 1+e. 


27. Select tables of mortality supply us Mith the rates of 
mortality experienced in each year from entry amongst the 
entrants at each particular age. The notation is not difficult to 
grasp. For example^ 

is the rale of mortality experienced in the first year of 
insurance among those who qpter at age 
1 mortality experienced in the second year of 

insurance among those who enter at age a:, and generally 
mortality experienced ni the (/ + l)th 
year of insurance among those who enter at age a:. 

The suffix appended to the various symbols is formed by putting 
the age at which the life enters in square bracki'ts^ aiid adding 
the paiticular number of years after entry outside these brackets. * 
It IS not usual to gh e for the several ages at entry the rates of 
mortality experienced during each year of insurance up to the 
limit of life ; but only for a limited number of years (n)^ after 
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which the rates are joined to what has been called the ultimate” 
experience. This ultimate table shows the rates of mortality 
amongst those who have been insured for n or more ^ears, the 
assumption being that the mortality at age is the same for 
all of that age whether they entered at a? or younger ages 

This period of 7i years is not always assumed to be of the same 
length. For example, in Dr Sprague's Select Table it is five 

years, while in the British Offices Life Tables, 189-3 it is 

taken at ten years. 

The numbers living, in respect of age at entry x, after the 
several years of duration are expressed as follows : — 

The deaths similarly are denoted by 


For the annuity commutation columns we have 


*^W+l “ ' 

^M+2 + • • ■ 


• • • D = , • • • 

x-j-n 

■ + ^[v]+»-l + ®.+»+^*+»+l + 


Also the assurance commutation columns are 


^ De ] ~ *^ C ®]+1 ■*" ^[»]+2 ' 


•1^ a-f7l 


28. It will be useful to discuss here the formation of select 
mortality tables. If we refer to the tables we find a 
mortality table in the following form: — 
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The most obvious way to form such a mortality table is to 
assume the same radix at each age at entry. Successive multipli- 
cation by the probabilities of living will then give us a complete 
table of mortality for each age at entry, since 

and generally where k > n 

k'c] ^ P[x] ^ ^ ‘ ^ ^ Px+n ^ ^ ‘ ^ -^aj+fe-l 


But by this method we should have an independent mortality 
table for each age at entry, and the extent of the monetary 
tables following thereon would be prohibitive. A better plan is, 
after forming the table for the first age at entry as above 
by working along the first line and down the column to the 
limit of life, to form the remaining tables for the succeeding ages 
at entry by working backwards along their respective lines. 
Thus since 


Therefore 


Also 




I 

^[«+ 13+»-2 


and so on. 


But already calculated in the ultimate column, 

therefore may be found by dividing by and 

successively ’ ' ' Wil* commencing 

with we may work back to^ and so on for the 

other ages at entry. 

The advantage of this method of formation is that only one set 
of ‘‘ ultimate ” monetary values is necessary. 


29. Now out of select lives at age at entry .r, will be 
alive at the end of n years. But according to the method by which 
we have constructed our table is also the number alive at 
the end of n years out of mixed lives who were alive at age 
attained ar. It follows therefore that the difierence between I 
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and is the number of damaged lives included in the / . Again, 
if from the deaths in each year of age amongst the / , mixed lives 
we deduct the deaths in the corresponding years amongst 
the select lives we have the deaths in each year of age 
amongst the damaged lives. The mortality experience 

is as follows: — 


Age. 

Survivors of 

Number of 
Damaged Lives 
Dying m a Year. 

IMixed Lives. 

Select Lives. 

Damaged Lives. 

ic 



’a ~ 

dc” 

x+1 

^+1 

^W+l 

^vH-1 - ^W+1 

^4+1 

.r+2 

h+2 

^iif3+2 

4+2 " 4iP3+2 

- '^L!»3+2 

x+n 


• 


6 


It will be noticed that the effect of assuming that selection 
becomes unimportant after « years is that all the damaged lives 
die before the end of the » years. 


SO. To find the single premium requiied to permit of (or) 
effecting, years hence without fresh medical examination, a 
whole-life assurance by annual premiums. 

The annual premium to be paid by (.r) is fixed at but 

considering that his medical examination lakes place at the 
present time, the premium Jie should pay is The single 

premium to be paid now is therefore the present value of 
an annuity-due, of the difference between these two premiums, 
deferred n years, or 

- Ewtlt f P -- P )a 

D ^ [x]-hn 
[it] 

^[»3 

which is in the form most suitable for calculation. 
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For tlie annual premium for Jt years for such a we 

should Inive 


(r 



lO I'jr/' 

It IS to be noted that this aiiiuial premium can only be accepted 
along with the annual premium foi an ordinal y policy running 
during the years ; otherwise by withdrawing at any time the 
assured would exercise against the office issuing the policy an 
option for which allowance has not been made in the calculation. 


SI. To find the annual premium for a short-term insurance 
u^on the assumption that all the healthy lives withdraw at the 
end of the first year. 

The necessity for taking such an option into consideration 
arises from the fact that the annual premium for a short-term 
insurance frequently diminishes with an increase in the age, the 
original date of termination of the contract remaining unchanged. 
Thus, in symbols, it may happen that 


P > P; 


’ m \ ' " iB-fl : w - 1 1 * ^3 : «“2l - 1 . STj 

The reason for this is that the decrease in the term of the 
insurance has a greater effect in i educing the premium than the 
inciease in the age has in raising it. The following table (based 
on the Table at 3J per cent.) illustrates the poinh 


> Pr 


> etc, > P- 


BhorUTcrm Insumnoo Frmnimns per unit mmred 


Age. 




Term. 

r 



Age. 

1. 

2. 

8 

4 

5 

6 

7 



30 

•00470 

•00552 

•00615 

00663 

•00700 

•00729 

*00752 

30 

31 

00479 

00562 

00627 

00677 

•00715 

00745 

00769 

31 

32 

00191 

•00575 

•00640 

00692 

•00732 

*00763 

•007SS 

32 

33 

00504 

00588 

•00655 

1 -00708 

00750 

1 *00782 ! 

! 00809 - 

' 33 

34 

•00517 

•00602 

•00671 

1 00726 

, -00770 

; *00804 ' 

' -00832 

! 34 

35 

•00533 

•00619 

•00690 

1 00747 

•00792 

i *00828 

' *00858 

1 35 

36 

00548 

00636 

•00709 

; 00768 

00815 1 

•00853 : 

i -00885 

1 36 

37 

•00565 

•00657 

•00731 

1 00792 

00S42 

00882 

: 00916 

! 37 

38 

•00587 

00678 

‘00754 

1 00818 

•00870 

00913 

1 *00949 

1 38 

39 

00605 

•00699 

•00770 

; 00846 

*00901 1 

00946 

1 -00984 

39 

40 

•00630 

•00726 

•00808 

•00878 

*00936 

•00983 i 

1 *01025 

40 
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Here it mU be seen that > etc. > and 

SO on. 

It follows^ thei’efore, that an office issuing policies^ say for 
seven years, runs an appreciable risk, in that the lives which 
are still select at the end of the first year may drop their policies 
and effect new ones for the remaining six years at a lower rate. 
The value of this risk is ascertained m the problem before us. 

If persons enter at age a?, die within the first year, 
and withdraw at the end of the year. Therefore the number 
to enter on the second year is 4 , , , - Out of these, 

^M+2-\»+13+l 

alive ; ^[^ 3^2 - ^[aj+i]+i within the third year, leaving 

i]+8-i+l]+2 

Therefore the benefit side 




[»3 


vd, . 4 * , , , 4 v^d, , , « 4 • • • 4 V^d, , , 

[r] fy] ’-1 [i;V} 3 M+to-I 






~ _ ^[a+l] ~ ^Ca!+l]+)t-l 

And the payment side 

P' 1 — 

Wn\ 


z- ) 


t»3 » 




P'3 I ^ M+3 

r«.i « f I ' " ‘ ' "' j 




[«3 




'W 


-■) 


M -TT TT -T4 V 

r iM * ■ i- f-3] ‘ ^■fi3+M-i\ 

^ f«] [a] ^ 


K 
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Whence on equating and solving 


If n be greatei than the number of yeais during which the 
effect of selection is assumed to persist, this formula reduces to 






pi - = 
[a]/t| 




82, To find the annual premium for a “ Half Premium Polic}’^ 
(see Text Book, Chapter XVL, Article 37), on the assumption 
that ail the healthy lives withdraw at the end of i years, the half- 
premium term. 

If persons enter at apje x, die 

in the first t years respectively, and at the end of the tth year 
withdraw, leaving to enter the l)th year k^xs+tf 

of whom die in the (t + l)th year and 

enter the (f + 2)th year, and so on. 

1 r , 


Benefit side 






^ [iW ' WV 


Payment side 




+ ^ I ■“ {x+t l+l) + ‘ 


Whence on equating and solving 


M - M 
N , + N -2N 

lal^ [i]+4 [W] 


83, To find the addition that must be made to the annual 
premium for a contingent insurance policy, payable in the event 
of (x) dying before (y), in order that (^) may, in the event of 
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sm*viviji^ have the option to effect a new whole-life as«?iiraiice 
by annual premiums without fresh medical exammation. 

It will be convenient to assume that, should (^) survive (;/), be 
will be alive at the end of the year of death of (y) when the option 
will fall to be exercised. Then m respect of the nth year the 
value of the option is 

To get at the complete value of the option this expression should 
be summed for each value of 7t fiom i onwards; and the annual 
option premium required will be found by dividing the result 

An approximate result would be obtained by taking the expecta- 
tion of (/y), say n years, and applying the formula for the probiena 
discussed in paragraph 30, page l43. 

34. To find the annual premium for a policy under which the 
sum assured, instead of being payable in one sura at deaths is 
payable by instalments over a period of n years. 

Here the benefit to be received at death of (»r) is an annuity- 
1 a — 

due of — per annum for n years certain, or —I Therefore if the 
n ^ 

annual premium for an assurance of 1 be that for an assurance 

of will be P — 
n ^ 

A further development of this policy consists in the guarantee 
that the instalments will be continued, evpn after the w years, 
during the lifetime of ^oiuff nominated benefici.iryX|*The value of 

this extended portion of the benefit is 

premium for it should be made payable during the joint lifetime 
of (.r) and (y)» The reason for this is that on the death of (y), if | 
before (a’), the benefit is very much reduced and if the premium 
continue at tlie same rate as before, (.r) may throw up the policy 
and insure at a lower premium if in good health, and thus exer- 
cise an option against the company. We therefore fix the annual 
premium at 

V 4- -l-f -ii'tlA 
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with the a^j>^reement that, in the event of (y)’s dying before (.r) it 

a-T 

will be reduced to 

^ n 


35. A cognate problem is to find the annual premium for an 
endowment assurance where the instalments are to commence at 
death or maturity and to be payable for a fixed period with con- 
tinuance thereafter so long as the life assured survives. A definite 
number of payments is guaranteed, so that, in the event of death 
before maturity or within n years thereafter, the income 'would be 
payable for the minimum period agreed upon. On the principles 
above indicated the annual premium is 

P _ m‘+rh-l\^x 

n n a 


86 . To find the annual premium for a whole-life policy, it 
being a condition that the office retain the sum assured for n 
years after death of (ss) and pay interest thereon for that period 
at ratey. 

The office must settle upon the rate which it is to assume it 
will earn upon its investments, say i; and then the problem 
is simply to find the annual premium for a sum assured of 
1 1 4 . Q* -- The payments of the annuity here will obviously 

make up the rate of interest from i toj per unit as required. The 
aimual premium will therefore be 


37. To find the annual premium for a double-endowment 
assurance, a term assurance of 1 coupled 'with a pure 
endowment of 2 . ^ 


P - 


Ai- 4 - 2 A L 
l+a 


or 


M. 


N" 


1 -fa 




. »t-i| 


-N 


aj+w—l 


a a — , , 
= P — 4. _i±.L_ __ilf 


from which the premium may most conveniently be calculated. 

A peculiarity of double-endowment assurances is that, unlike 
whole-life assurances and endowment assurances, the premium 
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genei’aliy decreases with an increase in the age, as may be 
observed from the rates in the following table — 


0[M] 

3 cent BoihblC’Endowment Premm^ns 

Annual Premmms required for £100 payable in the eaent of death within 
the term^ or £200 payable in the event of the term beinq survived. 


Age. 

Term 

10 years. 

15 years. 

20 year.s 

25 years. 

30 years. 

25 

17 3 

£10 8 1 

£7 4 7 

£5 7 3 

£4 3 0 

30 1 

iG 16 n 

10 7 9 

7 4 3 

n 6 n 

4 2 7 

35 

16 IG 5 

10 7 3 

7 3 0 

.5 6 5 

4 2 3 

40 

IG 15 8 

10 6 6 ; 

7 3 0 

5 5 11 

4 2 2 


It must not, however, be assumed that when the rate of 
mortality is increased the premium is in all cases diminished* 
Mr A. Levine has shown (/. L A., xxxiv. 514), that when the extra 
mortality, as compared with the normal, is small at first but steadily 
increasing, the normal premium is ample (within limits of course as 
to age at entry and term), for the reason that the increased risk 
under the term assm*ance portion of the contract is equalised by 
the diminished chance of receiving the double endowment portion. 
On the other hand, w’hen the extra mortality, as compared with 
the normal, is great at first but constant, or very great at first but 
decreasing, the normal premium is no longer sufficient, the diminution 
in the premium for the double endowment now being not large 
enough to counterbalance the extra risk under the term assurance, 
The following table exhibits the case of an increasing extra 
mortality, resulting in an increased term assurance premium, a 
decreased endowment premium, and finally a decreased total 
premium for the benefit. 


Af/e at entry Twenty-five, Tern of Endowment 20 yean. 


Benefit. 

Kxtia 

Mortality 

Premmni 

Kormal 

Premium 

^Jlcroa^l^ (+) 
or Uperease (-) 
in Premium 
rpfiuired. 

Term Assurance foi £100 . 

Pure Endowment for £200 

Double Endowment for £100/200 . 

£1 15 4 

r. 6 11 1 

7 2 3 

1 £0 14 7 i 
1 6 10 <1 1 
[7 4 7 , 
1 

+ £109 
- 1 3 1 

,-024 

i 
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38. To find the annual preniiiim for ti joint-hfe endowment 
assurance. 

We have 


P _ = 

1 + r/ 


- d 


and a 


« /i'lj 


VI 71 - 1 | 

ff — 1/ 4-Tt -1 ^ 


xy 


D 


%y 


x+n--\ • 


rs= a 




D I 

% V 


V + n^l 


Having’ found the value of from this formula, which is 

perhaps the most con% ement for the purpose, we may very easily 

obtain P — . 

1 1/» 1 

A method of approximating to the value of the annual premium 
for a joint-life endowment assurance is suggested by Mr Lidstone 
(7. I A., xxxiii. 354), viz., 


ml 


« p.^+ p_. 

Ot| ^ 7 /« I 


P-, 


where P~| is the premium payable in advance which will i*cpay 
1 in n 3 ^cars certain. This formula gives values for wdnch 
are generally a little too small, but with practice allowance for 
the diiference may be made. 


39. To find the annual premium I’equired to provide a lasN 
survivoi endowment assurance on Qv) and (//), payable at the cud 
of n years or previous death; that is, an assurance payable (1) at 
the death of the survivor of (.r) an^ (//), if that event takes 
place within n years, or (2) at the end of n years, if one or both 
be then alive 


Benefit side = A--, = A-|+A-|-A^ 
Payment side * P--^(l + a_^l) 


A h A — — A — r 

Hence P — . = . Vil HlL. 

l4-ar — —n - 

j/ ft-l| < 


xynl 


J 71-11 

= 1-7(1+ a 


Again, since 
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Therefore 


p 

l+a 

xy li-lj 


asi/ %-l\ 


from which it will be seen that the simplest way of obtaining 
will be to enter conversion tables (see next chapter) with 


the value of a- 

xy n-x\ 


^xy u-lj* 


40. To find the annual premium for an annuity to the last 
survivoi of (. 1 ’) and (y), deferred for years. 

The present value of this annuity is 

I a— = I a 4- I « — \a 
n\ xy vi,\ X y n\ xy 

which we shall call the benefit side. 

If the premiums are to continue till the annuity is entered 
upon, their present value is 

P X I a— Pfa ~7 + a - a -r) 

\n xy v y^l scyn\^ 

which is called the payment side. 

Equating the benefit side to the payment side and solving for 
P, we have 

1^4- I « - \a 

P =5 I n\ y I a!y 

a ~r4-a — r- a 

m\ yn\ xynl 

% 

There is a certain amount of risk involved in making the 
premium payable till the annuity is entered upon ; for should (x) 
die, say, m the (i4"l)th year, the value of the benefit to (y) at 
the end of that year is and he could purchase such 

an annuity under a new contract at an amiual premium of 

Now it is quite possible that this latter premium 

might be less than the premimn payable under the original 
contract. It follows therefore that the office might be the loser 
in not receiving P, the premium quoted, throughout the whole 
status assumed in the calculation. 
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The alternative plan is to make the preniiian payable during 
the joint lives onl}", under which 

I rz + \a — \ct 
p — I a> 7t I y n | i ij 

\lin\ 

Here again a risk is involved, foi one of the lives, say (.r), may 
be dying when the contract is entered into, and the office would 
thus be granting to (y) an annuity deferred n years at a totall}^ 
inadequate premium. 

The latter plan is, however, probably the better, provided 
some satisfactory evidence as to the health of {oc) and (?/) is 
obtained. 


41. To find the annual premium for a joint-life temporary 
assurance, i.e , payable if either of the two lives (u’) and (//) should 
die within n years. 

The benefit side 




and the payment side 

p J: ( 

W>^\ \ 






• y-hn- 


I 

a-y 


Equating these two expressions and solving we get 


P-L 

%\ 




+ v'^d 


-- 1 • - 1 






v+g 


v+»“l ’2/+W-1 

. 4- ^ ^ 


Ky : y+l 


•f I 




x+niy+n 


: y+9z.-l 


ss 


V “ 


^xyn\ 


It may be mentioned that the value of Pj~ is very nearly 
the equivalent of -h P^~|)^ the sum of the term assurance 
premiums for the lives singly, so long as n remains small. Thus 
by Dr Spi ague's Tables at 3-} per cent., Pj^q^, .^j == 1-473 per 
cent., whereas 2P^^^ ^ ™ 1*482 per cent., a difference of only *009 
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per cent. Other examples should be worked lo illu'-Li ate this factj 
which may be explained thus : — 


pJL_ 

Oi/i »il 


A3-+ Ai-;- Al-, 

j^l un I nin\ 


Ai-i AS Ai-, 

xn I __ ly -n [ 


Now if n be small the value of is also small, for it is 

improbable that both (a*) and (?y) will die within a few years, and 
accordingly tlie last term of this expression may be ignored. 
Again, if n be small the value of the term annuity on the joint 
lives will be very nearly equal to the teim annuity on each of the 
1 . __ o nearly. Accordingly 


lives, or in other words a^ 


a!ii.| yn\ 


_ ss — SIL* -I- —Hi very nearly 

%T\ 

* very nearly. 

It is to be noted that the two adjustments are of opjiosite effect 

Al- 

on the I’esult, the ignoring of the term — increasing the 

\y n\ 

premium, and the substituting of and for reducing 

the premium. 


EXAMPLES 

1. Prove that is ahvays greater than 

- + • • • ) 

> + • • • ) 

since < 1 

> + ' • • 

> 
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Or again, since the present value of 1 payable at the end 
of the year of death of Qs) is cleaidy less than we have 


Hence 


A„ = 



1 


X 


2. Express in terms of the D and N columns and the rate of 
discount, the annual premiums for 

(1) An endowment assurance to mature in n years. 

(2) A whole-life assurance, premiums limited to 7i payments. 

Subtract the second from the first and give a verbal inter- 
pretation of the result, 

D 

The premium for (1) is ^ - d 

aiidfor(2) ^ -- jj — - 

dN 

The difference is ^ , which is the annual premium 

required to provide an annuily-diic during the lifetime of (a?) after 
» years, consisting of d, the intcicst in advance on 1, payment of 
which in the case of (2) is deferred from the end of the 7^th year 
— as would happen under (1) — lo the end of the year of death of 
(*). During the n years the benefits are identical. 


3. Find the rate of interest, given 

(a) a -13-257 and A -*19304 

(b) =13164 and P^ = -04147 

(c) A =-19414 and P =-00927 

Approximately («) 6 per cent. ; (b) 3 per cent. ; (c) 4 per cent. 

4. Find the value of having given — *01662, — 17*155, 

and — *99229. 



CHAP. VIT.] 


TEXT BOOK—PART IL 


155 


We have 

a 

ia 

The only unknown quantity in this expression is t, which from 
the given values of and we ascertain to be practically equal 
to *04. Substituting this value for t we get = *3084:7 

5. Required the cost of a deferred annuity, of which the first 
payment is to be made at the end of four years, and which is 
then to continue for twenty years certain and thcieafter for so 
long as a life presently aged a: may live. 

The fiist part of the annuity is an annuity-due for twenty 
years certain deferred four years, and the second is an annuity- 
due on (.r) deferi ed twenty-four years. The cost is therefore 

= fer«8-) + %^ 


6. Give an algebraical proof that 

1-A^ 


a — 


Lhi_Al±-* - 1 

^ ^ i 

1+Z ^ ^ . 1+® -i 

(7 1 
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7. Give the formula for a whole-of-life assurance on (.r) by- 
three payments, the first to be made immediately, ilie second to 
be half the amount of the first and to be made at the end of three 
years, and the third to be half the amount of the second and to 
be made at the end of seven years. 


The benefit side 



The payment side = 
whence P — 


» t - r-fS ■* '!’■ 


'i’+7 


D 






8. Investigate a formula for the annual premium payable during 
life for an assurance on the life of (.r), the sum assured not to be 
paid in any event for twenty years from the date of the policy. 


The benefit divides itself into two parts. If Qv) should die 
within twenty years the sum assured is payable at the end of that 
period and its value is - ooP^.)* The other part is an assurance 
on Qc) deferred twenty years, oq| A^. Therefore the benefit side is 
equal to 

*” ^Ps) 20 1 '^a;* 

The payment side == F(1 + a^. 


Hence P 


2oPa?)' ^2 o|^!e 


9. X has an income of J per annum ; he can insure his life 
at per unit; and investments wull yield i pei* unit after his 
decease. How much of his income must he spend in premiums, 
in order that his representatives after his death may enjoy a 
perpetual income derived from the policy, exactly equal to the 
balance } Assume that the income is pa}^able at the beginning of 
each year. 


Let S be the sum for which X must insure his life. Then 
SP^ is the amount of his income which he spends in premiums, 
the balance of his income being (J - SPJ. The income (payable 
at the begimnng of the year) which will be derived fiom the 
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proceeds of the policy will be Sd, d being the interest in advance 
corresponding to i. We now have the equation 
J-SP = Sd 

X 

whence S == 


and S 

X 


F, + d 


,,20 

10. In consideration of a yearly premium of ,an assurance 

20 ] 

company ofFeis a life aged x a policy securing a sum of 1 payable 
at the expiration of twenty years, if (x) be then alive, and a sum 
of S payable fifteen years after the end of the year of death of (x) if 
this event take place during the twenty years. Find the value of S. 


The value of the piemiums to be received is 


„20 


X a 


s=5 J520 


a!;20| 


And the value of the benefit granted is 


Hence 

and 


M 


IL Investigate the change in the value of produced by 
assuming an increase in the rate of interest to represent an 
increase in the rate of mortality. Illustrate from the case where 
is extracted from the 4 per cent, table and assumed to represent 
the 3 per cent value of a table showing higher rates of mortality. 


We must first obtain in terms of values of and accordingly 

we have 


Pz 

% 




1 “i” Cf, 
1 


Px ^ 


1 


x-r-l 
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Here, then, we get increased abates of mortality by taking and 
a at a higher rate of interest while i remains the lower rate, 

x-f 1 ^ 


and we may write = 1 where and a' are at 

rate J (> 2 ). 

To obtain the old rale of mortality from a similar formula we 


have 


9 * = !■ 




i+rt' 


a,+l 


j , „ A /•, G 


i + a' 


ar+1 

Taking the example of 3 per cent, and 4 per cent, we have 

•01^; 

the increase in t.e,, q' ^ = TXn 




at 4 per cent. 


12. Calculate from the values given below the net annual 
premiums at age thirty for the following policies : — 

(r/) Whole-life assurance, premiiniis payable throughout life. 
(5) Whole-life assurance, premiums limited to ten payments, 
(c) Ten years' tem})orary assurance. 

(r/) Ten years' pure endowment. 

(e) Ten years' endowment assurance. 

(J^ Ten yeans' double -endowment assurance 


X 




30 

37879 

805450 

14419 

31 

36557 

767671 

14201 

32 

35272 

731014 

13980 

33 

34023 

695742 

13758 

34 

32808 

661719 

13535 

85 

31627 

628911 

13310 

36 

30480 

597284 

13083 

37 

29304 

566804 

12855 

38 

28279 

537440 

12626 

39 

27225 

509161 

12395 

40 

26201 

481936 

12164 




CHAP, vir] 


TEXT BOOK— PART II. 


159 


(„■) ^ 

'• ^ Ngo 805450 


(.!>) 


M 


N30-I 


SO 


== -017902 


uno 


(c) ^^ 30 ~ ^ 40 
N30-N,o 

(d) 


805450 -481 930 
14410-12164 
805450-481936 
262^^ 

3235i4 


JM19 

323514 

2255 

323514 


•044570 


- *006970 


(e) ^^30 ~ ^^40 4“ 


^80 ■" ^^10 


080989 

00G97O -{-•080989 =*087959 


(_/■) Mso + = -087959 -f -080989 =-168948 

N3O - M40 


13. What is the annual premium at 3 per cent, for a temporary 
insurance for three years on a life aged thirty ? Given = 92529, 

=92079, /3g = 91472, /33 = 90763. 


pi - 

■^80:31 


^so + ^'^ei+*’%3 

•97087 - -96469 
•00618 


14. Given and show how to find at rate of interest i the 
annual p^ einiums for 

(a) Joint-life Assurance on two lives aged x, 

(5) Last-survivor Assurance on the same. 


(a) 


Since 


(lA 


■A 


a „ - 


(6) 


p_ = 


1 


3A -A., 

1 -{- 2// — 

X XX 
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and 


A„ = 


X 

I 

F+d 

X 

1- A 


- 1 


" - 1 as before. 


15. Find without using commutation columns an expression for 
the annual premium for an assurance payable only in the event 
of (*r) and (y) both dying within 7t years. 


AA- 

pi SByn\ 




a i 

isyn\ 


1 4- fl-- “ — 

.91— ij 


where the values of a — r and a— a-re found from the formula 

^55 t j I ^JSj/Fj 

^ 

K 


I 




L I 

flj y 


+ .A 

atff y-{-t 


16. Deduce the single and annual premiums for an assurance 
for ten years, payable as to one half at the first death and as to 
the other half at the second death of three lives (a?), (y), and (d). 
Is there any j^ractical objection to making the quotation, and if 
so, how would you propose to meet it 


The single premium is 

= i [fKl + V.5i) - V:ro|l + 
where 
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In deducing the annual premium the above is the benefit side. 

Payment side = P(l + «^._) 

if it IS desired to make the pi*emium level throughout the whole 
status, A certain risk, however, attaches to the issue of the policy 
on such a footing. If one of the lives, say (^), die early, the 
remainder of the benefit could be obtained by the survivors, 
and (^), provided they are in good health, at a smaller premium 
than P as found from the above. In such a case the office would 
not receive the stipulated premium throughout the whole of the 
status assumed in the calculation. To get over the difficulty we 
may 

(1) Make the premium payable only during the joint existence 
of all three lives, whence payment side = P(l-fa^^ 

(2) A premium may be accepted which is to be reduced by 
half on the first death. 

Payment side = P{1 + l(V:5i+ 

(3) Probably the best way is to issue two policies, each for 

one of which will be payable on the first death, the premium 
being ^ ; and the other payable at the second death, with 

premium I P|j„A^. 

17, Find the annual premium for an assurance of 3100 payable 
as follows : — 

(a) £50 at the death of the first of two Ijves and £50 at the 
death of the second, the premium to be reduced by one half from 
the date of first renewal after the death of the first life. 

(&) £33y 6s. 8d. at th^ death of the first of three lives, the 
premium then to be reduced by one-third; £33, 6s. 8d. at the 
second death, with a similar reduction in the premium ; and the 
remaming £33, 6s, 8d. on the death of the last survivor, 

(a) The benefit is obviously 50(A^ -I- A^. 

The premium to be paid depends as to one -half on the 
life (a?) irrespective of the. life (y) and as to the other half on the 
life (y) ii respective of the life (a?). The value of the payment 
side is therefore 

P{Ki+«*)+l(i+V} = 

L 
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Or again, the payment side depends as to one-half on the joint 
lives of (.r) and (y) and as to one-half on the life of the last 
survivor. That is, 

Payment side = + ia.-) = P{1 + + «p}- 

A.+ A., 


Hence 


P = 50 




(6) The premium required for this benefit, found in a manner 
similar to the above, is 

The payment side may be expressed in either of the forms 


18. Find a formula for the annual premium, payable till the 
benefit is entered upon, for a deferred annuity of 1 to begin to 
run on either of two lives, presently aged twenty-five and thirty 
respectively, attaining age sixty. If (30) attain age sixty and 
(25) be also then alive the annuity will be payable thereafter 
during the joint lives and the life of the survivor. 

Benefit side = + «60 “ .J 

®*** 8 oP 80 ^^ ~ 80 ^ 26^^60 ~ 80 ^ 8 o )®60 

Payment Side = P {1 + + "^30^25(1 -soFso) 1 5^5^ 

And p- ^^^ 80 ^ 25 : 8 o(^ 55 '^^go~^ 55 : 6 o)"^^^^soP 3 o(^ “ 80 ^ 25 )^ 00 " so^ao) 
^ [29 ^26 I29 ^80 "" [29 ^25*80 ^^^80^25^^ ^ 80^80^ |4^55) 


19. Find the annual premium for an assui’ance payable at the 
second death of the four lives (w), (a?), (^r), and (s). 


Benefit side = A — ? 

v^xyz 

Payment side = P — -\l-f « — ?) 
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Therefore equating 

p_3 

wxyz 


A— s 

wtyz 


1 + ^ 


S 

wxys 


where a — - 

WJLyz 


i+fl— t 

wxya 


(I H-fl 4"^ (I ~ 2t(t • 

H'ri/ v'xs wyz styz viyz 


20. Find the single premium to assure a perpetuity of ^61 00 in 
the event of A, who is aged thirty, dying within ten years, the 
first payment of the perpetuity to be due at the end of the year 
in which A dies. Interest is to be taken at 4 per cent, and the 
mortality is to be assumed to follow De Moivre's hypothesis. 
Given at 4 per cent. = -675564. 

By De Moivre’s hypothesis the number living at age thirty is 
86 - 30 == 56, and one dies every year. Therefore 

_ t? 4- .4. . , . ^ ^10 

-^80:iol 56 

56i 

* -14484 

The single premium for the perpetuity is 

A1 .<75 X 100 X = -14484 x lOO x 26 

SO : loj I 

- 376-584 

= £376, 11s. 8d. nearly. 


21. On De Moivre's hypothesis as to the law of mortality, find 
the annual premium at age x to provide an endowment assurance 

payable at age .r 4 -^ or previous death. 

A 77 

p __ _ ^ 

l+«*=n:T| 

But on De Moivre’s hypothesis where ii represents the comple- 
ment of life at age .r, we have — 
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A ^ = 

% t\ 


V + V^-h 


* + t)v f 

n 


Also 


a 




where 

Hence 


arn + (n~t)%f 


v(n — 1) + v\n - 2) + • . . — li+l) 


(„-l)a 


1| 




a- + (n-ty 




22. Find the value of an annuity to be payable until the 
survivor of thiee children, aged five, eleven, and thirteen respec- 
tively, attains majority. 

^(5-i6i)(n:ioi)(i8;§l) ~ ^s-iej ^ 13 -s] 

'“^6:ll:iol"~ ^6:18: ^11:18 :8l 

“^^sninsrsl 

23. Find the value of an assurance payable should three 
children, aged ten, twelve, and sixteen lespectively, all die before 
attaining majority, 

(10 : ill) (12 : § 1 ) (16 :J\) *^10 12:16 5J + «>^(1 - 5^10)5 Pjq , -AiSTi? : T] 

+ W^(l - gPi6)(i “ 6^12)5^10 "* 6^16)(^ "* 6^10)5/^12^17:4} 

+ U^(1 - 5Pi6)C^ "" 9^12)9^10 ‘^19.2] 

24. How many damaged lives are theie among the under- 
mentioned 7 40,925 lives aged forty-five who have been insured for 
three years.'* and how many of them will die in each of the 
following five years? 
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Give a short sketch of the reasoning which leads to your 
figures. 



Years elapsed since Date of Insurance. 


Age 

X 

0 

1 

2 

3 

4 

5 or more. 

Age 

a; 



^*-11+1 


^L»-3]+S 




m 

730692 

736360 

739403 

740925 

741538 

741700 

! 45 

46 

720100 

726015 

729402 

731220 

731895 

7.i210O 

46 

47 

709190 

715320 i 

718906 

721033 

72190S 

722100 

47 

48 

698088 

704292 

708042 

710325 

711423 

711700 

48 

49 

686620 

693058 

696823 

699220 

700413 

700800 

49 

50 

674923 

681445 

685377 

68772S 

[ 

688992 

689400 

50 


The number alive at age forty-five of tliose who have been 
insured for three years is 740,925, but the number who are select 
at age forty-five is 730,692. Now both these numbers are reduced 
by mortality to the same figure at age fifty, namely 689,400. Tlie 
surplus of 740,925 over 730,692 must therefore represent damaged 
lives who all die o£F in five years. The number of damaged lives 
among the 740,925 is thus 10,233 and the deaths amongst these in 
each year are shown as follows : — 


Age. 

(1) 

Number of 
Mixed Lives 
Surviving. 

(3) 

Number of Lives 
Surviving out 
of those select 
at Age 45. 

(3) 

Number of 
Damaged Lives 
Surviving. 

(2) -(3) 

(4) 

Number of 
Damaged 
Lives Dying, 

(5) 

46 

740925 

730692 

1U238 

4353 

46 

731895 


5880 

*2686 

47 


718906 

.3194 ! 

1819 

48 



137.5 

988 

49 



387 

387 

50 


689400 

0 

0 


The difference at each age between the number surviving of 
those select at forty-five and the number surviving of those who 
at age foity-five had been insured three years shows the number 
of damaged lives surviving at each age, and the first differences 
of this column show the number dying m each of the five years, 

25. Given a select mortality table showing 
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^[a;~ 4]+45 express the probability of a select life 

aged X at entry being at the end of five years^ 

(a) In existence, irrespective of the state of his health then, 
(i) In existence, and still a select life, 

(c) In existence, and an unhealthy life. 

In the form of tables described, selection is assumed to wear 
off in five years, therefore at the end of that time the number 
of persons select at age x who are still alive is merged in the 
ultimate table and is expressed by their health not being in 
consideration. But the number of select persons of age a? +5 is 
by notation therefore the number of unhealthy is the 

remainder of the total Accordingly the probabilities 

required are 

(b) isp 

^ 26. A life office secures every year K new assurers all aged 
X at entry. At the end of a quinquennium how many of the 
entrants during that time may be expected to be unhealthy. 

Of persons who enter at age x there are alive at the end of 
five years of whom some are selecf and the others unhealthy. 
But the number of select lives of age ^ + 5 is Therefoie the 

number of unhealthy lives of that age is ^[ 3 . 5 + 5 " Similar 

expressions give the number of unhealthy lives at the end of four, 
three, two, and one years. Thus, if the number of entrants each 
year is K, and if we assume them all to enter at the beginning of 
the year, we get the number of unhealthy lives at the end of five 
years as 

7” “ Ws]) ■“ ^[a;+4]) (^lr]+3 

+ C ^£«]+2 ~ 
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V. 27. A person aged x wishes to be allowed to effect ten policies 
each for £1000 as follows : — 

(1) At age X at the normal annual premium for that age. 
(^) 99 (a; 4*1) if if if 

(^) 99 0^ "f" 2) if if if 

etc. etc. etc. 

99 («r4-9) if if if 

It is required to find the single premium payable to provide 
for this option. 


For the second of these policies the piemium to be paid in 
absence of any arrangement would be whereas the premium 

arranged for is The value of the option on this one policy 


is therefore 

[a] 

Similarly foi the third policy the difference in premium 
to be allowed for is (P|;a ;]+2 "* ^[ic+s]) value of this is 


(P - P ) And so on for the other seven policies. 

[aj]+2 [iK +23 

The single premium to be paid for the option is therefore 


1000|(P|;aj5+l P[a!+13) J) 


N N 

\^M±ljLrp -P > w-fg r 



28. Calculate the following option iirenilums : — 

(a) The single prcmiinn per cent, required to permit of (30) 
effecting at the end of five years a whole-life policy at the normal 
annual premium for his then age, without fresh medical examina- 
tion. Use the Table at 3i per cent, interest. 

(Z>) The yearly addition per cent, to the short-term insurance 
premium for seven years required to permit of (40) effecting a 
whole-life policy at the end of that period at the normal annual 
premium for his then age, without fiesh medical examination. 
Use the Table at 3 per cent, interest. 
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(«) Using the formula given on page 143^ we have 

(^[803+6 " C^[S0] ■" ^[30] 5l) 

*= 100 (*02024- -01959) (19-793 - 4*633) 

5= *985, say 19s. 8d. 

(b) Similarly for this option premium we have 

100 (P^y - P^^y^) (a^^Q^ - a^^Qj ^) 

^[403.71 

__ (3*445 -3*377) (18*102 -6*250) 

6*250 

«= *129, say 2s. 7d. 

29. Find the annual office piemium for a whole-life assurance 
to (^), the expenses being 8 per cent, of the first and subsequent 
gross premiums with further initial expenses of 2 per cent, on the 
sum assuied and 5 per cent, on the first gross premium. 

To get the value to the office of the payment side we must 
deduct from the value of the gross premium the value of all 
expenses. Thus, if P be the gross premium, the value of the 
payment side is 

P(1 -h aj - •08P(1 4- %) - -02 - -05P 
and this is equal to the value of the benefit, A^. 

Hence P(1 + a ) •08P(1 + a ) - *02 - -OSP = A 

P{-92(l + «^)-*05}«A^+*02 
A^-f02 

^ •92(l+aJ-*05 

30. Given the following office rates for immediate annuities on 
female single lives, aged fifty and sixty respectively, find at these 
ages the annuity which £o0Q will purchase, it being a condition 
that the annuity is to be payable during the joint lives and the 
lifetime of the survivor, but is to be reduced by one-half after 
the first death. 


Age 

Annuity which 

Price of 

last Birthday, 

£100 will purchase. 

Annuity of £10 

50 

j£3 13 S 

i.176 19 1 

60 

i : 

7 5 10 

137 2 10 
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The annuity required is the sum of two annuities of equal 
amount on the lives, and if 2P be the amount to be received 
during the joint lives we have 


500 = P(«' +0 


Hence 


« P(17-5954-}- 13*7142) 
500 

17*5954 + 13 7142 


= 15*970, or say £15, 19s. 5d. 

£500 will therefore purchase an annuity of £31, 18s. lOd. during 
the joint lives, to be reduced to £15, 19s 5d. on the lirst death. 


31. Given tables of office premiums for endowment assurances 
and double-endowment assurances, show how to employ them to 
obtain the office piemiums for the following benefits : — 

(а) £100 payable on attaining a given age or at previous 
death, together with a guaranteed bonus of £33, 6s. 8d. payable 
only if the given age is attained. 

(б) A similar benefit, but with a guaranteed bonus of £50. 

(jx) This is equivalent to a term assurance of £100 coupled 
with a pure endowment of £133, 6s. 8d., which may be split into 
an endowment assurance of £66, 13s. 4d. payable on attaining the 
given age or at previous death and a double-endowment assurance 
of £33, 6s. 8d, payable on death within the term and £66, 13s. 4d. 
on attaining the given age. Therefore if j and (DF)'^^ be the 
office premiums per £100 assured for endowment assurances and 
double-endowment assuranqps respectively, we obtain tJtie required 
premium from the formula 

(h) By a similar process of analysis we find the premium for 
the second benefit to be 


|PW.+-J(DP);»r 


32- From tables of office Whole of Life** atid ^*X^irnited 
Payment ** premiums for each age at entry, show how to find the 
sum assured that could be given at age sc for a single payment 
of S and a future annual payment of P, 
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Let A'^ and be the office single and annual piemmms at 
age 0 ? per unit assured. 

We must split the single payment to be made now into P and 
(S-P) in order to put the payments of P on the basis of an 
annual premium. 

Then since a single premium of A' ^ insures L a single premium 
S - P 

of (S “ P) insures . 

Also since an annual premium of P'^ insures 1, an annual 
premium of P insures 

Therefore the whole amount insured by a single payment of 

S ~ P P 

S and a future annual payment of P is + pr, 

X X 


33. A man aged forty next birthday desires to effect a policy 
payable at death for £5000. He proposes to make a first payment 
of £1000. Find the future premium to be charged annually, given 
tables as in the preceding question. 


Let P be the future premium. Then by our formula above 



1000 - P 

P 

= 5000 


A '40 1 

^ 40 

Hence 



= 5000- 


\^40 ^ 

W 


1000 


A' 


40 


and 


50(10- 


iOOO 


P =: 


A' 




P' A' 

^40 -^40 


34. Express in commutation form the annual premium for an 
endowment assurance to Qs) payable in n years or at previous 
death, the premium foi the first five years being only one-half 
of the premium for the remainder of the term. Find therefrom 
the premium for the fiist 5 years, and for the remaining 25 years, 
for a 30 years’ endowment assurance on a life of 30. Interest 4 
per cent. Given - 302353 5 ; - 474646*5 ; - 376007*4 ; 

N 59 58526*9 ; and - 52931*0. 
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Here the Benefit side 

And the 

Whence 


M - M ^ + D 

X iC-f ro ^ x+% 

D 

X 

/N 


Payment side = P ^ 

i at 


M - M . + D 

p X X+n 


N i + N^,-2N^" , 

0,-1 X+i A-fTC-l 


Using now the figures given we have 


P = ^30 ~ ^oo + ^00 

^20 ^34 “■ ^^50 

BuL M 30 = i’N,,-N^ = 474646-5 = 8385-7 

X U4 

M^o ~ ^^50 “^60 ” — 5293T0 = 3344*9 

and Dgo = N.j)“N^o 58526*9-52931*0 « 5595*9 


Therefore 


8385*7 -3344*9 + 5595*9 
502353 5 + 376007*4- 117053*8 

^ *013972. 


The premium for the first five years is accordmgly *013972 and 
thereafter *027944, 


35. Find by the Table^ with interest at 3^ per cent, 

throughout, the annual premium per cent, required at age thirty 
to provide a debenture policy under which 5 per cent, interest 
payable half-yearly is to bi* provided on the sum assured for 
15 years from the end of the year of death, at the end of 
which period the sum assured is to be payable. 

As explained on page 148, the benefit at the end of the year of 
death is 1 plus an annuity-certain, for the period stipulated, of the 
excess of the guaranteed rate of interest over the rate assumed by 
the office. In this case the premium will therefore be 

-lOAo -05 -*035 ] 

+ 2 ''soiasaj 

= 1-788(1 + -0075 X 23-18585) 

” 2*099, say ^£2, 2s. 
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36. Find by the Table, with inteiest at 3 per cent, 

throughout, the annual premium required at age thnty-five to 
provide an annuity-certain of ^100 payable half-yearly for 20 
years, the first payment to be made at the end of the year of 
death. 


Modifying the formula given on page 147 to suit the case of a 
half-yearly annuity we have for this premium 

= •02212x50x30-36458 
= 33-583, say £33, 11s. 8d. 


37. Find by Mr Lidstone’s formula the annual premiums per 
cent, required for the following joint-life endowment assurances. 

(a) Lives (30) ard (35) for a term of 20 years on the basis 
of the Table with interest at 3| per cent. 

(5) Lives (20) and (40) for a term of 30 years on the same 
basis with 3 per cent, interest. 

(a) Following Mr Lidstone's formula we have 

100(P^g03 : ^ ^[35] • ioj ^ 201 ) 

«= 3-841 4- 3*923-. 3-416 
= 4*348, say £4, 7s, 

(b) 100(Pj2Qj . ggy - P^j ) 

= 2*460 + 2*947 -2*041 
= 3*366, say £3, 7s. 4d. 

38 Write down formulas, witlT and without commutation 
symbols, for the annual premium for a joint-life term policy. 

Calculate with the help of tables of logarithms the annual 
premium for a three-year term policy on the joint lives of A and B, 
each aged thirty-six next birthday, at 3 pei cent, interest, having 
given 

log /gg = 5*9097, log Zgy = 5*9076, log Zgg = 5*9042, and log Zgg = 5*9002. 

How would you approximate to such a premium in practice ^ 

The annual premium in commutation symbols is 
M - M 

•By x-\-n v+n 
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from which we may pas.s to a formula without commutation symbols 
as follows — 

M - M ^ 

xy x-\-n : 

N -N 

. a5-l:v-l ^ x+n-l : y-^n-l ic+w y-f-jK 

- N -N 

as-l y-l aj+Tt-l : y+7i-l 

N -N ^ 

xy x+n y+% 

“ ® " N -N 

a;+w-l y+7i-l 


I I -{“ v l _ i , _ 4” 
X y x+l y+l 


^^n-1 I I 

y+TO-1 


Substituting the ages, etc,, lequired for the second part of the 
question we have the premium desired as follows : — 


he ^86 ^37 + ^^^88 ^3S 

At 3 per cent. v = -97087, also log *1-9872, log v 2 «:J. 9743 j 
and log 1-9615. 

In dealing with the logarithms of the numbers living the 
characteristics may be ignored as they are the same in every case 
and only determine the position of the decimal place in the corre- 
sponding natural number. 

Then log Ise = 2 log Zg* = 2 x -9097 = 1-8194 = log 65-978 
log nZ 87 Z 87 = logu +21ogZ3,^=T-9872 + l-8152-l-8024=log63-445 
logi^Zss + 21og Z88=T-9743 + 1-8084 = 1-7827 = log 60-632 

log »®Z8t, Igf ) = log + 2 log Zgq =1-9616 + 1 -8004 = 1-7619 = log 57-796 

Therefore 


— ^^87 4? ^%S 4 s ^39 
^30 he + ^^37 

A^7A0^T 63 445 + 60-632 + 57-796 
"" 6^97^3-445 + 60-632 

= -97087 - -95695 
= -01392. 


In practice, as explained on page 152, we would take it that 


p, _ 

iS6:S61:3| 


= pi - 
*36:8 


. + P1 - 

36-31 
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Using the figures given^ we find ^ = *00699, and hence the 
approximate joint-life short-term piemium is *01398, which com- 
pares very favoui^ably with the true value. 

39. Find by the Tables, using 3^ per cent, interest, the 
annual premium for a joint-life short-term assurance for four years, 
the lives being aged thirty and forty. 

Using the same formula as before 

p 1 _ « ^^[8Q3-f 1 ^[40]+! ^^^[803+4 ^[403+4 

401.41 . . . JfVH 1 

[303 [403 [803+3 '[403+S 

= -96618- 95086 
= -01532. 

The practical formula is in this case 

P — .- == pi ~ + pi - 

■^130 : 401:41 ^30:41^-^40:4) 

= *00663 + *00878 
= *01541. 


40. Given — 13*791, 13*463, — 13*006, 

and 12-391, find the value of «[gY ][443 (1) ^nite differ- 

ences, (2) by central differences, stopping at second differences. 


(1) For a finite-diffeience formula we have 


-(4 - A 

“ “[aitol ~ “c®][yy + |1 ^S+lOltol “ ^"[J+BKy] + 


±i 

5' 


Hence 


iU)r 


^[371443 ^C84][443*^^‘tS93[443 S4][443)‘^ [2*' (^[443[443 ^^[803[443 "[84][443) 


13*463 + 1(13*006 - 13*463) - 2*391 - 26*012 + 13*463) 

== 13*463 -*274 + *019 
- 13*208. 


(2) The central-difference formula to be applied is 


= “o+^«+i + - 
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V][4« “ "[S4J[44] + ■^("[89][44] “ ''[S4][44]) ~ Vk44] “ ^"[84144] + “[29144]) 

= 13-463 +-K13-006 - 13-463) - ^(13-006 - 26-926 + 13-791) 
= 13 463 --274 + -016 
= 13-204. 

41. Given ^ ^ = -03626, P^. 3 o=- 0376 , P,,, 2 ,= -041, and 
^ 4 s : SO “ ‘04:22.6, find P^^ ^ 

^40 : 29 “ ^40 -26 "^^(^40 -80“ ^40.25) 

= -03625 + i(-0375 - -03625) 

= -03625 + -001 
= -03725. 

p = P + -44P _ p -i 

45 : 29 46.26^ 46.30 45 25' 

= -041+4(-04225--041) 

= -042. 

^42 : 29 “ ^40 . 29 ^(^46 : 29 ~ ^40:29) 

- -03726 + §(-042- -03725) 

= -03725 + -0019 
= -03915. 

42. Complete the table of premiums between ages forly and 
forty-five, given the following : — 

Age. Premium. 

40 £2 13 10 

46 3 2 4 

60 3 14 10 

55 4 13 10 

Denoting P^,, as P^ as Wj, Pj^ as and Pj^ as we 
may proceed in either of two ways. 

(«) We have 

= «(, + »Amj| + A%q+ . . . 

and stopping at third differences the problem is to find 

A»g, A%<^ and A\ from P^j,, P 45 , and Pgj. 
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Now 2-692 = 

3-117 - 

3- 74-2 - M(,4-10A«o + 45A%+120AX 

4- 692 = a„4-16Aj<o + 106A% + 465A3«o. 

DiflPerencing successively both sides 

-425 = 5Ai«(, + 10A%o + 10A% 

-625 = 5AW(, + 35A2ko + 110A\ 

-950 = 5A«o + 60A% + 335AS«o 


Again 

U) 

o 

o 

il 

25AX-(-100AX 


-325 = 

25A2«o+225A%. 

And 

•125 = 

125A'»«o. 


whence we have 

A^o = 

•001 



A\ = 

•004 



Aag = 

•075. 


We make up 

the following scheme 


Age 

Premium. 

A 

A2 

40 

2-692 

•075 

•004 

41 

2-767 

•079 

*005 

42 

2-846 

•084 

•006 

43 

2-930 

•090 

•007 

44 

3-020 

■097 


45 

3-117 




(5) Alternatively we have 

u = A + B.i: + Cx® + "Ds? + . . . 

X 

and stopping at third powers of x the problem is to find B, C, and 
D from Pjip and Pjg. 

2- 692 = A 

3- 117 = A+5B + 25C + 125D 

3- 742 = A+IOB + IOOC + IOOOD 

4- 692 = A + 16B + 225C + 3375D. 
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Differencing successively both sides of these equations, 
•425 = 5B + 25C + 125D 
•625 = 5B + 75C + 875D 
•950 = 5B + 125C+2375D 
•200 = 50C+750D 
•325 = 60C+1600D 
•125 = 750D 

whence D = •00016 

C = -0015 
B = -075. 


P41 

== 

2‘C92 + 

•073+ -0015 + -0001 6 

= 2-767 

^42 

=z= 

2*692 + 

•146+ -006 + -0013 

= 2-846 

P4S 

=i 

2*692 + 

•22 + -0135 + 0045 

= 2-930 

P44 

ss 

2*692 + 

•293+ -024+ -0106 

= 3-020 

^45 


2*692 + 

•36 + -0375 +-02083 

= 3-117 


By eithei method we complete the table with the same values, 
= £2 13 10 
P« = 2 15 4 

= 2 16 11 
P4B = 3 18 7 

P« = 305 

P« = 324 


M 



CHAPTER VIIl 


Conversion Tables for Single and Annual Assurance 
Premiums 


1. Conversion tables should be thoroughly understood, both in 
their construction and their use, and to these ends Eothery and 
Ryan's tables should be carefully examined. 

For both single- and annual-premium conversion tables, they 
start with the initial value 1 for the annuity, and increase 
it by differences of ‘01. Now we may draw up the following 
schedule for single-premium values : — 


Annuity 

Value. 

(1) 

Corresponding 
Assurance Value. 

(2) 

A 

of Col. (2). 

(3) 

1 


- d X *01 

I’Ol 

l-d(l + l'01) 

~ d X *01 

1‘02 

1-£?(1 + 1-02) 

-dx-01 

1-03 

1- dll +1-03) 

~dx *01 

etc. 

etc. 

etc. 


From this we see that the values in column (3) are constant 
and that therefore, the initial assurance value having been found, 
the successive values thereafter may be found by the continuous 
addition of -dx'Ol. The initial value must be found directly 
from 1 - d(l 4“ 1). Verification may easily be made at periodical 
intervals. The correction for a third decimal place is found as 
shown in Tenet Book, Article 9. 

2. Again, for annual premiums we make a preliminary investi- 
gation such as this : — 
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Annuity 

Value, 

CD 

Corresponding Annual 
Premium Value. 

C*D 

A 

of Col. (2). 

(8) 

1 

^ d 

1 1 


1+1 ^ 

1 + 1*01 1 + 1 

1*01 

^ -d 

1 1 


1 + 1-01 “ 

1 + 1-02 1+1-01 

1*02 

^ d 

1 1 


1 + 1*02 ® 

1 + 1'0.3 1+1*02 

1*03 

— ^ ^ 

1 1 


1 + 1*03 ^ 

1 + 1-01 1+1-03 

etc. 

etc. 

etc. 


Column (3) gives us the successive quantities to be added 
to the initial value in order to obtain the animal premiums 
which we require. We must therefore first proceed to find 
the values in column (3), The following schedule shows the 
process : — 


Annuity- 
Value 
= cu 
(1) 

i + a 
(2) 

A 

of Col. (2). 

(8) 

P 

1 

1 

1 1 

! 


1+1 

1+1*01 i+1 

in ^ 

1*01 

1 

1 1 

’ -d 

1 + 1*01 

1 + 1-02 1+1-01 

1 + 1*01 ^ 

1-02 

1 

1 1 

^ d 

1 + 1*02 

1 + 1*03 1+1*02 

1 + 1*02 

etc. 

etc. 

etc. 

1 

etc. 


We obtain the values in column (2) from a table of recijirocals 
and difference the results. These differences we then add succes- 
sively to the initial value, obtain the whole table of 

values at the rate involved in d. Column (3) consists of the 
differences both of column (2) and of column (4). 

The dififerences in the value of P corresponding to a third place 
of decimals in the value of a must be found by interpolation which 
may be done quite simply. 

As pointed out in Text Book, Article 16, the series of differences 
in column (3) is independent of the rate of intcre&i and may be 
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used to form tables at each rate required, by successive addition 


to the proper initial value. 



where d varies vnth the rate. 


Or again, after the first table at rate i is formed, that at any 
other rate, say J, may be formed by the constant addition of 
- d^^^ to each value, as may be seen from the following table : — 


Annuity 

Value. 

(1) 

Corresponding Annual Premium 

( 3 ) -(2) 

i,e, , value to be added to 
Col. (2) to obtain Col. ( 3 ). 

(4) 

At Rate i. 

(2) 

At Rate ,7. 

( 3 ) 

1 

1 , 
i+T ■ 

r+Ti - 

*^(0 ■ 

1*01 

1 + 1-01 

iTToT " '^0) 


1*02 

1 + 1-02 

1 + 1-02 " 

'*(») “ ^U) 

etc. 

etc. 

etc. 

etc. 


where column (4) is constant. 


3. The following is an alternative method of forming the 
conversion table from single to annual premiums. 

p __ dA 

~ 1-A 

Therefore i ~ 

P dA 



We must therefore make up a preliminary table of the 
reciprocals of the single - premium values, less unity. Then 

putting the value of on the fixed plate of the arithmometer and 


multiplying by each of the values in this preliminary table^ we 
obtain a series of which we must again take the reciprocals to get 
the required values of P, This method does not fulfil the condi* 
tions of a continuous method. But good checks may easily be 
applied either by working backwards from the values of P to the 
values of A and comparing with the original values of A, or 
otherwise. 
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payable on the death of the second of four lives (w), (j:), ( 3 ^), 
and ( 2 ). 

Now A—* = 

that IS, the assurance is not payable so lonp^ as 3 at least of the 
4 lives survive, for 3 at least will cease to survive at the second 
death. The formula shows us that to obtain this assurance we 
enter the single-premium conversion table with ? which by 
formula (58) of Text Booh, Chapter VII., is equal to 


a a +<2 + a - Sa 

vxy ivy:: wxz xyz wxyz 


Similarly for the annual premium we enter the annual-premium 
conversion table with the sartie annuity, for 


P_1 = 



wxyz 


6 . When it happens that we are given the single- or annual- 
premium value, and the annuity value is required, we may obtain 
the latter by entering the ordinary conversion tables inversely, on 
the same principle as we obtain the natural number corresponding 
to any logarithm by entering ordinary log tables inversely. 

Thus if we know at any rate of interest we could find 
from the formula 

but conversion tables enable us to find it at once by inspection. 

Again let it be required to find We shall obtain the 

value required by entering inversely with and by Lidstone's 

formula (described on page 150). 

= P«: 5 +I| + S+Tl - approximately. 

and may be found by enteiing the 

tables directly with and respectively. 

Thus, find by the table at 3J per cent, the value of 

^tS0]C403 1^’ 

We find from the table that - 12*845, 

— 12*451, also = 13*710 at 3^ per cent., and on entering 3^ per 
cent conversion tables we have =*03841, = -04052, 

%= *03416, 
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Therefore - = *03841 + *04052 - *03410 = *04477 

And entering the same conversion table inversely we have 
^[303[403 ;iy| “ 11*^25. 


7. It should be clearly understood that conversion tables are 
merely a means of saving labour and further that they can be 
used to find the value of y, whatever y may be, so long as it can 
be expressed in the form, for single-premium tables, 

l-d(l+A) 

and for annual-premium tables 

1 


1+/^ 


-d 


where h is known and is at a known rate of interest. It must 
be remarked that k does not need to be an annuity or at any rate 
recognisable as such. 

Thus let A L = 1 -d{l+k) 


Thend(l-h/0 


and k = 


1 

dD^ 


tjD - D , , 

X x+t 

dD 


Therefore if we enter the single-premium table with this 


function we obtain A 1. 

ajtj 


Again, let 

Then -pL 
l-fk 


1+^ 






N 


•N 


*4* d> 


aj-l oj+i-l 

M,+rf(N 




N -N 

®+i-l 


and k — 








X+t^l 
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Entering the annual-premium conversion table with the value 
of this expression we obtain 


8. To form conversion tables for continuous functions we first 
sketch out the following scheme for single premiums : — 


Annuity 

Value. 

(1) 

Corresponding 
Assurance Value. 

C2) 

A 

of Col. (2). 

(8) 

1 

1-5 

-5(-01) 

1*01 

1-5(1-01) 

-6(-01) 

1-02 

1-5(1-02) 

-5(-01) 

etc. 

etc. 

etc. 


Therefore starting with the initial value of A = 1 - S, and by 
the continuous addition of - 5(‘01), we form the table at the rate 
of interest involved in 8, 


Again, for annual premiums we have 


Annuity 

Value. 

(1) 

Corresponding 
Premium Value. 

(2) 

A 

of Col. (2). 

(8) 

1 

1-5 


1*01 

1 S 

1-01 “ ® 

1 1 

1*02 “ 1-01 

1*02 

1 s 

1-02 “ ® 

1 1 

1*03 1*02 

etc. 

etc. r 

etc. 


We must first then form a preliminary table of the reciprocals 
of the successive values of the annuity and find the differences of 
these reciprocals. Thereafter the successive addition of the 
differences to the initial value 1-8 gives the table. As with 
ordinary tables, one series of differences is sufficient for the 
formation of tables at all rates of interest. That is to say, the 
constant addition of to the values at rate i will also yield 

us the table at rate y. 
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EXAMPLES 

1. Verify by actual calculation the following values of A, 
which correspond to values of a advancing from 10 to 11 by 
differences of *1^ at SJ per cent, interest; and insert correct values 
in place of those which are incorrect. 


a. 

A. 

10*0 

*60241 

*1 

*59905 

•2 

*59508 

*8 

•59157 

*4 

•58775 

•5 

•58134 

•6 

•58072 

•7 

•57741 

•8 

•57349 

*9 

•56938 

11*0 

•56627 


It will be found that the 2nd, 3rd, 5th, 8th, and 10th values 
are incorrect, the true values being *59880, *59518, *58795, *57711, 
and *56988 respectively. 

2. Check all the figures in the following table, using Rothery 
and Ryan’s Conversion Tables to obtain the single and annual 


premiums. 


Rate. 

Basis. 

a. 

A. 

P. 

Whole - Life Assurance, 

% 




age forty* , 

Endowment Assurance, 


18*280 

*52976 

•02748 

age thirty, payable at 
sixty .... 


16*163 

•41901 

•02445 

Leasehold Assurance, 
tei*m 20 years . 
Joint- Life Assurance, 

3% 

14*321 

•55367 

•03613 

ages twenty-five and 
thirty-five . 


16*723 

*48373 

*02729 

Absolute Reversion, 




the present value of 





1 payable at the death 
of (or), otherwise A^., 





age seventy 

j 

OWl4% 

7*882 

•65838 

... 
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3. Given tables of joint-Iifc annuities, the columns D and I 
for single lives, and conversion tables, show how, by means of 
these, you would arrive at a premium for a joint-life endowment 
assurance on (x) and ( ;/) payable at the end of 20 years if both be 
alive, or at the first death before then, half premiums only to be 
payable for the first five years. 


The benefit side = A^^ 

To obtain the value of this we must enter conversion tables 

with a , 77 , which is equal to 
ny iy| ^ 

% “ 19 I % % "" ^ 19Py 2/+19 


_ J±l% 

ici/ D I »+l9.i/-fl9 
a; y 


all the parts of which we obtain from the tables given. 


The payment side = ^ ^ + 


ssy'l9\~^ 6 \ 15l) 


a ,- 7 ^ we have found above and 

a;2/:19j 


I % 161 


^ ^ yp (l+a^ 


x+5 : 3/+5- 


5)- 


Hence the value of P may be found. 


^a?+10 ^JdtE/r 

D I a+10*2/+19 
y 


4. Use the tables at the end of the Institute Text Book and 
tables of logarithms to find at 4 per cent, the single and annual 
premiums for a joint-life endowment assurance on two lives each 
aged thirty-seven, the sum assured to be payable at the end of 
23 years or first death preceding. 


Here v’e have 


S7;37* 


and P, 


-d(l+a, 

1 


37 37 


1 


37.37: 22]) 

d 


Now a, 


87 * 37.2 

N, 


'37 37*2Jt 


— - 4X, 


59:59 


'37 : 37 




^37 : 87 

1 3*054-. 1-524 
11-530 


log N, 
log D, 


69 :39 


87*37 


= 9*40776 
9*22491 


■18285 
- log 1*524 

Entering the 4 per cent, single-premium conversion table with 
this value we gel 
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The work must be done in duplicate to ensure accuracy, as the 
method is not continuous. 

Again since -L = ^4— = 1 + 4'’ proceed by first 

A 1 i 

drawing up a table of reciprocals of P, P H- AP, P 4* 2AP, etc. ; then 
multiplying each of these by d on the arithmometer and adding 
1 to each result we obtain a table of reciprocals of A from which 
the successive values of A may be found. 

As this also is not a continuous method, the work must be 
done in duplicate ; or checked by doing all the calculations in 
reverse order when we should obtain P, P + AP, P + 2AP, etc. 


7. If a single-premium continuous conversion table be entered 
inversely with what does the result obtained represent.^ 

The equation upon which such a table is founded is 
A « 

And as we are to enter the table inversely we have 

1-A 
a - ^ 

In the particular case before us, A = e“^^. 

1 — 

Therefore d = — g — 

which is the value of an annuity of 1 for 7? years payable 
momently with interest convertible momently. (See Theory of 
Finance^ Chapter IL, Formula (15).) 

<r 

8. What would be the result of entering single- and annual- 
premium conversion tables, calculated for continuous functions, with 

j; and what does i -8 represent? 


Entering with we have 

n [ 

A = 







55= 
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that is, the present value of 1 payable at the end of n years, 
interest being at i per annum convertible momently. 

Also P = 4- -8 
“»l 

« S 

1 _g-nS 


which is a year’s premium payable by momently instalments, 
interest at rate i convertible momently, for a sinking-fund assurance 
due in n years. 



which is the premium payable per annum by momently instalments 
for a whole-life assurance payable at the moment of death. (See 
Chapters IX. and X.) 

9. Find by means of Rothery and Ryan’s Conversion Tables the 
single premium corresponding to annuity *983, interest 4 per cent. 

The practical difficulty here is that the tables start from unity 
for the annuity values, while the given annuity is less than unity. 

But A cf(l+«) 

sss 1 — 4* 1 + 4* 

Therefore enter the table with the value 1’983 and add d to 
the result. 

Then the single premium corresponding to annuity 

1*983 at 4 per cent. . - • • * *88526 

d at 4 per cent. . • • • • “ *03846 

Single premium corresponding to annuity *083 . «« *92372 

The value of d might be obtained by taking the difference 
between the single premiums corresponding to annuities 1 and 2 
respectively. 



CHAPTER IX 


Annuities and Premiums Payable Fractionally 
throughout the Year 


1. Formula (1) of this chapter may be arrived at by tlie 
following method which is somewhat similar to that of Teoci 
Book^ Article 3. 


o|% = a* - 0 


= ~ 1 


Thei'efore interpolating 


k 

7n 


But 4’"^ = 


m\^xj 


. iff. lUf. 

mj \ ^ mj \ » mj] 




1 

2w 


Also a 


(??i' 


2m 
(m) 1 


= « + - 
j: 2m 


77i + 1 

2 m 
m - 1 


2. Formula (5) which applies to the case where W“2 may 
be made general as follows : — 
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For each year which (x) completes, the amount to the end of 

the year of the m payments of — each is 

m 

1 r m-2 

+(!+£) m 

and the value of these payments for the whole life of (x) is 

+( 1+0 +• • ■ + 1 } 

Now in respect of the year of death, if (sc) dies in the rth of 
the m periods (r > 1) the amount to the end of the year of the 
payments which he has received is 

1 1 ^ wi-r-hl 

— (l + i)** +-L(i+j)'m + . . . +_in+j) « 

Taking the summation of this expression for every value of r 

from 2 to and dividing the result by -i- since, on the assumption 

of a uniform distribution of deaths, death is equally probable in 
each of the m parts of the year, we have as the amount, 
at the end of the year of death, of the payments made during 
that year 

m I m ^ m ^ ' 7n ^ ) 

The value for the wholes of life of the payments made during 
the year of death is therefore 

^ 1 m-l., , . 1,, A) 

A — ] (l+i)® + (l + i)®* + • • • + — (1 + *)“ 

^ 7n { m ^ ^ 7n ^ } 

and we have 

f \ If 

4 “ +(1+2)’^ + . . . +1} , 

+A (1+0'1^+--— (1+0“+ • • • +-(1 + *)™} 

» »i I VI ^ m ^ ' 111 '•' } 
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Expanding the successive powers of (1 + i)i but stopping at first 
powers of i in the expansions, we have 

% = « — 1(1 + t)^{ 1+ z)-h • • • + 

® m / \ m J J 

. 1 fw — 1/- - 1 A A 

4* A [ ( 1 4- 2 ] H ( 1 4 2 ) + . . . 

^ W 2 I in \ m J m \ m J 

+1(1+1.)} 

m\ m J } 

« « + 1 fm-l (m^l)(2m-^l) A 

® w \ 2 y 1 4- 2 wz \ 2 6m J 


«= « 4- 

X 


m — 1 
2m 


ia 

X 


m-1 (m~l)(2m-l) 

2m 6m- 


???,-!. m - 1 . 

— la^ s — ^ 

2?w •» 2m 


(taking = (1 +*)■'' 


1 - i approximately) 


m-1 m^ - 1 . 

2m 6m2 * 

If then in this formula we give to m the value 2 we have 

which is formula (5) of the Text Book, 

This general formula can be rapidly applied in practice and 
on the whole gives very good resul-*s. If we calculate by it the 
annuities of Text Book^ Article 28, we get the following values. 

«®= 20-14127 ^ 10-46974 

= 20-26533 = 10-69380 

ago = 20-39002 = 10-71849 

3. The argument of Text Book, Article 12, is very involved, 
and the following is an alternative method of obtaining formula 
(7), which is founded on the assumption of a uniform distribution 
of deaths. 
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1 1 / i 1 n-l 

mTVX+l+^^L+i+ • • • 

a- ^ m m ' 

m 

m / 

m-1 / 1 \ 1 / 1 

\®+i m V ®+^ \»+2^ TO *+V 


\ ®+2 ^ -B+l, 


l)+‘ • 




_ V2 

I 


+ 

m~l 


i 


1 r ’?Lrl »»-2 N 

x-{G+0“ +(i+*-)'^+.-. +1} 

1 c *irl m-2 

><;;j2{(»«-iXl+0 “ +(»i-2Xl+0“+-.. 


+(l + 


i)®} 


=ss a X 


J +A „ Ki + OICi + - 1} - i q + »> 


m{(l +e)’'^ - 1} 


3«^{(1 +2)® ~ip 


The sum of the expression which is the coefficient of A may 
be found as follows : — 

w-l m-2 1 

Let 2 = (» 2 -l)(l*-i) ® +(m-2)(1 + ») «> + , . .+.(1 4 .i)m 
(l+i)“S = (w- 1)(1 + £)+(»»- 2)(1 +i) »» + ... 4.(l4.j)OT 

2{(l+i)®-l} = »«(l+*)-{(l + *) + (l + *)^+*-* +G+0“} 

= »j(l +*) — (1 + j)™ 

1 


And 2 = + i) { (1 + i'r- 1} - i(l + i); 

{(l+i)“-lF 
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4. To find a' 


(m) 



!Ct\ * 

x+t (m) 

D 

X 


{ICt\ X 



m — 1 ^r4~t 

(a 

= \- 

2m D 

X 


= %- 

»»-lA 

t 

1 

2m V 

■= \T[ 

-m-l/ 

^iC+A 

2m V 

dJ 


1\ 
) 
D 


6. To find 1 |a^ that is, the yearly annuity whose payments are 

T 

made at the end of 1 + -L^ 2 + etc., years respectively. 

It is quite distinct from the annuity payable t times 

T ^ 

1 12 3 

a year in instalments of — each at the end of — , — , — , etc., 
t t z z 

of a year respectively, ■which is the same as 

1 /i 1- 


iW 

t ' 


t t 


i 


O 1 *f* U , - ,1+1) 


DA *+■ 


»4’24-~ 


Now 


D_i « D +~AD + 

as 5 X 


■ ■) 


II 

1/1 


'A2D + 


ii 

1/1 


A®D.+ .. 


^*+i+i ^*+1 t ^^»+i 

etc. 




etc. 


A8D 


®+i 


etc. 


And summing the portion within brackets, we have 
1/1 


N -Id,-- 

flj-l ^ aJ 


(t - Kr - ^)(7 - 

3 » 6 


A2D, 

X 
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- 

as '• 

1 

■i“ / 

- 1 

Li 


2 

0. 

j: A2D 

0 z 

1 

-{- - 1' 

>AD^ 7( 

^7 - ■)( 

1 

P 

® t 

2 

D 

z 

6 

D 


= « (f - mt - 1) 

* t ^ 2t^ D 


6/3 


D 


which is Text Book formula (27). 

6. To find we must sum only the first « terms of the 

expression in brackets and we have accordingly 

1/D -D \ 

AniBH - £)'■— j approximately 

at 

7 . To find 


ihr 


1 1 / i- 

m 


1 f i i+i 1 2 

?ff{CD,+D.+i+I>.+X+---)->, 




Jl ^ 

m 


m fyn 




\ 


■z 


(where AD^ = 


— _ 1 i-JwAD^ 

® i 2/2 D ■ 

or 
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8. To find 1 


i\af^ = - i ^ 

Cm) 1 - T^j 


1 1 


'(4+» - x) approximately 


a; x+n ’ 


= x{(^-»«)aS+®"S} 


9. To find Pf I 


(W)_ »2~J 

% - 




Now P"*’ = 


I . w~ 


w 

‘(P.+'O} 




Again, multiplying each side by |l _ (p^ + we have 

p(TO) *”-lp<»Vp p 

3r = P, 





CHAP. IX.] 


TEXT BOOK— PART II. 


197 


from which we see that the addition to P to oblam mentioned 

SC X 

in Teait Book, Article 42, is for loss of premium ^ and 

2m ® ^ 

for loss of interest ~ 

2m ® 

The addition for loss of premium is found as follows: — The 
chance of the second instalment of the ^nthly premium not being 

received is — , of the third etc, of the ?«th Hzl, on the 

M m >f}i 

assumption of uniform distribution of deaths. Therefore the whole 
premium lost in the year of death is 


pf'/i 


m 


a_(1+A+. . . 

n \7n m m J 7n 2 

and the annual premium required to insure against this loss is 

- 1 r,(m) n , 

-jr — as above. 

27)1 » ® 

The loss of interest on the second instalment being postponed 


I , . Cd 

— of a year is — 

7n m 7n 


o 

; on the third being postponed — of 


a year 


"a; ^ 

m m 

,(m) 


etc; on the 7»th being postponed 


n^l 

m 


of a 


year 


P m - 1 

iflf. Therefore the loss of interest in accepting 


an mthly premium is 

{ 


pr’i 


1 Hh 2 4- 


‘>1 


i>(w) 


-1 


m 


^L-J: p^^^ ^ as above. 
2m ® 


10. To find pj 
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From this we obtain 

(m)_ . 

^xf\^ 2m aer ^ 


Here the loss of premium in the event of death of Qc) has only 
to be insured against for the term of the assurance, since if the life 
survives the term no loss of premium will be incurred. Therefore 

the amiual premium to cover this loss is 

^ 2m o!t\ ani 

The addition to cover loss of interest is by the reasoning of 
the previous problem a. 


11. To find Tfl 

t if 


d(») 


a^l 


X 


P 

r a? 




27il ^ aM 

wk^ee .Pf . ,P,+ I^,P«(P^. + d) 
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The additions for premium and interest are on the same 
principles as already explained. 

12. The jwthly premiums we have been discussing are true 

pC«i) 

premiums. Each instalment is , and if the life die after only 

T of these have been paid in any year the office has no claim on 
the remaining (?» - r). But as pointed out in Text Boole, Article 
42 , it is sometimes the custom of offices to calculate the premiums 
in such a way as to make it part of the contract that the unpaid 
instalments in the year of death shall be deducted from the sum 
assured ; that is, in effect, that they shall all be paid. In such a 
case the ?7zthly premiums are merely instalments of an annual 
premium which must be paid in full. We must therefore ignore, 
in the expressions already found, the corrections for loss of 
premium. We shall then have 

pW = p 

a ® 2w^ ® 

m being pnt in square brackets to denote these instalment*’ 
premiums. 

Or we may proceed from the beginning as before; on the 
conditions stated, 

1 LI 

= a — (1 + • • . -f-u ) 

a r 1 1 

sss — 1 h ... 4. jj 

m I \7n m m 


where we put (1 - dy^ 1 - —d approximately 




/» w - 1 , ' 
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Now PL“’ = 




Henc= If>- P.+^PT’-i 


Similarly we shall write 

— p , I 

^Xt\ - 2m 

ana 


EXAMPLES 


1. Show that + approximately. 

By Text Book formula (2) 

.?>.• xC 1 ±^ + Ki+.)‘a. 


■ + Kl+i)‘V^ 

- .^|2 + 2(l+t)i-i(l+i)-i|+Kl+*)' 

Neglecting higher powers of i than the first 

= T^2+2+i-i)+Ki-iO 
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2. Given the following formulas . — 

(«) \ = i)(l+oJ-a^ 

(6) 1 = + 4-S5)A^ 

(c) = v-iva 

(d) A = 

(e) «, = «»-(i+OA,; 

transform them from yearly to mtiily intervals and give a verbal 
interpretation of each result* 

{a) = mm (— + ^ 


On the analogy of Text Book, Chapter VII., Article 30, we have 
the explanation as follows : — 

The difference between the value of an annuity payable by 

instalments of ~ at the end of each wthly interval of a year upon 

which (x) enters and that of a similar annuity payable at the end 

of each such interval which he completes is the value of — 

^ m 

payable at the end of that ?wthly interval upon which he enters 
but which he does not complete : which again is the value of an 
assurance of -i- payable at the end of that wthly interval in which 


{x) dies. But the value of the former annuity is 

of the latter and of the assurance -i- and we therefore 
have 


JL A^’^^ « 

m ® 




(6) 1 = m{(l + i)S-l}«f+(l+0“Af 

See Text Book, Chapter VII., Article 41. If 1 be invested now 
at effective rate t it will yield at the end of each -i- of a year 
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{(1 + - 1} of interest so long as (a;) liveSj and at the end of that 

mthly interval in which (j?) dies we shall have an instalment of 
interest as above together with the original 1, 

+ l (l+iyK 

But the value of an annuity of — per interval is Therefore 

m ^ ^ 

the value of a similar annuity of {(14-2)’^ - 1} is 7«{(1 + 2 *)’^ - 

A 

And the value of the assurance is (l + z)’'^A^ . Now these two 
together make up the whole value of the 1 originally invested and 

we have accordingly 1 = w?{(l+ 2 )’^-l}a^ +(1+0’^‘A^ . 

(c) A'f= 

For the explanation of this, see page 209 following. 

(_£) Af’= + af) 

See Text Book, Chapter VII., Article 43, for explanation. 



This is explained m Text Book, Articles 13 and 14 of this chapter. 


3. Find the present value of an annuity to (x) (payable half- 
yearly) commencing at £1, the payments to be doubled every 10 
years. 


This annuity is equivalent to an annuity of 1 commencing 
now; plus an annuity of 1 commencing on attainment of age 
a? +10; plus an annuity of 2 commencing on attainment of age 
a; + 20; plus an annuity of 4 commencing on attainment of age 
0 ? + 30 ; and so on. Therefore, taking — %'^h have the 
whole value 


K+i)+%^ 


D 


jc+SO 

“dT 


^K+80 + t) + 
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4. Use the Text Booh table at 3^ pei- cent, to find the half- 
yearly premium to secure at age thirty-five a double-endowment 
assurance payable at the end of 1 0 years or previous death. 

Here we may write 

P(2) 1 + 

2 2 

X%\ 

_ I M,,.,-M,, + 2D,, 

- 3 (N3,-NJ- -25(03, -D„) 

1 9806-7769 + 2x16670 

3 (474131 - 260247) - -25(25839 - 16570) 

1 35177 
“ 2 211567 

= -08313. 

5. Prove that the value of a temporary annuity-due to (a) for n 

years, payable half-yearly, is approximately j|)- 

_ B5±»\ 

“ml “ml 2»! \ D j 

£C ' 

“ i{(»« + l)a,,- + («-l)(a,,-^-l + -^)} 

= ^{C™+l)a^„-, + (»»-l)«-^-} 

Hence in the particular case 

“S = + 

6. Prove that the value of a temporary annuity to (o’) for n 

years, payable half-yearly, is approximately + a^~). 
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= a®-Z£±»aW 

X 3/*4"W 


= («», + t)--^(«»+* + t) approximately 

- Vn+J-0 - %=) 

^aiT] 

7. Using the ordinary approximate addition to a yearly 
annuity to make it payable m times a year, prove that for an 
assurance of 1 on (a;) the premium payable m times a year 

1 r 2m ^ \ 

m \ m+1 ' 

2m 


The premium payable at the beginning of each 7;2th part of a 
year for a whole-of-life assurance on (x) is 


m 


1 




. (m) 

Since a„ = 


= — f V~ ^ - d) 

»' \ ?n+l / 


w + 1 
O. "i — 

^ 2m 
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8. Given at 3 per cent. = -01930, find the corresponding 
half-yearly and quarterly premiums. 

P 


Since 




Therefore P' 


►(2) 


T m-1 

1 Y 

•01930 

1-K-Ol 930 + -02913) 

•01930 
1- -01211 

1930 


98789 
= -01964 

p(2) 

and the half-yearly premium = 

A 


-00977. 


Also 


pC4) ^ 


•01930 

“ 1- -01816 

1930 
“ 98184 

= -01966 

•pW 

and the quarterly premium =» -00492. 


9, An industrial assurance office grants whole-life policies by 
weekly premiums of 2d. Find what sum assured can be granted 
at age a;, if the agent introducing the business is allowed as com- 
mission the whole of the office premiums for the first 13 weeks 
and 20 per cent, on them thereafter, and the office expenses 
amount to 20 per cent, on the premiums from the commencement. 
Assume that premiums, commission, expenses, and claims are on 
the average paid in the middle of the year, and that the year 
contains 52 weeks. 
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The premium of 2d. a week for 52 weeks = 8s. 8d. = *4S of £1. 
It is assumed to be payable in the middle of the year on the 
average^ and tlierefore the value of the premiums is 

= ‘45 X -^(a^ + approximately 

N +iD / 


•43; 


D„ 


Of the premium 20 per cent, for commission and 20 per cent, 
for expenses has to be allowed for the whole period of the assur- 
ance. This being 40 per cent, of the premium^ its value is 
N +I-D 

•173--^-=- — In addition to this 20 per cent, for commission, 

a further 80 per cent, (making together the whole premium) has 
to be allowed for the first thirteen weeks, and this being payable 
on the average in the middle of the year, according to assumption, 

its value is ‘086 

Thus the value of the net premium received by the office is 
•43 — - -173 - -086 

If S be the sum assured to be allowed, its value is 

D 

X 

And, payment and benefit being equal in present value, we get 

c • 26 (N^+-P^- 0 ^ 6 D,^j 


10. Given a table of temporary life annuities, show how you 
would find approximately the value of an annuity on (x) payable 
yearly for 21.} years, the first payment of 1 being due 2}- years 
hence. 

In commutation symbols 

X 

since an immediate annuity-due for 21|- years means a payment 
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of 1 at the beginning of each year for 21 years, with a payment 
of J at the end of 20-J j^ears. 

Now 

D 


^y+2 ^a!4‘3 , ^y-f- 3 ^y+4 


+ ?l±4^ + I^ approx. 


2 


“ ^a:+3 ■ * * ‘^^'t+235 

Converting the expression into annuities, we have 

2il\:2Tn ~ ^ic '^|“" K^a-.T] + ^a5;2|) 

This shows us to be correct, for the annuity under consideration 
is one for 23 years but with no payment for a year and a half. 


11. If the force of mortality be constant from age x to age 

- 1 

(x 4- show that may be expressed in the form — where 
y ^ X and y + m ^ a? + w. 

Let ^i^ = ^j^_j_j = etc. = /i^^^=-logr. 

d log I 

Then 5^ = -logr 

dy 

= J^logr+logi 

I = 
y 

tPy - > »») 

and '^^py ^ where t?r = c. 



o’® — 1 



CHAPTER X 


Assurances Payable at any other Moment than 
the End of the Year of Death 


1. The general problem discussed is to find the present 
value of 1 payable at the end of that wzth part of a year in 
which Qv) dies. 

First, we may make the assumption of the uniform distribution 
of deaths over each year. Taking any year, say the fth, and 
dividing it into m equal parts, we say that the chance of Qs) 

dying in any one of these is equal to — of the chance of his 

m 

dying within that year. If then (a?) die within the first wth part 
of the year, 1 is payable at the end thereof, which is equivalent 

to (1 + i) payable at the end of the year. Similarly if (x) die 
in the second with part, 1 is payable at the end thereof, which is 

equivalent to (1 + z) payable at the end of the year, and so on. 
Therefore, should (x) die in the tth year, the value at the end 
thereof of 1, payable at the end of that 7wth part of the year 
in which he dies, is equal to 


m 



m-2 

+ (!+*) ™ 


+ • 



i 

T 

m{(l H-z)’”--- 1} 


Similarly for every year up to the limit of life; and we may 
say that an assurance of 1 payable at the end of that mth part 
of a year in which (a?) dies is equivalent to an assurance of 

payable at the end of the year of death, or in symbols 

1 } 
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t-i 


\% ^ 


+ 1 } 


* ^(m) 

where is the nominal rate of interest convertible m times a 
year corresponding to eiFective rate L 
If we make m infinite, we have 

A = A^x 4* 

2. Again, A^”^^ means that on the average 1 will be payable 

— of a year after death, and on our original assumption death will 
"2m 

occur on the average at the middle of the year. Therefore on 
the average 1 will be payable + 7®^^* after the 

commencement of the year of death. 

Therefore 






'»+! 


/i_JL\ vd+vH.,+ - • - 

= (l+i)''3 —2 

And when m is infinite •« 

A,= (1 + 0'^A^ 

8# Now, making no assumption as to the distribution of deaths, 
we may, on the analogy of 


say that 


A^=s v-^tva^ 


^ ^ - 1 ]a] 


, (m) 


We may reason this out as follows. If 1 were payable certainly 
at the end of the first 7 i 2 ih part of a year its value would 

D 
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i 

be But as it is not payable till the end of that wzth part in 
which (x) dies we must deduct the value of an annuity of the 
L 

interest on v'^ for every mth part which (x) completes. Now 

{(1 + 2 *)’^ - 1} is the interest on 1 for the ?«th part of & year, and 

i. 1 JL 

therefore - 1} is the interest on for that period. 

Again is the value of the annuity which pays ~ at the 

end of every wth part. Therefore the value of the annuity to 

1 1 

provide t'^^Kl 4*2)’^ - 1} at the end of every such period is 

i Jl f \ / ^ A i 1. f ^ 

- l](i^ , Hence A^^ = . 

A A 

When m is infinite = 1, and ?«{(! - 1} = 8; therefore 

A - 1 - aa . 

at X 


^ 4. Care must be taken in adapting these formulas to the case 
of endowment assurances. We have 

and on the assumption of a uniform distribution of deaths 


Also 



.(m) 


and 

aW 

m\ 

= Ag(l+i)%^^ + Aj, 


■^*51 

= Ag X J + Ag 

and 

^m\ 

= A^(l + *> + Ag 


Again, without any such assumption 






And 
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6. The proof of Text Book^ Article 16, may be shown more 
clearly. 


-xi:m 


JL 


1 /•«> dl 

Now by the method of integration by parts 

(Jp^. 


Hence 






/•“> dl, /*» di)^ 

Jo dt J 0 dt Jo 

A. . 




Z*®® 


ss — 7 


We may also proceed thus : — 

^Es±t = 

d7 e77 


-s* ?! 

dt ^ ^77 

“ -^a+jO*»+* + ®) 


Since 
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We have 

that is 1 = + S« 

X X 

and therefore = l-Ba . 

X X 


6. Formula (14) may be deduced as follows, probably 
easily than by the method of the Teai Book 

Therefore, differentiating both sides with respect to a 


But 


dtjc 


® 

dx 


dl 


dl 

I ^ 4 -^ ^ 2 

dx ~ »+* dx 


id /•» 

Therefore ^ ^ j ) A 


more 
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. Similarly = J 

Therefore ^ = j" 




== /i a — i - 

• X a7ij xn>\ 


And Ai-i = u a -, - -=3 

r7ij f^x xn\ (lx 


8. The following method of deducing formula (20) is perhaps 
preferable to that indicated in the Text Book, 


K = /„ 


Therefore, differentiating both sides, 

dtr ,.\ 


Hence 


- /:(%> 

= J^(Px-l^z+t)tPx^^ 

= PxjltPx^^-j^tPxPx+i^^ 


fxj -I 

^ X X 


And (x. 


'x i 


V + 


“ approximately. 


9. The following three annual premiums should be noted : — 
C")P^ IS the annual premium payable once a year required to 
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provide an assurance of 1 payable at the moment of death and 
A 

accordingly is equal to j 

Fjp is the annual premium payable by momently instalments 
to provide an assurance of 1 at the end of the year of death and 

is equal to — . 

is the annual premium payable by momently instalments 
to provide an assurance of 1 at the moment of death and is equal to 


EXAMPLES 

1. Find the weekly premium required to provide a double- 
endowment assurance to (w) payable at the end of n years. 
Provision is to be made for the immediate payment of claims. 

The benefit side 

D, 

As to the premiums, it is usual in the case of weekly con- 
tributions to assume that they are best represented by a contiguous 
annuity, since the interval is so short. The payment side will 
thus be 

_ 


= p 


where P is the total contribution per annum. 


Hence 


P « 


The contribution to be paid at the beginning of each week is 
P 


therefore 


52 * 
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2. Use the Text Book table at 3 per cent, to find the value 
of ^ by three methods. 


(fO '^ 30:201 




D, 


30 


(14462 - 9409)1-015+ 16605A , . ,, m 

36^9 + = 


•58821. 


W A3, 




50 


D. 


03 


(14462 -9409)-^ + 16605 


36949 


= -58819. 

(p) AgQ.^ ~ ^^ 80 : 201 * 


We may put ^ = 


Nao-Ng^ + KDgo-D^,) 


D, 


80 


(735104 - 230450) + 1(36949 - 16605) 
36949 

- 13-933. 


Therefore - 1 - -02956 x 13-933 

- -58814. 


3. Find the necessary formulas for the single premiums for 
the following benefits : — 

(a) An assurance payable 12 years after the death of (x). 

(b) An assurance payable at the end of 12 years from eniry^ 
provided (x) has died at any time withm the 12 years. 

(a) The required single premium is w^®A^. 

For A^ one or other of the following formulas may be taken^ 

\ = \Ci+0i 
\ “ T 

qr = 1-H 


1 + 
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(6) For this assurance we have 

4. Show that;, by a mortality table which follows Makeham’s 

first modification of Gompertz's law, - -log s d^ + (ji^i-logs)(7'^ 
where is calculated at a rate of interest such that 

1 _ c 

T+j "" r+T 

X J 0 

T f ®''^a,+«{-iog*-Gogir iogc)c*+*}d« 

X J 0 

= - log 5 (logg logc)c*[ (ycyl^_^^<U 

= - log i 5^+0^+ log 

since = “log^-(logg logc)c® 
and therefore - (log g log c)c® = + log s, 

d* ^ being calculated at the required rate j which is such that 
1 ^ c 

1 + J 1 + z ‘ 

5. Prove that 

W icw--'A 


w 


dsi ® 
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dt 


= -D 


and 

Therefore 


dx 


: P^g*^ 2 1 1). 


d . 

— a = 


■W + ND>^+6) 


Tliis may be simply found also from the relation 

da 

X 

”*“* ' ^ dee ' 


A = a a - - 
1 - 


(b'\ £(ld'\ = l —a +a —I 

ie) »- »rfx » 


= -^A 


6. Prove that 


(«) 


(6) 


A 

dx 




(«) = l-8“* 

Therefore = ^x~^j 

And differentiating both sides 



= -D>,+S)+SD^ 
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w T - -TT 

* dx » dx 

_ -A^W+MD>^ + S) 

7. If the force of mortality be constant ( = c), prove by direct 

t ^ 

integration that 

Let c = -log« = 

- d loff I 

Since /x, 

- d log I 

then — - = -log^, 

and integrating, log I = a? log 5 + log h 


I = it/ 


Now A 


« Z j 0 

X 

^ vt Ar5»+*( ~ log s) dt 

fCS^J 0 
roo 

= I ?)^5^(--log^)c?/ 

y 0 


~log^ 

- log 
— log 5 
-log^-log«; 



CHAPTER XI 


Complete Annuities 

1. On the assumption of a uniform distribution of deaths, the 
value, at the beginning of the year of death, of the correction 
to the yearly annuity to make it complete is as shown in l^ext 
Book, Article 5, 

1/111 il\ 

+ Su** + . • . 

From this is seen clearly the point discussed in Text Book) 
Article 3, viz., that the correction given by formula (1) is too 
large. The average capital payment is 

^(1 + 2 + 3+ . . . +r) 

_ 1 r(r4-l) 

_ r-fl 

2r 

= -^Vhen r is infinite. 

But to arrive at the value at the commencement of the year 
of death, the earlier and smaller payments are multiplied by 
ill 

values etc.) which are gi’eater than the values 

T r-1 r~2 

v «* , V , etc.) by which the later and larger payments are 
multiplied. Thus the true correction is less than 

ill 1 

Now let s =5 u’* 4* +30’’ + * • • 

1 2 A ~ 

•o^s + - • • +(r- l)u^ +ru 
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i JL 1 i- 


A 


r+l 


-ri) 


*{(i+if - 1 } = 


1 - -u 
7 

1 -t?’ 


' — ru 


r_ r+l 


__ 2 ^( 1 +i)^ ^ 

{(i+O^-i} 

A 

21^( 1 


n? 




{(i+i)Ai}2 {(1+0’ -1} 

Therefore the value of the correction at the beginning of the 
year of death is 

A 

2y(l4-2)’' _ V 

T 2 l 

+ -. 1}2 r{(l+iy--l} 

And at the end of the year of death 
A 

2(1+2)^ - ^ 


A A 

r2{(l+i)r ^lj2 ^1} 

Making r infinite we have as the correction 
i ^ 

8 ‘ 


Multiplying this by A^ and adding the result to we have 

<*31 “ 

T *-« / 

since « ■^sc^y approximately. 
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H/2. In the case of annuities payable m times a year we have only 
to alter the interval of time from a year to the ?nth part of a year, 

and the payment from 1 to — . If then we break up the mih pari 

of a year into r parts as before, we have as the correction 

1 1 / -1- _L _L JL\ 

( ymr 4 . 4 . 4 . ... 4 ) 

m r^\ ) 


which is precisely analogous to the correction in the case of the 
yearly annuity. We have merely to alter the rate of interest 
A 

from i to {(1 + 2 )’’^ - I}. Accordingly, at the end of the with part 
of the year in which death occurs, the value of the correction is 


1 r{ (i+2)^-i}(i+2>>‘ 
mV, A- 

^.2{(l42')w_lj2 


1 

A 

r{(l 


1! 


] 


1 

But when r is made infinitely great, (1 + is unity, and 
r{(l + - 1} is log (1 4- iy = And writing for { (1 + ^ 


we have as the correction 



Therefore 


a 




since A^ = 


Jm) , 

% ' §2 

\C^y v annroximatelv. 


3. Making no assumption as to distribution of deaths, and 
taking r very great and approaching infinity, we have as the 
value of the correction in respect of the {n + l)th year for a 
yearly annuity 
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®+»~ r ^as+n+l^"*" 


- 4{^ca, 


^ (^a,+tt4.!l^ *“ ^a:+TO+l)j 




^a!+7i+~ ~ ^<8+71 r 

T 


I(t->) 




r-1 /r - 1 


M r-1 =: M 4-~ — ~AM H ~ 

a;Hr»i+~^ aj+^i T a5+® 


(-^-') - 

\ ^ ' ASTVyf 




Therefore 2 = A^M^^,^ + 


where etc. 


Hence if we stop at second differences the correction is 

D^'["7(''Ma,+„ + ~2“ ^^»+» Hr” ” ^®+»+i} 

“ 12?^ ^»+B+i) 

® r 

(making r infinitely great) 

= ^ ” ^j»+7t+l "y ^ ^a;+% " 12 ^ ^£8+w) 

a ' 

Giving to n every value from 0 to (u — a: and adding the 
correction to a we have 

is 

1 M 1 AM^ 

“ «®+TD- + T2-D^ 

« » 
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4. Again, in the case of annuities payable m times a year, we 
have only to alter the interval of time from a year to the wth 

part of a year and the payment from 1 to -L. If then we break 

( it 4- 1\ 

71 wthly interval into r parts, r being very 

great and approaching infinity, the value of the correction is 


li j— (M 

{H '■ 


»+n+^ r (^j+n+-*'-+— ~ '^j!+n+ 1 +!-)+• 


— ( 


+7(M. 

r- 1 


r’*-! ~ ^ , A' 

, 3 + 714 - _ 4 .-_ »+%+- 

m mr ' 


4 




m ' m " ' " * 7ft 

by a process similar to the above, where 

etc. 


Now making r infinite we have as the value 




and giving to (n + every value from 0 upwards we have as 
the value of the total correction 

+»a,+A<a„.-nji 

But approximately; 


therefore 


M,,i -M, 

D. 


m I 


Hence of = 
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Or by a better approximation 


^ 1 dM 

M = M + — 

® m dx 

and 

(See Chapter X. of these notes, Example 6 (a).) 


Therefore 


1 - 


1£ 

m 


,(m) M, 1 T 
and +2^ ^"Tl^ 


5. We may obtain expressions for complete temporary annuities 
as follows : — 


= !«*+ K1 + J 

= ««Il + Kl + *)iAJ^, 


M ,(m) (m) 

^ p d , 

xnl X X x-j-n 




9n-l 1 _ . 

'l^ + ^C^+O-'A 


x-^n I 


These approximations are close enough for practical purposes, 
as the gi’eater accuracy of the more refined formulas is to a certain 
extent inoperative on account of the subtractive portion in the 
above formulas. 


EXAMPLES 

1. A life annuity of P, pa^^able by half-yearly instalments, was 
purchased at age x. After n years (a half-year's payment having 
just been made) it is desired to make the annuity payable by 
quarterly instalments in future and with a proportion to date of 
death. To what sum must the annuity be reduced if the altera- 
tion be given effect to ? 
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Remembering that + ^Aji + ,y_^ ^nd that 




5-1 


"a — 4- have the value of the amiuity as at present 

constituted 

= P(t+«*+J- 

If K be the annual payment in future under the conditions 
required, the value of the future payments 

= +*)»}• 

Hence, equating 

+ + = P(t + ^+0 

pa+vJ 


and 


K 


i+v«+K+«(i+o* 


2. Given that £100 will purchase an annuity of £5‘026 payable 
yearly, find the corresponding annuity also payable yearly but 
with a proportion to the date of death, using 3 per cent, interest 

100 


Here a = 

» 5-026 

- 19-897. 

And = a^ + iA^(l+i)J 

= + 4-) 

taking (1 + i)^ = 1+|- 

= 19-897^i(l- -02913 x20-897)(l 015) 
= 19-897 + -199 
= 20-096. 

Therefore £100 purchases a complete annuity of 

100 


20-096 


= 4-976. 


3. A man aged 70 has £250, which he decides to invest in 
an annuity. What annuity, payable quarterly in advance and 
with a proportion to date of death, can be allowed to him, gj^n 
dJTyo^ 7-299 and at 3 per cent. = -02913, and assuming a loading 
of 10 per cent, to be added to the pure value ? 

P 
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It is necessary to find the value of in the first place. 

Now 4”’ ” >JyforimUa(2) 


Therefore = «vo+'8'+ » + " 7 o)K^ +0^ 



= 7-299 + -625 + -125(1 - -02913 x 8-299)1-015 


((1+«)1 being taken as 1+-^ .= 1-015) 


= 7-924+ -096 


= 8-020. 

Adding the loading of 10 per cent, we get 8*822 as the price 
of an annuity of L Therefore £250 will purchase an annuity of 

28-338. 

8-822 

The annuity, payable quarterly in advance and with a propor- 
tion to date of death, which can be purchased is therefore 
£28, 6s. 9d. 

4. Show that A^= 1 - id^ approximately. 

We have 

^ - ‘r"- 

whence 

(l+i)A^ = l-*\ , 

But 

(1+i) = (i+*)Ki+*7 


= (1 + i)j^l + approximately. 

Therefore 

+ -*■ t) “ 

and 

(l + i)iA^ - l-«7^-i<l+0iA^ 


= 1-*X+K1+*)^AJ 

that is 

= 1 -■ id^ approximately. 
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5. Show that = t)®”* approximately. 


= a J_A 

* * 2m ^2m “ 




d — rr Sfl 

» %n « 


= Since B~d approximately, 

1 

s approximately^ 

1 1 
since = (1 - dy^'*^ 

« 1 - ^ approximately. 



CHAPTER XII 


Joint-Life Annuities 


1. In a table in which Gompertz*s Law holds we have funda- 
mentally 

= Be* 

and I == 


whence 


and 


aiy « " icy 


(putting d^-^cv « d^) 


= So‘ge*’«>*-W 
=’ ^tPw 


Similarly where c® + cv + c* ®= and generally 

^xyz- • (m) = % where c®-h<?2^ + c^+«'* • • to terras = 

NoWj if c* + c‘2/ + 4“ • * • to 7w terms = c% 

then Bc® + Bc2^-fBe®+ . . • to w terras = Bc^, 

that is, /^a; + + * to w terras = 

From this we see that in the case of a table following 
Gompertz’s Law we can find the values of joint-life annuities, 
provided we have a table of the force of mortality and of annuities 
for single lives. If, for example, we wish to find the value of 

“ 30 : 40 - 60 ’ ^ /*«“^‘30 + /*40 + ^‘60 

at the given rate of interest is the value required. 
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2. Again, in a table in which Makeham’s first modification of 
Gompertz’s law holds we have 

= A + Bc* 

= k^g<^ 

and 

Hence <7 = 

xy t^xy 

(putting c^ + cv = 2c^) 

= 

= a 
ww 

Similarly = %ww « 3c»'j and generally 

V- . . (m) = %ww. . . («) 0 * + c» + c-'+ . . . to « terms 

« mc'^. 

Now, if c» -j- c?/ + + . . . to m terms = wc’", 

then Bc® + Bc2^ + Bc®+ • • • to ?» terms = 7»Bc% 
and (Ah-Bc») + (A + Bc3') + (A4«Bc^)+ * to m terms 

= ?w(A + Bc^), 

that is, /A^+ /i-y+ • • • to m terms «= 

We thus see that we can find the values of joint-life annuities 
in such a table, provided we are supplied with a table of the force 
of mortality and with tables of annuities on joint lives of equal 
ages. For example, to find we first find w such that 

^vmw at the given rate of interests 

the value required. 


8. If in the relation 2d^ = we assume that so < ^ 

we have 

2cw = (^(l + cV“«>') 

. 1 4-rV-^ 


, Iog(l + cy-^)-log2 

and w-x ^ ^ - 

logc 
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from which we see that the value of w-x is the same for all 
values of x and y where the difference between x and y is constant. 
In other words, the addition to be made to the younger age to 
find the equivalent equal age is constant where {y - x) is constant. 
We might therefore form such a table as the following : — 


y-^x 

w-x 

_ lo^(l + c^‘"®)-log2 
logo 

1 


2 


3 


4 


6 i 


etc. 1 



Entering this table with the difference between the two ages, 
we find, in the second column opposite, the addition to be made 
to the younger age to obtain the equivalent equal ages. 

If there be three lives we have 
where x < y < 2 , 

From the above table find w such that = + Then 

24.c^-w 


log(2-f c-~'^^)-log 3 
log c 

We might, then form a second table of which the first column 
should be integral values of and the second should be the 
corresponding values of the above expression which is equal to 
u-’W* Then for amiuity values, etc., involving three lives we 
should find from the first table the value of w — x corresponding to 
y - a? and hence find w ; and thereafter find from the second table 
the value of u-w corresponding to 2 -to and hence find u. The 
value of the required function is then that of a similar fiinction 
on three lives all aged 


U-’-W - 
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4. Still considering a table subject to Makeham’s first modi- 
fication of Gompertz’s law we have as before 


«... = 


(putting d^ + c'J = c®) 


xy xy 


o 

= P 

= a' 


where a* is calculated at such a rate that ~ ■ = — .. 

‘ l-hj l-i-2 


Similarly (c -i) 




where = c*- + and the annuity is calculated at a rate J 


such that 


1+j 1+r 


Generally 

where = c® -h 4- • • • to tw terms, and the annuity is 

1 gTn-l 

calculated at a rate / such that - — = . 

l+j 1+2 

The problem may be stated still more generally. 

c^-f- c®4 • • to m terms)<c* - 1) 

tvys • (m) ® 

putting c® + c2/ + (^+ . . . to ?« teims = rc^ 

tr yjjjuw* • • (r) 

Cb' 

WWW • • (r) 

. 1 gin-r 

calculated at a rate oi interest ; such that -= — ; = • 

l+j 1 + 2 

In practice it would be most convenient to make r = l, as, 
under this second method, tables of annuity values have to be 
calculated at special rates depending on the number of joint lives, 
and these special tables will of course be most easily prepared for 
single-life amiuities. A table of for all values of a? must also 
be prepared, as a table of in this connection is inconvenient. 
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6, A constant increase in the force of mortality under 
Makeham’s law has the effect of an increase in the rate of 
interest. For if in the expression 

= -log« -(logg logc)c® 

we add a constant — log r, where r is a positive fraction and con- 
sequently - log r is also positive, we have 

fi.\ = - (log s + log r) - (log g log c>* 

whence simply 

= I 

X 

tP'x = 


Also the value of an annuity on (x) m the new table is 


Xil) 


= 


where is calculated at a special rate J which is such that 

1 r 11 

— . ~ - — From this we see that •= — < = — since r is a 
1+J 14-2 1+^ 1+2 

positive fraction ; and consequently j > L It may be mentioned 

that an increase of *01 in the force of mortality is very nearly 

equivalent to a rise of 1 per cent, in the rate of interest. 


Further, in any table, as indicated on page 211, 

_ _l.^ ^ 

dx dx 

Now in a table where « is increased to /x -logr 




dlogD' 

O JC 

dx 




Also in a table where 8 is increased to 8 - logr 
dlogD" 

- ^ /., + (S-logr) 


dx 

<iiogiy 

^ X 


dx 


D' 


dx 

D'' for all values of a? 

X 


and a' — d' , 


Therefore 
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Thus a constant addition to the force of mortality is equivalent 
to the same constant addition to the force of interest. From this 
fact the practical assumption is made that a constant addition^ 
say *01, to the rate of mortality is equivalent to the same constant 
addition, 1 per cent., to the rate of interest. 

Though a ! by the extra mortality table is equal to by the 
normal, it does not follow that the corresponding single and 
annual premiums are also equal. 


For 






= 


whereas 

\3) 

= 


Again 




\ -d,. 


(0 






-JL d,. 




i+% « 

But 


s=s 

^ -d, . 


0) 


l+«0) 


6. An increase in the constant B has the same effect as 
increasing the age. For if = A + Bc®, let 

jtx; = A + B'c® 

w'here B' > B. 

Find h such that B' = 

Then ul = A + Bc^c® 

* a) 

= A+Bc®+'‘' 

=* 

7. hi a table which follows Makeham’s first modification, when 

it IS required to find the value of the annuity it i^imt ^ 

^rreet to put it equal to where = + /*,-!- + ■ ■ • 

to m terms. 

We must proceed more slowly. 

. _ 

“ (i + zy 

= Z''-rZ''+i + • • - 


9 



234 


ACTUARIAL THEORY 


[chap. xn. 


Oi% lo take a particular case, 

a = (a -f-« +^5 +« +o ) 

wxyz 'C y z* ^ \m vy wz xy xz yz' 

•^(G) <7 4" 4" 77 ^ — G 

‘ ^ ‘mxy v'xz wyz xyz' wxyz 

Here we must determine separately by the above rule the 
values of all the joint-life annuities involved and hence find the 
value of the annuity in question, for it is only to joint-life annuities 
that the rule applies. 

8. As already pointed out in the notes on Chapter VL, under 
Makeham’s second modification of Gompertz's law, the expression 
for the force of mortality takes the form 



= A + Ha; + Bc» 

whence simply 


and 

fraj o 

also 

tP -f*d ~ ^^2i(®4'<2)4-J*g“C*'^^(c*^ -1) 

Therefore 

n = j2«a,2«(2»+d)+2jW+cf'+‘*)((!* - 

i-^ X ; x-^-d o 

Now putting 

<f 4- = 2c® 

we have 

CS-» _ l+<^ 

2 

and 

c_r - log(l+c«)-log2 
logo 


« d' 

where d! depends on d, the difference ^between the ages of (j?) and 

(a:4-d). 

Also X = xr - d' 

Hence == 

5- ^.2f . 2z+21-g2<r{c^ - 1) - 2c20 

^ae ; ib j-(2 "" (P x ix+d 


But 
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where is calculated at a rate J such that 

1+7 “ "T+T" 

Ao-ain n = ,v30(r3*(3i+d+fl)+3r„;c'+..'''‘''+ii''+')(c‘-i) 

^ U tR.x-\-d i+e O 


And putting 
we have 

and 


3c^ = c*4.c’3+<2-{-c»+« 

3 


log (1 -f 4- - log 3 

” log 6’ 

= d' 


where depends on d and e the differences between the ages. 
jEIence n = ^^,y^2g3£i—s<2^+d'i“®)'4*8f (® 

i^x . x-jrd , X'\-e ® 

sss ^fi2t(d+&-Sd') 

and ~ ^ ««« 

J 5 «<C*T“® 2 J"T”C 

where is calculated at rate / which is such that 

sgs ♦' 

1 yj2(d+e-Bd') 

1 4 J ~ 1 4 2 


GeneraUy . . . 


(«0 


■ (Wl) 


where is calculated at rate^ which is such that 

1 .^^2(d54e4 • • to (m - 1) terms ’-md') 

TTj 1+^ 

, logfl 4c^ 4cfi 4 • • • to terms) -log?w 

and d = 


It will be seen that, under this second modification, tables of 
joint-lile annuities would be required calculated at special rates 
of interest depending on the number of lives and on the differ- 
ences between the youngest and all other lives. A table of o* 
is also necessary. 
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EXAMPLES 


1 . Obtain an approximation to 73 by the Carlisle Table 

at 3|- per cent. 


(a) Simpson’s rule. 

^70 . 75 


^50 82 
^50 83 

^60 : 82 411 ^50 . 70 • 75 


3*731 

^82 411 

3*562 

3*369 

3*483 


(b) Price’s correction. 

^60.70:75 


3*562 ~ 05 
3*512 


(c) Milne’s correction. 

^60.70,75 


^50 • 82-6 

1(3 562 + 3*369) 
3*466 


2. Use Simpson’s rule to find by the Table at 3^ per cent, 
the value of 

^85 67 : 73 ~ ^35 %7"^ ^73 “ ®35 .67 7 ^^5 78 ” ^67 :7 S ^85 ;67 :78 

To find .3 we have 

«67 78 - ^*^20 


and a, 


'86 :78 


^85 79 


^78 578 

3*997 

3-765 


theiefore Ogs.rg-sTS = 

Hence 

( 3 —^ = 17-325 + 7-t71+ 5-512 -6-993 -5 238 -4-020 + 3 864 
= 17-921 
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3. Find from the Test Book table tlie values of a S at 

3 per cent., and of A— at 3|- per cent. 

^43'.48TB ” ^43 48“^ ^43*59“^ ^4S-59”'^^43.4S:59 

“ ^ 40*78 * 45-78 ^63 69 . 53 69 ^54 83 54 88 ~ ^^ 52-11 • 52*11 : 52-11 

« 11‘9154-9-284 + 8-901-23 910 
« 6-190 

^31 :4U 14 ~ 1 -d(l 40 : 44 ) 

^ 31.40 :44 ” ^31 ^40 ^^44 ^^31 40 “ ^ 31 : 44 ~ ^40 - 44 ^81 40 * 44 

~ Si So S4 ” Sc 40 * 36 40 “ So S3 , 30 33 ~ S2 IS 42 18 Sq 56 ; 89*56 39*50 

= 18-235 + 16-103 + 14-997 - 13 936 - 13-185 - 12 409 -h 1M96 
= 21-001 

AsTTioTii = 1- -03382x22 001 
= -25593 


4. State how you would 


value of a, 


'so 1 47; 60 : 161 * 


apply Simpson's rule to obtain the 


From a consideration of the statements in Teai Book, Article 6, 
it will appear that it would be incorrect to adopt such a method 
as the following: — Find w such that — S7*60> So*w 
the value required. 

It is necessary to split up the temporary annuity into its two 
parts, and we then have 

a - - a - a 

“80:47 : 60:151 ~ 80.47 60 T) * 45*62 75 

*^80 . 47 : 00 

Then find w such that a = and w' such that a , ^ 

W iVU to OS i 7 o 

and we shall have 

_ ^45 ^(52 ^76 

So-47*OO.iol ” So*w”T) 7 r'^45:io' 

-^30 Ut N-.0 


5. Show that doubling the force of mortality is equivalent to 
taking two lives of equal age in the expectation of life, the life 
annuity, and the assurance* 
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Let ix'^ = 2/1^ 


dlogl'^ _ Jlogl^ 
dx dx 

\ogl\ = 2 log + log A 

= Ki:f 

= v» 

V 

ic 

V v-{-t 

~ ^~T I 

X X 


Similarly a\ =■ 

Also A'^ = »(l+a'^)-a'^ 


6. Show that if then cv ^ d‘^a^ 

“■i s%- 

Pulling <^(c^ - 1) = Ui we have 

as** 

d „ 

”” £^2^^ dx 

== gC®C«^-l)log g(c^ - l)c®'log c 

Therefore cV-^a^ ^ (iogg log c)£^+vi:2)*4'2/^c(s _ l)gc%* -i)gc®(c*- 1) 
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(logg logc)cy+^'2^fs^'(c‘- l)g^V 
r(l 

c^-r- a . 

% 

7. Given in the case of a table following Makeliam*s rule that 

+ 1) log j + 0 *^+^ log g 

show what modifications must be introduced in order that the 
equation may apply to select tables without loss of the property 
of uniform seniority. 

To obtain an expression for logZ^^^^^, instead of log^ and logg 
we must write log and log since these will vary progressively 
for each year of duration. Log s and c will remain constant for 
all durations. We then have 

+ (« + 0 log « + «*+' log gf 
= logA^ + a:log^^-c»logg^ 
whence log = log - log 

= (log - log + 1 log $) + c'»(c« log g, - log g^ 
Similarly log = (log k^ - log k^ + 1 log s) + cv {(* log g^ - loggj 
Therefore 

= 2(logA^-log^^ + Zlog5) + (c»+c»)(c‘loggj-logg^ 
(putting 20^^^ = c® + cv) 

= 2 (log ~ log + i log s) + log^^ » log g) 
Therefore further 

where (^-hcv == 2c^ 

Similarly also = %iwiwh • - fm) 

where c® 4* c2/ + c® + • • • to wz terms = 

It may similarly be proved that 

^[a!]+r [2/]+r [a34*f • (m) ^[w3+if;Cw34*^*[w3+r» . (w*:) 

where the same relation holds. 


d 

Similarly = 

Hence cy ^ a = 
dx ^ 



CHAPTER XIII 


Contingent, or Survivorship, Assurances 


1. We may easily transform Text Book foimula (1) so that 
it shall be suitable for application to select tables. 


Ai 


-t( 


A 4-^^ 

xy 


•1 V 


jPa-l 




But a. 


'sc-l 


+«.:„+!) %:v-l = y-lO- +%+^.y) 


Therefore A]^ = J{A^+»p^(l +a^ y+i)-®i’*(l+ 

Hence | + »[*] . - '»P^yQ- + 

Again, since A^ =:= 1 - (1^(1 -f a^), we may put the formula in a 
form for finding the value of A^ given tables of joint- life 
annuities. 

A^ = + +«*:,+a)-»P*(l + Vl:PJ 


2. In calculating the necessary joint-life annuities or the 
suitable commutation columns as described in Text Book^ Article 
17, it is not at all essential that botfi (x) and (^) be taken from 
the same mortality experience. The two lives are of quite 
different classes, and the risk will be most accurately calculated 
by taking theii* mortality from different tables. The standard 
basis at the present time is to take the table for who 
is in the position of an annuitant or life-tenant, and the 
table for (a?) who comes into property on the death of (y), 
and desires to insure against his dying before that event.* 
Tables of AJ^, and PJf. on this basis have been calculated by 

xy xy J 

* See> however, the word of caution on pp. vi. and vii. of British 
Life Tables^ 1893; “ Select Tables, Whole-Life Assurances — Males,” 
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Messrs Baker and Raisin. Further, it is wrong to calculate the 
values from an aggregate table, for (it?) is usually the younger 
life, and in such a case his mortality would be underestimated, 
while that of the older, would be overestimated, both 
errors operating against the office. 

8. Text Book formula (7) may be shown simply thus : — 

ay n-l\^xy 

= I <7 — n ) 

\ J-a n-1 \ ^xy' 

= 1 I <7 - 2^’*' 1 I 

n-1 1 “a? n-1 j 

= A - Ai 

a ay 


Again 

= A - A +A1 

y ay ay 

All the Text Book foimulas (9) may be similarly deduced, but 
by summing from 1 to n only. 

= I A -I A1 

\n a^y \n ay 

4. An alternative formula for i A^ may be found as follows . 

\n ay 


Ai = A^ — p A-— — 
a^y ay n^ ay a+n:y-^n 

= 1^( A - 4- 

2 V * 2 / p , P J 

■f^y-l -^a-l ' 

- Jl.«« p (a 

9 n-t ay\ a-hn:y’^n « 

•* yHhW' 

- 2 ViAs „ 


hTl — l -PjC-f-Tt"*! ' 


A - I -I- I ] 

n ay p « , / 

J'y-l ^a-l 
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5. The Text Booh formulas (8) may best be obtained by 
deducting the corresponding values in (^9) from the whole benedts. 
Thus : — 

1 A2 A2 - 1 A^ 
ay xy h ocy 

= (\ " ~ 1 

jg_. I A I A 1 

n\ X wl xy 

6. The application of Davies’s and De Morgan’s types of joint- 
life commutation symbols respectively to the case of A^ may be 

shown more clearly than in Text Booh, Articles 14 and 15^ in the 
following manner : — 

We have 

X y 

Now under Davies’s form, where x > ^, we may write this 

^ _ I -- ^a?-f g) ^ 

_ ~ "" h+t 

2D 

xy 

Also where 5 > ^ we have 

Undei De Morgan’s form we shall write 

cr-^y 

^ ^ ^r+t-l ^x+t ^V+t-l ^x+i^y+^ 
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7. To find -=v. 

x,yit\) 








r+f-l 


■^^71 + 


K+i K+t K+i + Uii + 

I ^ 


= AJt 


+ ^A.^ 


x-i-t y 


x+t •y 


In practice the following approximation is sometimes used for 
finding Find 2 such that «= and then write 

8. To get the annual premium in this approximation we should 

AL 

write 


Ai ~*=r- 


xz 

To find the true value of 

either (a) l + a^.|^^or (6) 1+a, 




divisor of 
as the Text Book points 


out. 


Al.~-=r 

r — an option is given which is 


(a) If we take Pi,^ 

not allowed for in the calculation. For if (^f) die early, (a?) 
may be able to secure an equivalent benefit at his then age for 
a less premium than that payable under this contract. Thus if 
(y) die, say, at the end of the «th year where n is small, it is 
possible that P^^.q < P| A minor option may also be 
exercised in respect of the fact that the last year's premium 
covers on the average only six months* insurance. 

(b) On the other hand, if we make 

another kind is being run. For if (,y) be on his deathbed and die 
after but one payment of premium, the office is granting a f-years 
term assurance for a quite inadequate single premium. 

Tlie former method is probably the better. 


, a risk of 
1 + a ; 


9. To find the value of an assurance payable only in the event 
of (ps) dying within t years after the death of (y). 
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The value of the assurance 




+ • • • +^^x+t-l 


^^x i+l + ^"^x+1 h+n + • • • +^*^a>+8-l K+t-\ + 


. ^%+i..K+t Ui +®H+«+i {+11 + • • ■ 

T W, 

= TC^ ^x^:y 

26 

This result is obviously correct; for the desired assurance is 
equivalent to an assurance payable should (a?) die before (y) or 
within t years after the death of (y), less the assurance payable 
should (a?) die before (^). 

in A1 — ^y+n-^i 

I —J / 

X y z 

__ ^zi+n - 1 "" ^m+n - 1 ^»/+ n, h+v, 

““ r w 2r 

— ^^'+^“‘1 ^x+n^y+n^l^z-^n^i 

““ \ rn 7TT 

X y z X y z 

I I I ^ I I I 

jL y+n^l z-^n x+n y+n^-l z-^n 


I I I 

X y z 

I , J 


I I I 

X y z 

I . I , I , 


jg-fTO-l g+^-l y-^n 


^y-^ih ^'x+n ^y+n 


Py^Uz^l Px-^liy^l Py -1 Px-liz^l 

P. . . / 
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Since "y+n-l "ff+n -l >+« 


I I I 

i& y z 


I I I 

X y ~ 


)- 


Formula (21) of the Teid Book exceeds the above result by 

—(a - = ^ ^'g-y-l;g 

12V Fj,.i:*-i Px-l-.y-l Py-1 

, vs-Tl , ^x-l :y r') 

which, however, is a small quantity. 

The above expression may also be written in the form 

-®P»!,(l + Vl-»+l..')-®P«(l + Vl + +“*.»+! »+l)} 

Since = vp^ 

In this form the expression may be applied to select tables. 


11. To prove Text Book formulas (22) to (27) inclusive we have 


A2 

xvs 

1 


d I I I 
I I ~ 

X y 0 

_ ^74-^ ^a;+1^ - 1 ^ - j- 

M III 

X z X y z 

^ Ai ~A^ 

xz xyz 

A 2 _ V«,n ^V+*--i) 

~1 \ Z Z I I ) 

X y z s y 

s- ^x+n^l f h-^vh’-l _ 2 ^2/+^-l 

I \ I I 11/ 


y X 


2v^ 




/ 




I 


-- - - — ^ ^ 

X y X 


Ai +A1 -2A1 

xy^ xz xyz 
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A^ = ^y+n-ji K "" h+n~l 

ay* ^ I I I 

X y z 

sst '2v^ ^ - 1 

/ It 

X X y X z 

tit 

X y z 




A1 — Vai«. a;+?t-l / 2/+^~j- £ i 

\:Tz ^ t \ I I 

X y 

I . , I . 


^g+7i-J . ^v-hn-- 

T I l. 


L 3/+n-i 

+ _ _y 

y z 

/ \ / I I I J 

X V B V St 


= Ai +A1 -Ai 

xy xs xyz 


(It should be noted that therefore AJ - «= A^ - A® , J 

N X I yz X xyz^ 


)o^ 




^£C+%-l ^y+n-^i , ^v+n^l h 

I I I 

X y y 


1 ^X’^'Th — 

^ I ) 


A--. = 

ayif I \ 

8 z 


^ , if^ L . I — I , , d , . ^ — I . i\ 

5+n~^f 'C+w-l V 2/+w-i , v+w-l » a-fw-i] 

~l~\l I I 1 J 

z X y y X 


v*.M t 1 ^icH-Ji— 1 j/+«— J ^y+?i— 1 ^jp+w—i 

“ -j—\—j—+-^r^ j'l Yl 

z X y X y y X * 


A 1 4- A^ - A^ - A 1 

xz ^ yg “^xyz xyz 


12. To find P2 
xy 

A - Ai 
ps = » 

*» l+« 

X 

In granting such an assurance by annual premiums, (^y) must 
be medically examined as well as (a;). For were (y) in bad health 
and about to die, the office would be granting a whole-life 
assurance to (x) for which is less than P^. 
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13 To find the annual premiums corresponding to the assur- 
ances in Texl Book formulas (22) to (27) inclusive. 

In obtaining the statuses for annual premiums^ care must be 
exercised that premiums are not taken into account beyond the 
period when they certainly cease to be payable by reason either of 
the benefit being paid or of the chance of its payment having passed. 

A2 

xvz 

p2 1 

T i+« 

1 xz 

Here both (x) and (^) must be medically examined. 

A2 

p2 xys 

^XlfS ~ 14 .^ _ 

x.yz 

AS 

p3 _ 

1 + a 

X 

In these two cases ail three lives must be examined. 


pi - 

x:ys 


Ai ~ 

a?' yg 
X , yz 


The same difficulty arises as in the case of Pi . since, e.g., 
if («) die early, say during the ith year, then possibly 
pi _ < Pi,— , and an option may be exercised against the 

Ai - 

office. The alternative is to make Pi . — = with a corre- 

xyz 

spending risk of granting the benefit at an insufficient single 
premium, if (-s), say, be on deathbed (x) alone is medically 
examined. 


• A JL- 

P 1 =: 

W' ^ 1 + 

xyz 


^xy;z 

3 


A- 

xy 


1 + rtf- 
ay: 


In the last two cases {x) and { 1 /) must be examined. 


14. Another and probably better method than that suggested 
in the Text Book of applying Simpson's rule to the calculation of 
Ai.— and A— may be pointed out. 
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Then finding w such that we may write 

aj, + aL-a^ 

:* = 

S 

Find w such that and w* such that a^, = ; and we 

have A-; - AJ -A^ . 

ay I z sen yz ma yvr 

8 


16. To find the single and annual premiums for an assurance 
payable on the death of the survivor of two children, ten and 
fifteen years old respectively, provided both die before attaining 
age twenty-one during the lifetime of their mother, aged fifty. 


The single premium is 


111 -^10 60"^ I 6^16 


:50 (| 


D. 


6 -^‘loasi :50^ j) 


16 : 21 : 56 , a 1 

“ 5-^10 56 / 
10 . 15 . 50 


To obtain the annual premium divide this expression by 
|c^l 0 : 50 16 ^ 15 ; 60 "" 1 6 ^ 10 : 16 : 50 ^^ 6 -^ 10 : 5 o(^ ■“ qPk) 1 5 ^ 16 : 56 




00 .sey 

AA »_ s- A^ h A^ A— — 

ab : ay '^a : ay . ay : ay 

” ■" ^aay^ ^ly ^Ly) 

■” ^W.y '^W,ay^ 


““ (^lay + + ^Icy + ^lay + \la + 

(^Ibay \lay^ 

From observing the method of arriving at this result, any 
similar complicated benefit of the form may 

be worked out. 


17. To find A2 

wayz 

A2 = A2 +A2 

aitwtia AJirtUfti# * ^ AMI 


+ A2 

— vjayz 
111 

(A1 ~A1 ) + fAi -A’’^ ') + ('Ai -A^ T 

\ wyz viayzJ ^ wxz uayz^~^ way wattz^ 


%ayz' 


(Ai +A1 +A1 )-3Ai 

V mis waz^ wau^ wx 
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18. To find AS 

WTi}Z 


AS 

\bxyz 


A2 - 4-A2 - 4-A2- 
‘ia(xy)s ^ wx(yz) ” w(xsyy 




+ {K^-(.Kxy'^Kx=~-^wxy)^ 

+ [Ai -(Ai +A1 -Ai )} 

‘ t ■Mjy \ loyz V yw > 

(Ai +A1 4-AM~2rAi +Ai +A1 )h-3Ai_ 

ua i'i/ wz* ^ wxy 11x2 uyzy wxyz 


19. To find A 4 

v'xyz 

.4 = A -Ai -A2 -AS 

wvyz w U'xyz loeyz wryz 

= A -Ai -l(Ai 4 -Ai +A1 V3A^ } 

ao >ii lyz < v wxy U’x2 wjz^ v^rys’ 

~ K-A-i* + A,^ + Ai,) - 2 (A1 + Aip 4- SA^^^J 

= -^W “ (A-«, + ^iy + A 1 j) + (A1 ^ + A1 - A^^ 


Or A< 

waryz 


A -A1 — 

ly i/» . xyz 


= A 


■ + A^ + Ai^) + (A1 + Ai^ 


+ A1 )-Ai 

' wyz' V 


vxyz 


20. Teod Book formula (29) may be easily obtained in a manner 
similar to that already shown foi* formula (14) of Chapter X. 

a == I v^j) dt 

xy j ^ Uxy 

But as shown on page 212 
Therefore 

” P x^xy ~ 

And since A 5^^ = “ «*-i • P approximately 

AJy = + 
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In the same way, since 





^ ®^rcj/s xyz 

and since approximately 

we have + “ «*+i 

which is Text Book formula (31). 

21, We might obtain the expression for A^ in Text Book 
formula (40) as follows : — 

» 3/ 

= -7^ f _Lf ^ J-* Bc*di 

{{Jo «+‘ »+* 

X y' 

= ^l{fo 

+ ^ 

22. Following, in the case of Gdsnperiz's law, the method 
adopted by Mr Colenso with regard to Makeham’s formula in 
J. I, A,, xxxi. 342, we have this expression: — 

A1 = Jt I Bc»+‘d< 

xy I I J 0 ®+^ 3/+i 

- n '.-K* 

X y 

1 C 

= Mfja' (a' being calculated at rate j where : == ) 

*^x cey\ xy o 1+y 1+2 

;= being at the same rate and xo being such that 
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23. Undei* Makeham’s rule for Text Book formula (38) 
may also be obtained as follows : — 

- IT iT 

” + Ti 

X y’’ ^ 

- + 4 ^ rr 

X ^ 

■” + cv 7 / Jq ^ K^t ^y+Z^as+f ~ 2^)^^ 

c® 4- cv c^ -{- c2/ ~ 

« ^ A ~ - Aa 

c» + c?/ ^ cf>i-^cy *y 

c* — (f 

as A + loff s d , since A = - log s 


Also Ai , , 

xyz, , , (m) 


xyz . , , (m)*^ 

<5 r" 

. . (m) / 1 :»+«:«+« . . . (m)' 

xyz . , , (m) ^ ^ 




A 5 


c® 


_j r^i 

V ..(m) ^ c®+cv+c® + - >• to « terms I „ ,^Jo J:+‘:y+««+*-- • («») 


xys . 


Aa 


X (Bc®'t* + Bc2^+*4-Sc^+*4-‘ •• to m terms) dt 

^ - r 

, . . (m)*' ^ 


C® 


ary? ... (m) c» + 02^ + c- + • • - to ?72 terms 






^ + l^y+t + + • • • to terms - A) dt 

^%S . . . (m) c® + + c® + . . * to m terms %«...<m)) 

^ A 

c® + c2/ 4- C' + - • • to 7« terms 

mc^ + + - • •to m terms) 

~ c®4- 03^4- c® 4** •• to w terms ay^.-Cm) 
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(putting + cv + c® + . . . to terms = and ^ 


(m 


)) 



(m) 


+ 


(S-) 


log 5 d 


,(m) 


24. Mr Colenso in the paper already mentioned deduces the 
following expressions : — 



X y'' ^ 

= Ad + f v^cH l.Jt 
^ I I Jo 

X y ^ 

calculated at rate / where 

1+^ 1+z; 

« Aa -ffw, —A)d' 

mo ^ wvj 


= - log® ®»»+0“» + ^og *)“'«,» ®l“oe A= -log#. 

Similarly 

= - log ^ 4* log s)d' 

xys ® WWW X ^ o / WWW 

And generally 

^ly>...<.n) = -log®«>,™ ..(m) + 0"« + l°g®)^',m«,...(m) 


Mr Colenso gives tables of -^og^s logj^O^ + log^*), and 
^ 0 ^ 10 ® WWW which values of A'^^ may be easily calculated. 

Basis : Carlisle Table of Mortality^ rate of interest 3 per cent. 


25. Tesft Book formula (41) may be obtained thus 
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A_J__ 

‘icys’ . . (m)i qIc , (n) 


1 /'” 

i / rt ic+i * • • (w) cii+i /5i+i6 1 c4"^ • (t^) 

xyz . . (m) c&c . . (tj) ^ 


X {mA + B(c®+^ + c?/+* + C“+^ + . * . to m terms) 


^ + + - -toyy? terms 

nyz , , , (m) a6c . . . (ii) c® -}- + C"' +• • • * to wz terms H- c'“ + + • • • to ?z terms 


‘xyz . . (wi) . a^c . . (»)• 


' Q : 2/+i 54-# . (ni)^a+t &4-S‘c+t. .(w) 


X ( /^a.+e + + . . . to m terms 


+ /'a+j + l^b+t + /*,+* + • • • to « terms - (m + «) A}df 


c® + c" + c" + . . . to w terms 


4 . ^ 2 / 4- + • . . + 6 ’® + < 7 ^ + • • • to (wz -f w) terms “^ajyca&c - . 

n(c^ + + c” + • • • to wz terms) - ?w(c® + + • • to w terms) 


(ja, ^ ^2/ 4. 4. . . . + 4- +. . . to (?« 4 - w) terms 




since A == ~log^ 


26. Text Book formula (42) may be obtained directly in a 
manner which throws light on the ordinary assurance of the 
same kind proved in Text Book, Article 21. 

The benefit may be divided up as follows : — (1) An assurance 
of 1 payable at the moment of death of (^r) provided (y) be then 
alive, and (2) a temporary assurance for t years to be entered on 
by (ir) at the death of (y). Thus 

X y ^ 

“ -^xy"^ l~T fn ^y+nf^y+n(“^x+n^ ^ 

X 2/’' ^ 

"^xy ~ i f Jq ^y+n^y+n 

x+t y ^ 
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EXAMPLES 

1. Find an expression for on the assuinption that the 
chance of (os) and (^) dying in the same year may be neglected. 


For the complete value of AJ^ we have the formula 


But as the chance of both deaths occurring in the same year may 
be neglected, we omit the second term in the expression, and we 
have for the value of A^ under the conditions specified 

^"L-lP.-nPjnPy 


\ Px-l 







This benefit is of use when studying formula (11) of Text Books 
Chapter XIV., and its modification in formula (14). 


2. Given the values of single- and joint-life annuities, find the 
annual premium payable during the joint lives of (x) and (y) for 
an assurance payable on the death of the last survivor of (x) and 
(y), but half the sum assured to be payable on each death if (a*) 
dies before (y). 

Do you see any objection to making the premium payable 
during the life of the last survivor ? 

The benefit splits into two parts : where (x) is the survivor the 
assurance is payable on his death, and where (y) is the survivor 
half IS payable on each death. Therefore the whole value is 

= (A,-Ay+^A^ + KA,-A4) 

= l-d(l + - rf(l + rt ) - 1 + <f(l + a^)} 
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As the premium is to be payable throughout the joint lives the 
payment side 


and P 


p(i+%) 

1-^(1 


The objection to making the premium pa^^-able throughout the 
life of the last survivor is that, if (x) were to die in the early years 
of the contract; then (y) might be able to secure the benefit of 
payable on his own death at a smaller premium; provided he 
were in good health. 


3. Deduce a formula for the annual premium for an assurance 
payable if a life aged x dies within the next five years, or if he 
lives five years and dies after another life now aged y. 

The first part of the benefit is ^ ; for the second pari, if (y) 
also lives the five years, we have ^.nd if (y) dies 

within five years, - sP^A^^g. Therefore the whole benefit 

is 

= A^ - 'y5g'p^A^_j_g + - A^ j 


Similarly the payment side is 

” 0P.>.+5} 

« P(a^ - «\PA+5 + "" ^®5/Va.+5) 

Hence P = ' 

a* 


4. Express the value of an annuity-certain for n years, payable 
quarterly, to begin to run at the death of (a?) if he die after (y). 
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On the required contingency happening the value of the 
annuity is calculated at rate of interest Therefore the 
value of the annuity at the present time is 

5. Deduce a formula for the annual premium for an assurance 
payable on the death of (x) if has died five years or more 
before him, the premium to be payable during the currency of 
the assurance. 

The benefit here is equivalent to an assurance on (x)) less an 
assurance payable if he dies before (y) or within five years after 
(y), that is 

The premium will be paid throughout the whole of (.r)'s life, 
and the payment side is equal to 

whence P = 


6, State a formula for the annual premium for an insurance 
payable t years after the death of (a?), if (y) has survived him and 
died before the end of the t years. 


Benefit side 

X y ^ 

\ I I I I J 

' flj M aa V ^ 


- «‘(Al 


msy 




The premium will be payable so long as (y) survives jointly 
with (a?) and for t years after (a;)'s death, if (y) lives so long. 
Therefore payment side « 1^(1 + ^ 2 ,.^) 

Equating the two sides we have 


P 
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7. Give the formula for the single premium for an assurance 
payable at the death of the last survivor of Qc) and {ij), if that 
occur in the lifetime of or within t years after the death 
of (4 


Al ~ 


_ Al I. Al A-L. ~r^ 

“ W c(‘D 

= .)} 

I ~ “ ^V+i -•)} 

y J 

[a _ V+t / A ^ A __ A 

1 vty D ^ y+f x-i-t:yi-t.3 ju+t 

'■ vj 


:j/+« 


8. Find the annual premium for an assurance payable at the 
death of (jc)^ unless (?/) die within the first ?z years and in the 
lifetime of (x). 

To get the benefit we must deduct from the ordinary assurance 
on (a?) the value (1) of an assurance payable should (4 die after (^) 
within 71 years, and (2) of an assurance payable should (a?) die aftei 
7t years, (y) having died within fi years. 

The benefit side is 

~ ! I n'^xy + ~ nPy^ n 1 J 


= A 




j A^ 

1 n xy 


V A . 

xy aj+TZf 


which is correct, being the assurance payable should (a?) die before 
(y) within 7i years, or should (os) die after n years, (y) having 
survived that period. 

The payment side is 


And P * 




9. Find the annual premium for an assurance on the life of 
(4 the policy money to be payable at death or on the expiry of 
71 years, provided that m either case two other lives (*/) and (d) 
are then in existence. 
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The benefit side is 






And the payment side is 
Hence P = ^ 

1 + V:^ 


10. Give the formula for the annual premium for a temporary 
assurance of 1 payable in the event of (a?) dying before ( 3 /) within 
n years, (n) having died previously. 


The benefit side is 


I A2 

\% xya 


tisy *“ I 


Ai 

i xyz 


The assurance will not cease on the death of (z), and therefore 
that life does not come into account in settling the currency of 
the payment side, which accordingly is 




And P = 


( A^ 

\n xy 


^1 Ai 

I n xys 


1 




11. Deduce the annual premium for an assurance payable on 
the death of {x) if he attains age x-^n and dies before (j/) and 
after (^r), the premium to be payable throughout the whole period 
of the status. 


The benefit side 


n\^ xyz 


As in the previous question the death of (£) will not disturb 
the continuance of the assurance, and therefore the premium will 
be payable so long as (x) and (y) jointly survive. The payment 
side is accordingly 

p(i+«J 


and P = 




w 

1 A 1 

1 tC?/3 


1 + a 


xy 


12. How would you arrive at the annual premium for an 
assurance payable at the death of the last survivor of three 
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lives aged 40, 50, and 60 respectively, piovided a life aged 20 
is dead before the happening of the death of the survivor ? 


The benefit side = A,, = 

The payment side = P(l + fl_^) 


A ^ 

40 : 50 : 00 40 ; dOTob 20 


Hence P = 


and A 


40 : 50 : 00 


-A- 


40 50 60 20 


1 -ha- 


40 : 60 . 60 


40 60 . 


== A^ 4-AI +A^ -A^ 

• 20 40 .20 ^ *^60 : 20 ^ ^bO :20 ^40 : 50 . 20 


.A 1 -Ai -A 1 -A^ 

Kn • on an ? an on 40 : 00 20 50 : 60 : 20 


*■40 . 60 • 20 
50*00 20 


40:60.20 

V 

40 . 50 . 00 : 20 


*40 50*00.20 


40 : 50 :00 20 


13. A sum of 1 is to be divided among such of the existing 
children of a widow aged w as may be alive at her death. WhaL 
is the share of (.r), (/i) assuming that there are two children aged 
X and ^ respectively now alive, (6) assuming that there are three 
now alive aged x, y, and z respectively ? 


(a) If both (x) and (y) are alive at death then (x) receives 
but if (y) has died previously (x) receives 1. Therefore the 
value of (xys share is 


+A2 

5* wxy wxy 
1 


^^wsni 


A^ -^A^ 


(b) If all three are alive at death of (tv), (x) receives ^ ; if (a?) 
and one other only are then alive, he receives I ; and if he alone 
is alive at death of (tt?), he receives 1. Therefore his share is 

21 


wxys' 
12 


J1,A1 -hh(A'^ -A^ +A1 -A1 ) 

«> wscyz ^ J V wxz 'wxyz ‘ wxy wxyz' 


wxyz 


4-^1 -Ai -A^ +A1 ') 

' V vsx wxy wxz wxyz' 

A1 


■ 'a + -^Li) + 




14 Given four lives (.r), (a), (6), and (c), find the value of an 
assurance to yield at (aj)'s death ilOOO if one and only one of the 
lives (fit), (6), and (c) shall have predeceased him, and ^£3000 if 
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two and only two shall have predeceased him. The expression is 
to be reduced to assurances which determine on the first death. 

The value of the assurance is 

+ 3000(A^„ + Ai, + Ai^ - 2Ai^, - 2Ai^ - 2A],^+ SA^^^ 

= 3000(Ai^ + Ai, + AiJ - 5000(Ai^„ + Ai„„ + AJ J + 6000Ai„,„ 

15. Three partners. A, B, and C, aged respectively 30, 35, 
and 40, possess a capital of <£10,000, and their proportionate 
interests in the business are 2, 3, and 5 tenths. How would you 
calculate the premium for an assurance to cover the risk of 
having to pay out the representatives of the partners who may 
happen to die first and second } 

The value of the assurance required is 

2000A1 _ + 3000Ax ^ + 5000A1„^3^ 

It would be advisable that three separate policies should be 
effected, either by single or annual premiums, one for each part 
of the above benefit. If^ however, one annual-premium policy is 
essential, the payment side will be 

+ ^80 : 86 . 4o) “ P (A + ^80 : 35 + : 40 ^85 . 40 ■" ^^30 , 35 ; 4o) 

2A1 + 3A1 4-5A^ 

Hence P = 1000 f 

^ ^80 . 85 ^ao : 40 ^85 : 40 *"^0 : 35 . 40 

It IS possible that under such a policy an option may be 
exercised against the office in the event of one of the lives dying 
early, say C in the first year. The premium for the remainder of 

the benefit, viz. will probably work out 

^ "^^81*80 

at less than P as found above. 

16. Give a formula for P^i gfTo? annual premium for an 
assurance on (30) payable in the event of his dying within 10 
years or before (60). 
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The benefit side is 

A1 _ A1 __4.AT- — ~ 

"^30 : a0| . 60 so : 101 ^ 30 : 60 30 ‘ GO . 10] 

The premium will be payable so long as (30) survives jointly 
with the survivor of 10 years certain and of (60), and for the 
payment side we have 

^sVioi .00 ^ ^30 rSpio 

~ ^30 : ioj :60 (^30 ioj 60 ^30 * 00 * io}) 

Tlierefore Pi 

80 10 1 60 Q J- . fj 

‘*'80 101^^*30 : 60 “'30 00 :101 

With the premium payable during a status such as this, it is 
possible for an option to be exercised against the insuring office 
in the event of (60) dying within 10 years, say at the end of the 
<th year. For at that date, provided (30) is m good health, he 
may obtain an equivalent benefit for Pg^ lo^\ might be 
less than the premium found as above. On the other hand, it 
would not do to make the premium payable so long as (30), (60), 
and 10 years certain survive jointly, unless evidence as to the 
health of (60) weie produced. For if (60) were dying, then (30) 
would secure a short-term assurance for 10 years for a very 
inadequate single premium. 


17. Use Mr Colenso’s tables (/. /. A,, xxxi. 354-G) to find the 


value of and 


*^30:72 : 70 “ “ : 7^: 79 (^05 85 : 72 : 79 

= - log ,9 : 71 73 . 71 73 (/^35 ^*) " 71 * 73 . 71*73 i ri'78 

since /‘so ■*" P 72 '“ts ~ •01020+ •06558 + *11692 

= -19270 

= ^/Vl73 

Now = -02930 

and ~ ^*29072 

71 73 : 71 73 : 71*78 ~ 

3 97277 = log3Q*00939 
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Therefore = -02930 + -00939 

= -03869, or £3, 17s. 5d. % very nearly. 

^"^^ 86 : 72:79 = 1 +g approximately. 

:72:79 

•03869 

4*053 

*= *00955^ or 19s. Id. % very nearly. 

18. Investigate an expression for show what approxi- 

mate conclusion this leads to on the assumption that Makeham's 
law holds. 



On Makeham’s hypothesis “■ - 1), and therefore 

Considering the definite integi-al, we see that it represents 
either 

(а) The value of a temporary annuity with increasing pay- 
ments ; or 

(б) The difference between the values of two uniform annuities, 
one calculated at the ordinary late of interest, say e, the other 

calculated at rate j such that -1- = 

1+i 1 + 2 
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19. Show that on Makeham's hypothesis == 
for all values of a*, and which satisfy the 


Since 


8 

logs 


Therefore 8c^ 


C® + C2/ + C?« 


H^ + logs 

B(2c»-c’'-c') 

Bc^ 

c® 

log $(2(f - ~ 

log 3c® — (c® + cv + c*) } 

c^(31og s- 8) 
logs 


But by Te.rt Book formula (41) 

T. + 

Ai SK A — loff^ a 

csys C® + C2^ + C* C^ + C2^-{“C® ^ 

substituting 1 -U^. for 

c® * c® * c^ + c*“-2c® 

__ _ 

c® + 4* c® c® 4* c?/ 4- c® 


substituting for 8c^ its value as found above 
c® 

"" c» 4- c2/ 4“ c® 
log 5 

“ ‘^c^(31ogs-S) 


263 

logg 

31og — 3 
equation 
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20. Find an expression for -- 


(1 - 


A ^ a 

di di dv 





21. Give a formula for the fine, to be paid as a single premium 
at the outset, for the option to mcrease at the end of n years, 
without further inquiry as to health, the pm assured by a survivor- 
ship policy payable only in the event of *(^) dying before (y). 

If, on the option being exercised at the end of n years, the 
premium to be paid is to remain at the rate of per unit for 
the future, the difference between that premium and the premium, 
which, looking to the effect of selection, should be charged, 
r-:— ), is CPr-~ r-rr- - whole value of this 

V [x]+n :[y]+nJ^ ^ [a;]+92- [»3Cyr 

difference for the period after n years is then 


D. 


[g34-?t:[y3+?t (P i 

D [a?j+w .Cy]+?i 




> 


If, however, when the option is to be exercised, the premium 
to be paid is that for a similar benefit at the then ages, we must 
substitute for tFe above formula the premium P ^ 




[x+n] 


22. A select life, (a?), desires a contingent insurance against 
with the proviso that, if he be alive at the death of (y), he shall 
have the option of converting his policy, as at the next renewal 
date, into a whole-life assurance at the ordinary annual premium 
applicable to his then age without medical examination. Obtain 
an expression for the net annual charge required foi this optioii. 

If the option is assumed to be exercised at the end of the t th 
year its value is 
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and the probability of its having to be exercised then is 

Therefore the value at present of the option in respect of the 
<th year is 

Summing this for every value of t and dividing by ^ve 

obtain the addition to the ordinary premium to cover the option 

%Jy} 

_ ~ ^U3T[) 

^C«][2/3 


23 Show how to find approximately the net annual premium, 
on the basis of the Makeham graduation of the Carlisle Table, 
at 3 per cent, interest, for an assurance payable in the event 
of (a;) predeceasing (jf), (1) (x) only, an3r^(2) both (x) and (^^), 
being resident in a foreign country. It may be assumed that the 
extra risk is represented in the case of a single life by a constant 
addition of *01 to the force of mortality at all ages. 


(o^)p'l 

ffy 


A'l 

csy 

i + 5 ' 


where 




= A'l +-01a' 

xy xy 

both and a ' being calculated at a special rate of interest j 

such that -i-. = where -log?' =:'01, 

X I’Uo 






found as above. 
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( 2 ) 

where 


both A"i 

xy 

1 _ 

Also 


(oo)p'a _ 


xy 


1 JL Zl'* 

CL , 


xy 




A"1 +-01«" 

xy xy 


and being calculated at rate j which is such that 
where -logr=’0L 


= fyy.tPY‘ 

«= as above. 

xy 




CHAPTER XIV 


Reversionary Annuities 
1 . The temporary reversionary annuity 


where (.r)’s chance of receiving payments is confined to the first 
n years^ must not be confused with the annuity to (x) after (^) for 
life which is to be entered upon only in the event of ( 3 ^) dying 
within the first n years. To obtain the latter we must deduct 
from the reversionary annuity, the reversionary annuity after 
n years should both lives survive that period, 
value will therefore be 

- \,) - - «.+» :2/+ J 

This again is different from the deferred reversionary annuity 

Id \ = \d \d 

n\ y\« n\ sa n\ unj 

= + « W3,+»U+» 

under which, as pointeS out m Text Book, Article 5, it iss not 
necessary that both lives should survive the period of deferment. 

Another benefit to be distinguished from the foi*egoing is the 
annuity to commence on the death of (y) and continue during the 
subsequent lifetime of (ar), but in any event to the end of n years 
certain from the present time. This is a reversionary annuity 
on n\ after (y), together with a deferred reversionary annuity 
on (jp) after (jy), ^ ; then 

Finally, this is different from the annuity-due to run for n years 
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certain after the death of {y), and for so much longer as (a-) may 
live, the value of which is 




"h “jD ('*T+m “ ®c+n !/) 

'US 


2. To find the annual premium for an endowment assurance to 
(a?) payable at age(x + 7 i) or previous death, the premium to be 
doubled in the event of the death of (^) before (d’) during the 


n years. 

We have benefit side « I 
Payment side = P(1 +«».sni) + P x 
= P(1 


Whence 


P =: 


*g!2t| 




The difficulty arises, however, that if die early, say in the 
ith year, (d?) may then obtain his benefit at a premium of 
p — - which might be less than 2 P as found above, and the 
office would not in this case obtain the premium on which it 
reckoned in making the contract. 


8 . To find the proportions in whiqh the purchase price of a 
last-survivor annuity on (d?) and (^) should be paid by them. 

Each is entitled to half the annuity during the whole of his 
life, and to the remaining half for the period succeeding the death 
of the other life. That is, (d?) is entitled to 

ia 4-i^ I = « --Ja 
^ X ^ 2/ja! X ^ xy 

and is entitled to 

id I = d -id 

^ y x\y y ^ xy 

Now d - id + d - id ^ a +a ^ a 
X ^ xy y ^ ry y xy 

=; d— 
xy 

which IS the whole purchase price. Therefore (.r) and (^ij) must 
pay aiid respectively. 


4. To find the value of a last-survivor annuity on (d?) and ( 3 ^) 
which is to he reduced by half at the first death. 
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The whole annuity is payable during the jomt lives, but half 
only during- (.i;)’s life after (y), or (//)’s life after x. Therefore 
the value is 

which is obviously correct. 

5. The identity proved in Text Book, Article 18^ maybe very 
easily demonstrated by working from expression (1) to expres- 
sion (10). 

= -«*AC9i, + il<7,; + 2l9,+ • • • +*-i|‘7P 

“ '^]~(-'^+^Px+i + ^\Px+i+ ‘=^‘=0 
X y 

X y 

+ (1 + ty + v\p^ ^3 -H etc.) 

X y 

+ etc. 

- S' (!+<., J 

X y 

6. In Text Book, Article 19, the effect of a change in the 
mortality to which (x) is subject is pointed out. But similarly 
the mortality experience of the two lives may be assumed 
throughout to be that iSiown by two separate tables. Thus in 
the annuity the assumption may be made that the 
Table shows the mortality of the class to which (x) belongs 
and that of (y). Then 

^Caj]icy] 

where is taken from the Table, and is calculated 

with mortality for (x) and mortality for (?/). To get 

the annual premium we shall divide by found as above. 

It is to be noted that (a?) must be medically examined, but (/y) 
need not, as the latter’s early death is to the advantage of the office. 
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7. Commutation columns for the calculation of reversionary 
annuities could be formed if necessary. 

+‘‘x+0 + '^%+/y+l(^ +^>+ 2 )+ • • • 


For a 


y\x 




Following Davies’s principle. 


or 


(ra)Cl+(ro)C— • • • 

at if j; > a 

D ^ 

»» 

(ro)M 1 

^ 

D 

m 

(ra)Cl+(rft)C J- 4. . . . 

x.y aj+l:2/+l ^ ^ -i 

(TTif-^D It * < 


(ra)M 1 

gy 

(l+e)V-«D^ 


xy 


mt 

is the ordinary joint-life commutation value, and the forms of 

(?a)C 1 and \ are clear from the above. 

xy xy 

If the annuity is to be entered upon at the death of (^) it 
takes the form, 

vU ,-,d a , , '{■dH , 
a I — g+^ y g+jr g-f§ y+l gH-§ 

yU n 

» 2/ 

«®+iZ .,d a ,, +u»+S^ ,,rf « 4. , . . 

^ ie+i y ic+i x+j y+1 x+j^ 

V^IJ . 


(TO)C 1 +(>-«)C — 


xy 


1 2/4-1 


D. 


2iy 




if a; > 


or 




(ra)Cl4.(ra)C X 4 
gy ^ a;41 1 y41 


(1 


xy 


(ra)M 1 

xy 

(i+zy~^D 


xy 


if it? < y 



TEXT BOOK— PART II. 


271 


CHAP. XIV.] 

Here, again, the method of forming and is suffi- 

ciently clear. 

If the annuity is to be entered on at the death of {if) with a 
proportionate payment to the date of death of (a:), we have 


The denominator will take the form D or 
according as x > or < and the numerator in either case will 
take the form 

Oa)C 1 + (ra)C L 4. . . . == Cm)]& 1 

where C’'“)C ^ .,d ( a +-La , A 

xy A+i y\^ a+] 2 ^+V 

Tables must therefore be formed of this function for every value 
of X with every value of y, and the summation of these values 

from X upwards where x -y remains constant will give ^ 

xy 

as above. 


8. On consideration of the argument in Text Book^ Articles 
21, 23, and 26, we have clearly on the analogy of formula (10) 

= ^tPL-lPy-tPy>^:tt 

" ^Py-l 


— _ , 
” 2m 


which is Text Book formula (14). 


9. The method of finding the value of given in Text Book, 
Article 30, may be made more clear by a simple graphic 
illustration. 


p 




R 

I 


etc. 


A 


i 


1) 
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Let Aj B, C, etc., represent the ends of withly intervals as 
from the date of effecting the contract ; and let P, Q, R, etc., be 
at the middle of these intervals 

Now on the assumption of the deaths being equally distributed 
throughout each interval, if (^) die, say, in the interval AB, his 
death will on the average occur at P. ' Therefore in the case of 
the formula, 

y\x X jy 

the first payment of -L will be made at B, and the succeediiiir 
payments at C, D, etc. 


But in the case of the benefit represented by aOjO it is desired 
that the first payment of ~ should be made at Q, and the 
succeeding payments at R, S, etc. If therefore the formula is 

y\x 

1 — 1 

to be employed, it is clear that not — but — should be paid 


at B, C, D, etc., for this will amount with interest to ~ at the 

m 

correct dates of payment Q, R, S, etc. 

If the transaction be effected thus, (o') will receive a payment 

of to which, on the conditions of the benefit he is 

nob entitled, in the event of his dying between B and Q or 
between C and R, etc. Making a deduction for this ovei*- 
payment and keeping to our previous assumption as to equal 
distribution of deaths, we have the value of the correction as 
shoTO in Text Book, Article 30, = i approximately. 

A further correction is necessary to make the amiuiLy complete, 

and the value of this is also approximately ^ A? as shovm. 

2m 


These two corrections are equal in value but opposite in sign, 
and we therefore have finally, 

10. To find I 

pi y\x 

1 1 

As before, let payments of o — be made under the annuity 
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I a(m) _ I at B. C, D, etc., which will accumulate to — at 
Q, R, S, etc. : the value of this annuity being, 

1 

'• I a; \n sy ' 

Now let E be the end of the n years. At E a payrnent 

JLi 

of — is due, but is not to be made, because the annuity is to 
m 

cease at the end of n years and the payment of i to which this 

would accumulate by, say, T falls outside that period, and 
accordingly is not payable, A deduction similar to that for 
the whole-of-life reversionary annuity must also be made. We 
then have. 


Besides an addition to make the annuity complete in the same 
manner as for the whole reversionary annuity we must add a 
proportion for the period between S and E. Therefore 



11. Tofind„|J(]0. 

Wehave„|«(™) = 

=s n -D aCw-) 

n-^x x+n xy x-f-Ti : 

= p p )aCw) p ^(w) 

n*x^ as-i-n n^xy y-\-n\x-^n 

With regard to the first portion of this formula, if (a*) survive and 
(y) die within the n years, the first payment of the annuity will 

be made at the end of — of a year after n years, and therefore 
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^2+^ — Also in regard to the second part, is of 

the same nature as which has been already discussed. 
Therefore, 

«i4t* = 

1 

jL^n 10 ^27nfo(m) _ ^(m) ) 

~ n-^xy ^ x+n x+7i:y+n' 

In the above formula J^A would be more exact than 
2m 

—A , but all through this chapter correction for payment of 
2m 

claims at moment of death is ignored. 


12. By Text Book formula (22) the annual premium for a 
reversionary annuity is found to be 


Pa 


a ~ a 

X xy 


y\x 


1 +a 


xy 


Now the value of a reversionaiy annuity occasionally decreases 
as the lives grow older, and therefore the annual premium for an 
aimuity to (x) after (^) may be greater than that for a similar 
axmuity to (a;+l) after (y4*l). This is a state of matters the 
reverse of what is usually found in assurance contracts, vrith the 
consequence that a level premium to be charged throughout may 
be too small at first and afterwards r too great; and were the 
assured to realise this they might drop the policy and get the 
same benefit for a lighter premium after a few years. The first 
yearns risk is '^Pg.QyO- — ^%\x ^^^st never be less 

than this. 


13. To find the reversionary annuity to two children aged 10 
and 15 respectively, which is to commence on the death of their 
mother aged 50 and to continue till both children have attained 
majority. 

This is a temporary annuity to (10) after (50) for 11 years, 
together with a temporary annuity to (15) after (50) for 6 years. 
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le< 3 s a temporary annuity during the joint lives (10) and (15) after 
the death of (50) for 6 years. That is, 

[n'^'soiio'^ lc^5o|i5 ” le^soiio i5 

~ |ll^l0'~|n^50 10 ‘^|6^15”lc^60‘15”lo^l0.15"*“lo^^60. 10:15 

~ ^(10 : 111X15 ,t\) “ ^60 . (io.iT|Xi:>:o]j 


14. To find I-? 

xy\ ao 

(a) fl— 1-7 = «- 7 ~a-r — 

/ xy\ah ah ah , xy 

= a-^ a— 

dbxy xy 

= (.% + "6 + «* + %) - (.%i + «a^ + % + 
^obx ^ahy ^axy ^ahxy 

-K+V+% 

= («a + «6)-C«a6 + ««. + % + «6* + %) 

C^ola ^asey ^aity 

= ("»[« + «'*,!»- %la) + K|i, + Mi, - Vis) 

ss (a -a —a-}-a ) 

'-a ax a ay a axy' 

%ibx ^nb ^aby ^ab ^abxy^ 

= K + « 6 )-K. + % + « 6 * + % + «J 

avy ^bxy ^aix ^dby^ ®a6sty 


15. The problem of Endowment Assurance Instalment Policies 
discussed at page 148 is sometimes further complicated by the 
introduction of a beneficiary. If the life assured die before the 
date of maturity, the beneficiary is to receive an annuity for life 
with the guarantee of n payments certain; but if, on the other 
hand, the life assured survive the endowment period, then tlie 
annuity guaranteed at that date is for n years certain, and con- 
tinued beyond the n years to the last survivor of the life assured 
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and the l)eneficiai 7 . This extra benefit for the first + ^ - 1 ) years 
is the value of an aimuily of — to (jj), which however is not 

91 

payable so long as (as) is alive, nor for n years after, or, in symbols. 







®v 


And for the period after (ot + «-1) years, the benefit is a 
reversionary annuity to (y) after (a-) deferred (»i + »-l) years; in 
symbols, 

X \ci \ 

^ Ay 


The whole extra benefit is therefore 

n ^^2/ J D :sc ‘m-lj 

(See value of deduced-on page 131.) 

To get the extra annual premium, we must divide this function 
by a^^ in order to guard against an option as already discussed. 
This portion of the premium will cease to be payable on the death 
of (y) before (.r). 


EXAMPLES 

1. An annuity of £100 per annum, ^payable until the death of 
the last survivor of three lives. A, B, and C, aged respectively 
20, 30, and 40, is to be divided equally between A and B during 
their joint lives, afterwards between the survivor and C, if living, 
and ultimately is payable to the last survivor. Find the value of 
A's interest. 



- 

20-2246 

^ 20 ; 80 ■" 

16-1739 

“a. 

sa 

18-4156 

li 

o 

13-9872 


= 

16-1026 

^20 :m 

14-6274 


= 

14-1097 

II 

12-9502 

«48 


13-8064 

^ 20.48 “ 

12-7015 


Given 
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A's interest = Ko.so’^Hoho 4o + '^3r4o|20 

- 1^20 S0"^(^^20.40" aSo.S0.4o)“*‘(^20~^20:30 ”So 40 ^20 : SO : 40^ 

” ^20 “ : 30 ” ^^20 : 40 ^‘^20 . 30 : 40 


To find the value of we have 


^30:40 "" 


whence by Milne’s modification of Simpson’s rule, the age of the 
oldest life being less than 45, we assume to = 48, and 




'20.30:40 


“20:48 


12-7015 


Therefore i^ 20‘30 ■i'^ 20 * 40”^^'^20 80 :40 

= 20-2246 -1(16-1739 + 14-5274 -12-7015) 

:= 20-2246-8-9999 
= 11-2247 

Multiplying by 100 we have A’s interest — £1122, 9s. 5d. 
nearly. 


2, Find the value of a reversionary annuity payable so long as 
three at least of the four lives (w), (a;), (y), and (s) live after the 
death of (jT), 

°° ^‘0 - 

“ Ml A«+(7V+i7V" 

which may be reduced to terms of joint-life annuities on three, 
four, and five lives. 

The general formula is 

fl* //"I \ T 

^Avjxys ..(?») t^^fh^^wxys , , , (m) 

3. What is the value of an annuity during the lives of (oi), (y), 
and (p), £100 a year to be paid so long as they are all alivcj, £80 
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a year after the firsl death, and .£60 a year after the second 
death ? 

The value of the annuity is 

100 «.|.,) + 00(«-|^+ a-|^+ a-Q 

4. An annuity-certain of £a for the term of n years is to be 
enjoyed by P and his heirs during the joint existence of two 
lives aged a: and y ; and if that joint existence fail before the 
expiration of m years^ the annuity is to go to Q and his heirs for 
the remainder of the term of n years. Determine the value of Q's 
interest. 

Q gets a reversionary annuity for the remainder of the term of 
71 years after the failure of the joint lives x and but only in the 
event of that failure taking place within m years. 

Therefore from the reversionary annuity 

n\ viyi%\ 

we must deduct the portion thereof after years should both 
lives survive, or 

n (d a, 

m* %~mj a;+m:2/+m. w-mj-' 

Q's interest is therefore 


5. Determine the respective interests of (.r), (y), and (p) in an 
annuity payable so long as at least two of them are alive ; and to 
be divided between Qc) and (y) equally during their joint lives, 
and after the death of either in like proportions between (z) and 
the survivor during what may remain of their joint lives. 


The whole annuity is 
a— = 


a 4 - <7 + a 

st.y xz yz 




xyff 


The share falling to (x) is half of the joint-life annuity 
together with half of the annuity to the joint lives (a?) and (p) 
after the death of (y), or 

ice la I =: "f" \c( — * \ci 

xy ^ y\xz ^ xy ^ xz ^ xyz 
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The share falling to (^) is similar to The relative 

positions of the two have meiely to be changed. Therefore (y)’s 
share is 




xy \yg 




(^) gets half of the annuity so long as he survives jointly with (jr) 
after (y)’s death, or with (y) after (.r)'s death, or 




y\xz 


x\yz 


Xa 4- J-a — a 
2 xz~ ^ yz xyz 


The three shares together make up the whole annuity 

+ iV “ ~ %*> 

= -2%. as above. 


6. An annuity of 1 is granted for 15 years to the last survivor 
of (or), (y), and (a). So long as they are all alive during the first 
5 years, the annuity is to be paid to Qc) alone ; and, so long as 
they are all alive during the second 5 years, to (y) alone. At 
the expiry of 10 years, or at the first death, the annuity is 
to be divided equally between the survivors, and is to go wholly 
to the last survivor. Express the value of (y)^s interest in the 
annuity. 

The value of (y)*s interest is 


7. An annuity of 1 to the last survivor of three lives (a?), (yj), 
and (s) is to be divided equally between (a?) and (y) during their 
joint lives; if (or) dies first, (y) and (p) are to enjoy it equally 
during their joint lives and the survivor of them is to have the 
whole ; but if (y) dies first, (a?) is to enjoy the whole during his 
life, and after his decease the whole annuity goes to (jsr). Find 
the value of their respective shares. 
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The value of 0/)’s share 


a -fSry - 
xys V 


2a 


xy 


■ 2a ^2a 
yz %ys 




xy 


And the value of (^)’s share 

The sum of the three shares makes up , the whole annuity. 

8. Find a formula for the value of a reversionary annuity 
payable for the remainder of the life of B, after the death of A, 
the annuity being reducible by one-half should such death not 
occur for 7 years, and by two-thirds should it not occur for 10 
years from the present time. 

If A be aged x, and B be aged y, we have the value of the 
annuity 

7P lOPaiy^aj-i-loly-hlO 

9. An aimuity of £k is to be paid to (p) so long as he and 
(a?) and (y) are all alive. At the first death of the three lives the 
annuity is to be shared equally by the survivors ; and, at the 
second death, it is to be continued for n years certain to the last 
survivor of the lives or to his heirs. Express the share of (p) in 
the annuity. 

^H%y, + K%U,+ %\y) + +«— J|)} 

8 

£k{Ua +« )-ffAi -Ai +A1 - A Mfl 

^ xz yzJ \ xz xiiz ys ™ 91 - 


xyz'f 


10. There are two formulas for viz. {a) and 

(b) Give the corresponding formulas for 

and prove their identity 

(^) +"»+<) 
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= ^‘A(9,l + i|9p+ • • • 

= ®P*95i+«Vx(9j;+i(?p)+''®8Px(9i+i|9i;+2i9j;)+ • 

= +«P..+i +«V»+i +• • • ) 

+«V*><il?5i(l+*’-P»+2+"-) 

4 -* • • 

11. A father aged 50 wishes to secure to his two children 
aged 8 and 10 respectively, an annuity of £n, to commence at his 
death and to continue until the younger child, or the elder if he 
be the survivor, attains the age of 21. Find a formula for the 
value of the annuity. Would it be safe to grant such an annuity 
to be secured by annual premiums } 

The value of the annuity is 

( 1 13^50 1 8 I ll^Sol 10 *“ |ll^60 1 8 . lo) 

One difficulty in connection with accepting payment by annual 
premiums is in determining the period during which the premiums 
should be made payable. 

If they are made payable throughout the whole status, the 
risk is run of the contract being dropped, and of a new one being 
effected at a cheaper premium in the event of the early failure 
of one of the children's lives. In this case to obtain the annual 
premium we should divide the single premium by 

( 1 4- . g . j-g] + : 1 0 . i0[ " ^60 ; 8 ; 1 0 ; lOj ) 

If, on the other hand, the premium is accepted only dining 
the joint status, there is a risk of either (8) or (10) being a bad 
life, the premium payable being considerably underestimated as a 
consequence. In this case we should divide by (1 + . § .lo-fo])* 

It is possible, too, that even if all survive, the annual premium 
for a similar benefit for the remainder of the term may diminish, 
in spile of the increase in the ages. 

A contract by annual premiums should therefore, if possible, he 
avoided. 

1 2. Find, according to the Text Book Table, the value, at 3 per 
cent, interest, of a contingent annuity for the lemaiiidci of#* 
30 years certain from the present time, the annuity to commence 
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on the failure of the joint existence of two lives both now aged 30, 
but only in the event of such failure taking place after the 
expiration of 5 years and before the completion of 10 years. 

The formula to be used is 


^"^6 1^30 . 80 ^ Ss! 25| ““ . 30 ^ ®40 : 40 1 20) 


. ^60:00 .. \ 
( ^25l ““ Ss : 35 J) ^60 : 00 J 
0 : 30 ^ ■‘^33 . 33 / 


_ ^ , ^00 : 00^ \ 
D I %j “^40 * 40 ^6O:C0) 
S0:80'^ -^40*40 / 

^35 :35 ^^ ^40*40/^ ^ n 

J) ^^25j ”'^85.35/ n (^201 "40:4o) 

■*^80:30 -^30.30 


- 1-807 -‘726 


= 1-081 


= 9-42108 

%D40-40 = 9-31707 

l"SDfio.-80 = 9-52032 

l°g 1180:80 = 9-52032 

1-90076 

1-79675 

%l = 17-413 

= 14-877 

®85:85 “ 15-142 

«40:« = 13-718 

2-271 

1-159 

log 2-271 = -35622 

log 1-159 = -06408 

r-90076 

r-79676 

•25698 

1--86083 

= log 1-807 

= log -726 


r 


13. Required the annual premium for an annuity payable to 
the last survivor of (.r) and {ij), to commence at the end of ?i years 
if both be living, or at the first death if that occur within n years. 


The benefit side 


n^xy^x+n\y+n 

xy^^i,+n ^y-^n ^aj-hw : y+n . y+% 

^y+n : y+ii) ^xy ^y ^'xy 

^ a a -2a -f « 

® y i^y 9t-» Aj/ 
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This might be written and in this form it means an 

annuity to the last survivor, not payable, however, so long as they 
both survive within the first n years ; which is the required annuity 
expressed in other terms. Our reasoning is thus proved correct. 

The payment side = 
a+05 — 2a 

And P = ^ V icy 11^ xy x-hn : y+n 

14. Ascertain the annual premium for a reversionary annuity 
which (x) desires to provide for his wife (ij) and child (js) after 
his death. The annuity is to be £100 so long as (y) survives^ hut 
to be reduced to £50 at (y)’s death. 

The benefit side consists of two parts : (a) an annuity to (y/) 
after (a?)’s death ; and (6) an annuity to (s) after the death of the 
survivor of (x) and (y) ; that is 

100a I 4-50a—f 

aj|y cey\ss 

A difficulty arises in determining tBe status for payment of 
the premium. If the not subject ^to reduction on 

(y)’s death the premium might be mad^erqjay the joint 

life of (x) and the survivor of fy) and ( 5 ). But in this case, should 
(y) die early, the reversionary annuity to (z) might be obtained 
at a smaller premium than that so found. Again, if the premium 
were made payable during the joint existence of (a?) and (y), and 
(y) were to die early (she not being subject to medical examina- 
tion), the contract is practically a reversionary annuity to (s) after 
(x) at an insufficient premium. The best plan is, if possible, to 
have separate contracts f<sr the two portions of the benefit, and 
have the premium for the former payable during the joint lives of 
(x) and (y), and for the latter during the joint lives of (x) and (c). 

15, Under a deed of separation, A covenants to pay an annuity 
of £K per annum to his wife B so long as she lives, and the terms 
of the deed make his estate liable for the annuity after his death. 
He wishes to free his estate from this liability so long as his 
daughter C survives him, and he applies to an insurance office for 
a quotation for the annual premium for such a contingent annuity. 
Find the net annual premium. 

The company will have to pay the annuity so long as C 
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survives jointly with B after the death of A, and the premium 
will cease on the first death of A, B, and C, 

Therefore if the ages of A, Bj, and C are and z respectively^ 
the value of the payments is 

= K(a J 

a- 1 2/s ^ 2/s xw 

and of the premiums F ( 1 + 


whence equating and solving P 


K(v-v) 


1 4* ^ 




16. Determine the annual premium for an annuity of s to 
continue during the lifetime of B aged after the death of A, 
aged x\ with the proviso that should A survive the age of 
a sum of t is to be at once paid to if then alive, instead 
of the annuity. 


The value of the benefit is 

The value of the premium which will run during the joint 
existence for n years is 

f D ^ D . 

D %-^n:x+n) ) J) 

Hence P « 

> 1 — I, 

a2/:w-lj 

17. Give the formula, reduced to its simplest form, for the 
annual premium for an annuity of 1 to a female aged y to be 
entered on at the death of her husband aged x if that occur 
within the next 20 years ; but to be entered on at the end of 20 
years if (y) be then alive, whether her husband survive that time 
or not. The annuity is to be payable by half-yearly instalments, 
and with a proportion to date of death of the annuitant. 


The value of the benefit is 

"" ^^^20Fa!2/(^Li-2O|2/-f 20 2o) 

- ■K‘«- <«)- ("«■>• jvj) 

if fl(2) ^ a 4 - J for both single and joint lives. 
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The value of the payments is 


whence P may be found by equatmg the two sides. 


18. Write down an expression for the net premium payable by 
a husband aged 40, to provide an annuity of 1 to his wife aged 30^ 
should she survive him ; the premium to be payable quarterly in 
advance for a period not exceeding 20 years, and the annuity to 
be entered upon at the death of the husband, and to be payable 
quarterly with proportion to the death of the widow. 

Using Sprague’s formula (17) 

^(m) — 

^ m — 1 

_ ijSmf ^ \ if assume aM « a -i — - — 

« 2m 

we have “ ^so :4o) vbImq of the benefit. 


And for the payment side 


since 


Hence 






ieyn\ 


\y T) 

osy 


a 1 H±i _ . 

^ 2m \X’hn:y-hn ^ 

m+1/. 

2m \r 


<z -I + 
{cyn\ 


xy 
^ar+w : 

D . / 


m-fl N 
2m / 



19, A, aged 45, wishes his son, aged 16, to i*eceive an annuity- 
due of £20 on A's attaining 60 years or previous death. Find the 
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yearly premium at 3 per cent, interest, using the Table for 

the father and the for the son. 


Benefit side 




— 20 (a, g ^I5.45*14l) 

Payment side = P (1 + : is . u) 

Hence equaling the two sides 

An approximation to ^15. 45.14] »iay be found as follows 


“i5:46:i4l 


^16:45:i6l + ‘^ 


But by Lidstone’s formula P15.45.i5j = Pi5:i6] + P45:i5i~^il| 
Now 0™a[i5]:i4[=10‘899» 0^™’aj45j.ij, =10-192, and ^^5] = 11-296 
Therefore entering conversion tables, W’e get 

%:i5i =-05492, Pt45j:i^ =-06022, and Pj^ =-05220 
whence ^[i6];[45];i6i =’06294 approximately. 

Entering conversion tables inversely with this value we obtain 
= 9-861 

and ^ 23*223r 

[Xol 

Therefore P = 

= 24-606, say £24, 12s. Id. 


20* There are S persons at present entitled to an annuity of £K 
per annum each, their ages being respectively a,h,c- - /, n. 

Upon the death of an annuitant, the next on a waiting list steps 
in. The waiting list consists of T persons, aged respectively 
r . . • a?, It is required to find the value of the interest 
of (2) who is Tth on the list. 
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There are (S + T) persons involved altogether, and (p) will 
come in only when the (S-f-T-l) persons, apart from him, are 
reduced in number below S. Therefore his chance of getting a 
payment in any year is the probability that he is alive multiplied 
by the probability that less than S persons out of (S + T - 1 ) are 
alive. 


Now the latter probability is equal to the sum of the prob- 
abilities that none, that exactly 1, that exactly 2, etc., that 
exactly (S - 1) persons out of (S + T - 1) are alive 


dbc.. . Vmnpqr , , . xy . ImnpqT . . %ii 

. Im.'npqT ... a;}/ * 

+ ® Erl] 

ale . , . Iwfipqr , . xy 


where ahe • 


1 + Z 
1 


(1+zy 

z® 


(l + Z)® 
. Imnpqr* 


(1+Z)S 


8 


Imnpqr , , ,xy 


■(i+z)® 


oc^ represents (S + T ~ 1) persons. 


The value of (s)*s interest will therefore be 



CHAPTER XV 


Oompound Survivorsliip Annuities and Assurances 


1. It has been already pointed out that there are two formulas 
for the reversionary annuity 

and + 

X y 

and these two are identical in value. 

Similarly we may express compound survivorship annuities in 
either of two ways. Thus 

for a payment will be made at the end of, say, the ^th year 
provided (<r) is then alive, and (y) has died before (z) within the 
t years. But 

It^lz = approximately. 

Therefore x 




Also a ^ I 

y::\x 




And a 

yz\x 


%z\x %z\(c 




® 2 [® ^yz\x 

S55 ^ ”” ^ “• ^ ■4" J" fll I 

X xz x^ xyz ^ yz I x 

®= I — ^ I 
yzix y\xz 
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But again (1 + 

V ij Z 

for if (^if) die in^ saj% the ifth year — {z) being still alive at (7/)*s 
death — if he survive to the end of that year, will come into 
possession of an annuity-due for the remainder of life. 

By this method a ^ i takes a similar form, and can then be 

y!s\x ' 

reduced as before to « i ~ i 

v:\x yz\x 


And 


a \ ~ 1 f as before. 

z\v va\x 


Also A* = ^v* A_^£H±:i J+til k+l- '-(l-y 


'T+f 




'K+<) 


/ I i 

3 y X 


- izij+izi (1 + 


A 2 \ 

^seya yz]^ 
1 


which is Text Book formula (6). 


2. To find the annual pi'emium for we must divide the 

benefit by (j/) must be medically examined ; for it is 

on his death the benefit starts, and (a?)’s or (z)*^ death earlier 
relieves the office of a liability. 

The annual premium forV^j^ is found by dividing the benefit by 
(1 + a^. Probably (?/) and (p) should both be medically examined. 

The annual premium for is payable at least so long as 

1 

both (a?) and (^) are alive, and also for the period of life 
after the death of (^), but only provided (y) died after (p). 
Therefore we must divide the benefit by 


1 + 4- ! 

^xy he 


1 -f 


4* ^ } » 

iS yz\x 


Probably (ar), (y), and (sr) should all be examined, but in this case 
and the preceding one much will depend on the respective ages 
of the lives. 


T 
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S, The interpretation of the following symbols should be noted — 

^ annuity payable so long as at least r of the 

m statuses x, y, etc., survive. It is therefore equivalent to 
a temporary annuity for n years on (r-l) lives out of (m-l\ 
together with an annuity deferred w years on r out of - 1), 

that is ^ ^ , (m-l) iii\^V 3 xy ..(m- 1 ) 

annuity to (a;) of which the first payment is to be 
made at the end of the year in which (^) dies, but in no case is 
a payment to be made till (w + 1) years from the present time. 

is a reversionary annuity to commence on the failure 
of the joint lives (x) and (y) if that event occurs within n years, 
but in no case are payments to extend beyond t years from the 
present, 

A~^,^ is an assurance payable at the end of the — pari of the 
*^i.8 

year in which the survivor of (a?) and (y) dies (that is, on the 
average i of a year after such death), provided (z) die either 
before or after both the others. 


aW« Just as is an annuity to (^) payable in instalments of 
at the end of each of a year, so is an annuity to (x) 
payable in instalments of 5 at the encf of each period of 5 years. 
That is 

» D 

sn 

D 


if we assume oD^ , ^ *= ^ 

a?*rw- 


8+D^+«.1 + I>s.+„+D 


j 4, P) 

~ x-f w-i*2 
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EXAMPLES 

1, Find the premium for an assurance payable on the death of 
the longest liver of B, and C, aged x, and s respectively : 
should A die first the premium to be reduced 50 per cent., and 
should C survive A and B the premium to cease. 

The benefit side = A— 

And the payment side can be expressed in either of the two 
forms 

Pfa ia j — I ) 

V ryz ^ fXi\ys juz\y' 

and Pfa +\a \ I ) 

whence P may be found. 

2. Give a formula for the present value of ^£1 receivable on 
the death of a person aged 50, provided another person now aged 
20 has then either died or attained age 40. 

This assurance, being payable on the death of (50), provided 
either (20) has previously died or 20 years certain have elapsed, 
may be represented by 

A2;S ^—A — 

60 : 20 ; 20j ^ '^50 60 : 20 : 20! 


3. Determine 

21 


This is the value of an assurance on the death of (id) provided 
he die either third or fourth of the four lives (to), (a), (y), and (d) ; 
and provided (d) and (y) have died first and second of the four 
respectively. 


A8:4 

w txyz 
21 


A ^ ^ da ^ \ 

wxya seyz w 

1 1 

A l^A 1 , 

wxy wxys xyg\w 

1 




1 




Hence 


A8:4 
Iff ixyz 
21 


xy\w jca/slw 

Q } — Q ^ a i 

ssylw ^teys xys\%a 


approximately. 


WXV IffXVZ > SMI vs 
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4. Find the value of 

(«) 

(^) 

W A-,, 

i:S 

W a,|j5 


(a) This is an assurance payable (1) if (^r) die first, (2) if (jv) die 
third, (z) having died first, (3) if die first, or (4) if (;/) die 
third, (s) having died first. In symbols 


Ai 4- AS + A 1 4- A s 
xy: ^ xys ^ %yz ^ xys 
1 1 


(6) This is an assurance payable on the death of (x) if he die 
more than t years after (y). In symbols 


A - Ai 




(c) This is an assurance payable (1) on the death of (x) after 
(y), if (z) has died before or if (,3r) is still alive ; (2) on the 
death of (^) after (a?), if (z) has died before (a?), or if (cr) is still 
alive. In symbols 



(d) This is an assurance payable on the death of (x) if he die 
first or last of the three lives. In symbols 

A -A2 .= A -Ai -Ai 4-2A1 

X xyi X say xz xyz 

(e) This is an assurance payable on the death of the survivor 
of (x) and (y) if that should happen before the death of (z). The 
alternative symbol is A— 


5. Express and in formulas for summation 

* w mXyz w xyz 

1 21 

not involving the use of the integral calculus. 
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A2S^ 
w . (sys 


AS -4 

ivuyz 

21 


£4-^-1 %+t-] \-hf-l "'n+t-l ^ 




7 
; 

/ - / 


1 + K- 


I / I 

w X y 


u?+t ~ J 


v^--o /-I ^y+t-1 T 

-"^=1^ / 7 r/ 

« 2/ «J .1! 


6. The present holder of a title of nobility is aged w. It is 
desired to effect an assurance payable on the death of his wife 
aged X, provided that during her lifetime, the heir aged y having 
died, the next heir aged s shall have succeeded to the title. Give 
a formula for the single premium. 


To fulfil the conditions both (w) and (y) must die before both 
(a?) and (s), but it is immaterial whether (^) dies before or after (z). 
The single premium therefore is 


28 

loy .a, ;s 

T 


A 8* +A 

wix y,s w 
12 2 


8*4 

X :yie 
1 


It may be most easily expressed as an integral, as follows : — 

A = tPy)tPv^^+t + (^ -tPjtPyPv+t^\+t* 


7. Calculate by the Text Book Mortality Table the value of 
the following formula, using 4 per cent, interest : — 


500 ^^SVrolso 


500 ; 70 “ Vo : 70 1 60 

= 500 X ^Ayjj — 40 X 

(since by formula (4) of this chapter of the Text Book « 7 o,yo |50 
“ ^70 : 70 “to: 70 1 so “ -“70:7 o|5o5 

= 250 Ajij.tu — 20 (agQ - <750 .70 . 70^ 

We have A^^ . ^ = 1 - cl(l + 

=. 1- -03846(1 + 4-054) 

= 1- -19438 
=. -80562 
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And ago = 12-522 

“60.70.W = 1 ^ 70 + 1^0 = 3/4^ 

By the Table of Uniform Seniority 

c50 + c™ + cTO = 3c8«'* 

®60 4. 604:6(54 ~ S'SSO - '4 X ’228 
= 3-759. 

Therefore 500AX 

= 250 X -80562 - 20(12-522 - 3-759) 

= 201-405-175-260 
- 26-145. 



CHAPTER XVI 


Commutation Columns, Varying Benefits, and Beturns 
of Premiums 


1. In addition to the expressions derived in Text JBook^ Articles 
9 to 14, the following should be carefulty examined. It will be found 
that these or similar expressions are very frequently required in 
Chapter XVIII. in connection with valuation by the retrospective 
method, and it is essential that the principles upon which they 
are founded should be thoroughly understood. 


This represents the accumulations to the end of n years of an 
annuity-due on (a?) for that period. It should be noticed that it 
is greater than (1 value of I in the numerator is 

greater than in the denominator, and the whole expression 
is accordingly greater than (1 +^)’*’ + (l +0’^"^ "b “ • * + (1 
which is the value of (1 

^ 1^(1 + + 0 ’^-^ + • • • 


D 




X+% 




D 


X+7t> 


T 




«-f « -1 


D I 

x+n 

H , ^vJum 

ai+ijj- x+n 


x+n 

R - R , - ^ M 

X x+t 


'xi-n 


x+Vi 
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2. The following is probably a simpler method of obtaining 
the values of varying and increasing annuities and assurances. 

_ _ 


AN ±AS 


sc+1 




When /f = ^ = 1 


(H = w 

as 


(vA)„ = 


D. 


A-M +AR 


iC+l 


D 


When A = A = 1 

R 

(lA), = ^ 


fv—a) =s 


_ 

M ±A(S ^,-S ^ ) 

a; V x-j-n' 

D. 


When A = /e = 1 




Also (vj^AX = 


D. 




D. 


D. 


When i = A = 1 
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‘(N,-N.J±4f(N „-N ... +(N,„,, 

' Q — — 

KK - ± - (« -\)N ^ J 

When A = /» = 1 


(H 


^a+Ti 

D 


Also (vA)^ 




J ± /.{R - (n - 1) J 

When k^h^ I 


m 


R 


•R , -»M . 

{g-f^fc x+n 


xri\ 




3, So long as the S^ and R^ columns are supplied^ the working 
out of increasing benefits by these formulas is therefore an easy 
matter. Bui in cases where these commutation columns are not 
available, a method which has been described by Mr Lidstone 
(J. L A,^ xxxi. 68) may be used. The proof upon which the 
method rests is as follows : — 

Let B be a benefit of any nature dependent on the life (<r), 

and expressed by i?pi + a 2 p 2 + *ySp 3 4- • • • ^ where jt^p jPg, jOg, etc., 
are the probabilities of a payment being made at the end of the 
first, second, third, etc., years. 


Then 


= 4- 

dt * di2 ® 


dv 

di 




- (1 + 0 -I- = t-ft + 2»Va+ 3 b®P8 + • • • 

= 


Therefore 
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where (IB)^ is a benefit dependent on the same probabilities 
as B , but increasing by 1 per annum throughout. 
d AB 

But ^ B^ = approximately. 

AB -iA^B 

Hence (IB)^ = -(1+0 — approximately. 

This formula is perfectly general and applicable to any type 
of benefit which increases uniformly. 

For example, let it be required to find the value of (lA)^^ 
by the Text Book Table at per cent. 

^A^ - 1.n<llS (-^45 (4%) ~ -^45(34^ ~ ~ 

-005 

- - 207 {(-42692 - -46889) - (-39003 - -85384 + -46889)} 

= 20r(-04197 + -00254) 

= 9-21367 

4. The difiiculties and dangers attending the practice (recom- 
mended in Text Book, Article 27) of omitting the denominator in 
writing benefit and payment sides are such as to outweigh any 
slight saving of trouble. 

Theoretically, such expressions as(M^- M^^J,(N^_j-N^^^_j), 
etc., have no meaning as they stand (vide Text Book, Chapter VII., 
Article 9), and in practical use they will have different senses 
according to the particular denominator used with them. There- 
fore imtil the proper denominator is fixed the proper sense cannot 
be ascertained. It is only after supplying denominators to both 
that benefit and payment sides can be examined and compared to 
check their accuracy. Further, where a second life comes into 
the problem, and the denominator is omitted everywhere, the fact 
may be overlooked that, e.g., is the denominator for part of the 
problem and for the remainder, and thereby serious error may 
be introduced. 

6. To find the value of the temporary benefits mentioned in 
Text Book, Article 46, we must stop at the ?rth value of u, that 
is, which IS equal to 

«o+C”- l)A«o+ ^” ~ • |2**~ A\+ ■ . - 



CHAP. -YVI ] 


TEXT BOOK— PART II. 


2d9 


Tlien we shall have 

- • •] 

X ^ 

+ {2K „ - - (» - 2)S,+. - M„,} AX 

+ • • . ] 

To obtain and (v-jA)^ we need only omit from these 

formulas the terms which cut off the whole benefit at the end of 
71 years, but retain the terms which cut off the increase nierel 7 . 

Thus 

= iJ-[N»«o+CS»+i-S,+»)^«o 

+ ' • * ] 

....] 

6. The warning contained in Text Book^ Article 98, should he 
carefully noted, as the error presents itself in different forms. For 
example, if it is desired to have a table giving the annual premiums 
for pure endowments, one-half of the premiums to be returnable in 
the event of death before the expiry of the term, it is incorrect to 
take the arithmetic mean of the premiums for pure endowments 
with and without return respectively. The correct office premium 
for the new benefit is P(1 + fc) + c where 

D , -{-4 c(E - R , — wM , ) 

»-X W+^l-l X Jf-fw x-^v/ 
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while the proposed office premium is t(1 + k) + c where 

1 f + 1 

" “ 2 In N - (1 + - «A1,^ jl 

and these two are not equal. 

The explanation is that if (a?) were to die within the ft years, 
having taken out a policy at this proposed premium, the office will 
return only one-half of the premiums paid ; but if, on the other 
hand, he had effected two policies, one with and the other without 
return, each for one-half of the sum assured, the office would have 
to return the whole premiums under the former policy which 
obviously are greater than the mean of the premiums under both 
policies. In accepting the contract at the proposed premium the 
assm-ed is therefore allowing himself to be overcharged. 

7. We proceed to discuss some practical problems not dealt 
with in the Te:vt Book, 

It sometimes happens that (^) for some reason will not be 
accepted by an office at the normal premium for his then age. 

He, however, refuses to pay the premium for an older age which 
they wish to charge him, but consents to his policy at the normal 
premium beanng the condition that the sum assured will be paid 
under deduction of a certain sum in the event of his dying within 
t years and in full on death thereafter, t being usually fixed at the 
expectation of life of (a?). It is required to obtain a formula to 
determine the amount of this " Contingent Debt.” 

First, let us assume the debt to be constant during the t years, 
and equal to X. 

Taking the life at his assumed or rated-up age we see that the 
value of the premiums which the office sHbuld receive is 

But they are to receive only P^(l + Therefore they 

lose premiums to the value of 

Now the present value of the debt is 

-TI 

Therefore equating and solving for X we have 

A 1 T-, 

x+n>: £ j 
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Again, assume the debt to commence at /X and cl weusc 
X each year till it cli.sa}>pears at the end of / }ears. 

As before, the value of the preiniums which lh<‘ oifice forgoes is 


O' • 

= -"-ly 


The present value of the debt is now 


,) 


1 ) 


( f <i 


Equating and solving we have 

(P , - P )n: , , 


X 


iy 




In this investigation the damaged life is assumed to be a 
normal life aged (^r + w), and the extra rales of mortality fen* 
successive years are accoi*dingly as follows : — 


Year of 
Duration. 

Extra rate of Mortality. 

1 


2 

iin 11 

3 


etc. 

etc. 


It will be found that this extra mortality is at first sniail and 
slowly increasing, but becomes great in thc^ later years of duration ; 
and this is a comparatively unconinion form ot* extra risk. Also 
from the nature of the contract, the eontingcnf-d<‘ht ,seh<*i)iu» should 
be specially applicable to the case where tlie extra risk is at first 
large and afterwards decreasing. Accordingly, the method of fixing 
the amount of the debt is open tu criticism in these rc.spe<*tK. 


8. We here give the methods of aseerlaming the prennumj? 
when they are loaded for bonuses in addition to the huin assured 
of 1, 

(a). TTniform Beversionaipy Bonus.— Thv jirohU m is t« fiml 
the annual premium for an as.suraiicf of 1, io iiwronsc hy 
6 years, with an inleiim boiiu-s of i' in rosjH'vl of oaoli jM'<'niiunik 
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paid since the commencement or since the last Increase, in the 
event of death within any quinquennial period. 

M M „ “1“ ^ I in “i" * * * 

Benefit side = ^ + 66 S+i- gtl® 

,7/1! 1! + ^> 1’ + 10 ^ 


Payment side = 
whence we may obtain 

If no interim bonus is to be given for the first quinquennium, 
the benefit side becomes 


M M , - *4* M II a 4**** j 1 A *4* M j_i e H" • • • *) 

X ^ ag+5 ag+lO y g-f-S ^ g-f lO a;H~15 / 


g+10 ‘ a;+15 

D„ 


while the payment side remains 


and the new value of ^ may be found. 

li b' ^ b the benefit side in the first case becomes 


» f 7, « 

X X 


and the payment side being 
N 


_ _ + 

While if 1/ ^ bj and no interim bonus be given for the first 
quinquennium, the benefit side becomes 

^ _L 

+ 

X X 


*,1 _ 

Payment side = ir -^4. 


' J ■ .u- ., + E 

and m this case t ^ - . 5+ . '^ £±5; 
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For an endowment assurance with a similar bonus, we have 
I ^ 

Benefit side = — 


+ D /M 4-D ^ 


M - M +D 

^ \+n ^ ^x-\ -n 


D 


D ^ V 

'C ^ ^ 


D 


D. 


+ b‘ 


^.-+10+ •" + ^«+J 


D. 


M - M ^ +D ^ 5(M ^,+ M ^,„+ ... +M ^ )4-«(D_^ - M ^ ) 

_ HO a?4-?t> x-^n | ^ >• a,+5 3;+30 'x+n' v g-f-w a+n^ 


D 


D 


+ 6' 


D ^ 


N ,~N ^ , 

Payment side = tt Z :i L. ^ . I±^ 

and T may at once be obtained. 

If no inteidm bonus is to be given for the first five years, the 
last term on the benefit side becomes 

y (^a;-H5 "" ^x-hn) "" ^g+lS +***"!■• 


If 5' = dy the benefit side becomes in the first case 

i-a 

X X 

and in the second case 

M, - M, ^ , 6M . , + R, , „ - R, , , - «M^ . , + »D_ 

X Jh4“^ ®+5 ®4*5 ®4*w 

X X 


Also, the form of the payment side remaining throughout 
N -N 

the various values of tt may be deduced by equating and solving. 

(6). Compound Reversionai^y Bonus. — To find the annual 
premium for an assurance of 1, to increase by 56 per unit every 
5 years, calculated on the sum assured and existing increases, 
with an interim bonus of 6' per unit m respect of each premuum 
paid since the commencement or since the last increase, also 
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calculated on the sum assured and existinj? increases, in the 
event of death within any quinquennial period. 

Benefit side = + + ^^j;+io) 

+(1 + 5W+io-M,+,5)+- • • } 

+ {(.\ - + (1 + 56)(1V, - R - 5 

+ (l+5m+io-^^.+i6-5M,+J+- • .} 

N 

Payment side = ir -g— 

X 

and TT may be obtained by equaling and solving. 

If no interim bonus is to be given for the first five years, the 
first term of the second part of the benefit side will be omitted, 
and it will then read — 

If 6' «= 5 the benefit side in the first case becomes 

1 {M. + J{E.-E,^+i(l + »6XH.«-R.„J+- ■ ■ } 

01 

and in the second case 

+ i(l+IiSnS.,„-E.«J+- • ■ } 

The form of the payment side is constant, and therefore the 
several values of tt for these benefits may be obtained. 

To find the annual premium for an endowment assurance with 
a similar bonus, we have 
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Benefit side 

{& 

(b " 

N ,-N_^ , 

Payment side = jt — *:*:'*“ ■ 

whence we may obtain tt. 

If no interim bonus is to be given for the first five years the 
benefit side becomes 

% ^ 

+ (1 + (1 J 

+ ^{(l + 5m+5-R.+io-5M,+,o)+- • ■ 

aj 

9If 5 "V 

If K = h) the benefit side in the fix’st case becomes 

' {M, + 6(K.-K,J+5(l+64)tE.„-E„,.)+' • ■ 

5 • n » 

+ 6(1 + 56) » (R,+„.a-R,+J + (l + 56)XD,^,-M^^^)J- 
and in the second case 

1 {M^+56M^^,+ 6(I+56)(R^^^-R^^J+. • • 

+ 6(I + 56)'^(R^^„_,- R,^J + (l + 56)%^,- 

Then^ the form of the payment side remainmg unchanged, the 
several values of tt may be obtained. 

, / Where V ^ b - *01 it may be shown that the single premium 
at 4 per cent, for an assurance of 1 with that compound rever- 

XJ 
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sionary bonus is approximately equal to the single premium at 
3 per cent, for an assurance of 1. For ease in working, let it be 
assumed that the bonus is compounded yearly. This will have the 
effect oi increasing the value of the benefit, which may then be 
expressed 


Now 


1 fl-01 , 1 

{l-04 ’ J 

approximately, and if we substitute this 


1^1 

1-04 


1 

I'OS 


value for it we shall decrease the value of the benefit which will 
now be 


1 -^ 

\l-03 


d + 

X 


1 J , 1 

(1-03)2 •‘+i+(i.03)» 





- ^(C.+C.„+C„,+ 


) at 3 per cent. 


The two approximations given effect to above act in opposite 
directions, and will to some extent neutralise each other. 


9. Under a scheme of Discounted-Bonus or Minimum-Premium 
Policies the annual premiums are obtained by deducting from the 
full profit premium the value of a certain rate of bonus. 

(a). Cash Bonus. — At the several investigations cash bonuses 
are usually declared as a percentage of the premiums received 
since last investigation. On the assumption that investigations 
are quinquennial, and that it is desired to apply a cash bonus of 
100^ per cent, of the premiums receiv"ted in reduction of the full 
profit premiums, the yearly reduction will be 

Jc X 5P' * 

* 

Now, assuming that 50^^^ = 
etc., we have the yearly reduction equal to 

®»+S + ^»+4+- • • +^»+7 + ^i+8+‘ ' * 
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5D , + 5D +5D + 

But again - £± g .— 


E= ad) = « — 2 

H X 

Theiefore A-x5F. — 


N 


a-l 


= k?' 


a +1 

= A:F^{l-3(P^ + ,Q} 

(b). Uniform Reversionary Bonus. — On the assumption that 
it is desired to apply the value of a uniform reversionary bonus 
of 6b to be declared every five years, the reduction in the annual 
with-profit premium will be 




a;4-10 


ts-flS 


) 


N , 

aj-1 

If an interim bonus at the same rate is also to be assumed the 
reduction will be increased to 

R 

b ^ 


N 


a?-l 


(c). Compound Reversionary Bonus. — If we apply the value 
of a similar compound bonus, the yearly reduction will be 

5^M^.,5 + 56(l + 56)M^^,„+56(l + 56yM^^,,+ . ■ ■ 


N 


-1 


Or including an interim bonus at the same rate, we have 

+ 6(l + 56)(R^^,- o) + Kl+5m+ao-I^.+i5)+' 

N 


®-l 


In any such system, if the bonus declared is greater than that 
applied in reduction of the premium in accordance with any of the 
above formulas, the excess is added to the sum assured. But if 
the rate declared be less than the assumed rate, the difference 
must be deducted from the sum assured, or else an increase must 
be made in the premium payable, care being taken to ensure that* 
no option is permitted to the disadvantage of the o^ce* 
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10, To find the annual premium for a pure endowment payable 
at age (x + n), the premiums received to be returned with simple 
interest at rate J in the event of previous death, but the premium 
to be calculated at rate 

The difficulty here is in the return of the interest on the 
premiums. In respect of the first premium paid, this return is of 
the nature of an increasing assurance commencing at one yearns 
interest, and increasing by the same amount per annum. The 
value of this therefore is 


J ^ 


R - R ^ 

T> 1 )i> .t-f 


D 


In respect of the second premium the return is of the nature of 
a similar assurance deferred one year, and its value is 




/ j?-H je4-^ 






and so on for each premium, the value of the return of interest in 
respect of the last being 


R 


~ R 




M 






The value of the return of interest in respect of all the premiums 
is the summation of these ?? expressions, and is equal to 

YE - SR - «R - M 

j TT g Q, 


Therefore the benefit side 

D. R-R^~«M 


2R -2R , -«R . 


+ j[5r(l4'/c)-f c*] 


■ 


a+rir 


M 


14-71 


D 


N , - N 

Payment side s=s a 4 -/i.~i 
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Equating and solving, we have 


n + 1 ) 


Fd +cfR~R, -wM ^ )+yJi'R -::i:R^ -wR , m 

\ x+n ^ js \ J «+/i t+?i 2 


and tt' “ ir(l4-K') + ^* 

11. To find the annual premium for a similar benefit, with the 
exception that the premiums are to be returned with co7npounci 
interest at rate j\ 

Here we have the benefit side 

= ^±2 + ;^(l + «) + +j) 


4 , 


D 


^+ Wi +« 3 +<’ l 4 ^( A - i ,- 4 y 


D 


where is calculated at rate J, which is such that 
1 ^ 1+J[ 

1 4* J 1 Hh z 

Payment side “ tt ■ ^ . T±^ . z l 


Hence tt = 




t*.-. - N.«., -(1 + «) “.(A-;.-, - Ay 

and ~ 7r(l 4- /c) 4* c\ 

Alternatively, we have the benefit side 


{(1 +y) ^ . ^± s+(i +jy 

M, 


M . , - M 




+(i +y)*^ — } 


(1 + k) + c} {(1 +/)M_^ + (1 + + • • • 

+ (1 - (1 
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The payment side being as above, we have 
CD^+n+‘=Ki+i)M,+(i+i)“M^+i+ ■ • • 

- 0 - +i)«sic,)M«+»n - (1 + <c) 1(1 +i)M^ + (1 

and r' « ^r(l + k) + c* 

12. The annual premium for a defeiTed annuity with a similar 
condition as to return of premiums may be found by substituting 
N , for D , „ in the above formulas. 

auHhW' a;-hw 

If in this last problem we assume that the net premiums are 
returnable, we shall obtain 

-N -{(1 +i)M^+(l 

+ • • • +(i +y -(1 +y)*sio)^*+«}] 

If, further, we put the portion of the denominator within 
brackets becomes 

= (1 + + - . . ) 

+ (1 + - • ■ ) 

+ . .. +(l+t)’‘(«*+H+„.i+«®+“+^'^*+„ + - • • ) 

— {(1 + ») + (1 + i)® + • • ■ + (1 + + ' • • ) 

“ ^*+^^.+1+ ■•• +D.+„.x-D^^J(l+*)« + (l +*>-!+ ... +(1+*)} 

~ ^*-1 “ ^»+»-i ~ 




Therefore 
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which is the annual premium under a leasehold assurance to 
provide at the end of n years certain. 

This result is correct ; for^ since the office has to return to those 
who die within the n years their contributions along with com- 
pound interest at the rate assumed in their calculations, it will 
derive no benefit from those who so die, and therefore mortality 
must be left out of account so far as these years are concerned* 


18. To find the annual premium limited to t years and 
returnable with simple interest at rate j for a pure endowment 
with return. 


Here there will be t expressions for the return of interest to 
sum. 

Benefit side = (1 + k) + c} ~ 

SR -SR -iR jS2!Lzl±Dyi 

^ , » x+t ‘“'a+71. 2 x+n 

+^{ff(l+K) + c} 


Payment side « t — — 


may be found by equating the two sides and solving, and 
hence also 


14. To find the annual premium for a whole-life assurance of 1 
deferred n years, premiums to be returnable m the event of death 
within the n years. 


Benefit side — 


Whence 


M R - P. - 

+{^(1+k) + c}-^ 


■mM. 


!»+•» 


Payment side = ■ 






ir = 




and -tt' = 7r(l + ;c) + c. 

Mr Stirling gives (J. /. A,, xxxi. 259) a simple practical 
formula for obtaining this annual premium from a table of annual 
premiums for pure endowments with return. 
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The argument is as follows : — At the end of the n years the 
premium for the assurance at the then age would be but 

the office is to continue receiving only the premium tt ; therefore 
at that time it must have in hand to meet the shortage in future 
premiums a sum of 

(P — 


TT must therefore also be the premium for a pure endowment, with 
return, of this amount, or where RPi is 

the annual premium for a pure endowment of 1, with return. 
That is 

^ xRPi 




= P SL 

x+n it+ft 




RP4 


+1 




Taking net premiums throughout and substituting for RP^p-j 
its value as found in Text Book formula (31), we get 


M 






which is the annual premium for a deferred assurance with return 
of the net premium, agreeing with our first formula above it k and 
c are zero. 


Again, taking the loading as a percentage on the premium 
only, that is + k) and c = 0, and making the necessary 

modifications on the value of RP ~ as found in Text Book formula 

xn\ 

(47), we have by Stirling’s formula 


IT 


M 


N,.,-(1+k)(R^-R 








which is the annual premium for a deferred assurance with return 
of the office premium wheie the office premium is loaded with a per- 
(sentage on the net premium only, agreeing with our first formula 
if c=0. 
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Now, taking tt' = 7r(l -f /c) + c, and giving to its value as 

found in 7'ext Book formula (47), we have by Stirling's formula 


t + n 


Nj,~.l -(l + K)(Ry— R^4.yt-- 

+ ®(Raj “ 71 "■ ^^r+n) 


+ a 


rc+Ti 


But by our first formula 

and these two formulas are not identical. 

The reason for the divergency will be found on examining the 
formula 




'%+n 


Under the circumstances now being considered RP ~ is loaded 

^ X7l\ 

to provide for the return of RP^^(1 + k)-(-c. According to the 
argument by which tj^ formula was derived the office premium 
which should therefore be returned is 


But the office premium which actually is to be returned is 

and these are obviously not equal. 

Mr Stirling, however, put forward the formula merely as a 
useful method of obtaining the office premium for the deferred 
assurance, the premium P^^^ also having to be considered a 
premium with some loading. Its usefulness is considerable, for 
the numerator is constant for assui*ances commencing at age (^+ 72 ). 
The process is to add to the reciprocal of the office premium 
for a pure endowment with return, and divide i>7 

result. 

1 he formula is easily modified to apply to endowment assurance 
and limited-payment policies. 

For the endowment assurance payable at age (a?+w-i-w), or at 
death between age (x+n) and that age, with return of premiums 
if death occurs befoi’e age (x+n), we have 



t>p 1 ^x-i-ni7n\ 
xW\ 
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Foi* a policy under which premiums are to cease to be payable 
after age (.r + 72 1), Le. after (n-hm) payments, we have 

P a — 

TT = — j 

jjp^p 

m\ 


15. To find the purchase-price of a life annuity of 1 to 
subject to the condition that should (a?) die before he has received 
in annuity payments the whole of the purchase-price the balance is 
to be paid to his estate. 

Let W be the purchase-price. Then we have 


Benefit side = 


Dl 






Payment side « W 
Equating and solving, we have 

N ~(R , - - R , w . t) 

X flj+l r+W+l; 


w 


X X 


Since W is still involved in the right-hand side of the equation 
it will be necessary to make an approximation to its value in the 
first place. The right-hand side on being worked out should then 
agree with the assumed value of W. After two such approxima- 
tions the true value might be found by interpolation. 

This method of obtaining W is not quite correct, inasmuch as 
W is usually an integer plus a fraction. But as Mr Manly, the 
author of the formula, points out, the correction for the value of 
the assurance of this fraction of the annuity is so insignificant 
that it might be ignored. 

These remarks apply also to the two following^problems : — 

To find the single premium for an annuity with a similar 
condition but deferred n years, the net premium also being 
returnable in the event of death within n years. 

Let W be the purchase-price of the annuity. 

Benefit side = ^» +»+w-n) 


Payment side =* W 
Hence we have W = 
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To find the annual premium for a similar annuity to the last, 
with the condition that all net premiums paid are to be returnable 
in the event of death withm the n years. 


N , irfR - R , )- (R 
Benefit side = ' 

N , 

Payment side = tt - — — 


— R 'l 

'c+w+l ai+'W+Ji'Jr*}-!'' 


Hence tt = 






“ X’^n+mr + 1 - 






a;-l 


■N 






16. To find the annual premium for a pure endowment payable 
at age (^-h w) ; the premiums to be payable only so long as another 
life aged y is alive jointly with (a?), and to be retuxmable if (x) 
should die within the n years. 

The value of the return in question was discussed on page 129, 
and making use of the result there given we have here 
Benefit side 


+ {w(l +ic) + c}(^t^5±» + S ± L ^ft ” ... 

XV 
/« I 

n-'lP}]/ 


M M 


Payment side 


N 




-N 






xy 


Hence we may obtain w. Also tt' = 7r(l + /c) -fc. 


17. To find the annual premium for a similar benefit, but the 
return of premiums to be Vith simple interest at rate j. 

Following the method of the solution on page 308,, we have 

Benefit side 


D /M - M M - M 


^•c+TO-l ^sr+» 

'R - R , -tiM 


-iPv) 


+yXl + «) + <?}(--^ ■ ^ + ... 

V D_ t 


R . - M 


'x+n - 1 x+n 'g+u 
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Payment side = 


N 


-1 




4-^/ - I : 


D 


Equating and solving, tt, and hence tt', in,iy be found. 

18. To find the annual premium for a similar benefit, but the 
premiums to be returnable with compound interest at rate j in 
the event of (a-ys death within n years. 

Benefit side 

= + i7r(l + k) + rl [{(1 +j)^+ (1 +jy ^±1 + . . . 

a? 

+ {(i +jA- +0 +i7%2 + ... +(i ... 

+ |(i +i) 

where D'^, M'^, etc., are calculated at rate J, which is such that 

1 ^ 1 + 4 ' 

1 •+■ d 1 4* 2 

PaTinentside - ^ 




whence tt and may be found. 


(cy 


19. To find the annual premium for an assurance on the life of 
(x^ deferred n years ; the premium during that period to be payable 
only if (^) also is alive, and thereafter throughout (a?)*s life, and 
to be returnable should (x) die within the n yeax*s. 

Benefit side 

^ ' 1 ) n-liy 
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Payment side = tt ^ 

^Xij 

Equating these two sides we may solve for ir^ and ' = tr(l + k) 4 - c. 


20. To find the single premium for an annuity to the last sui'vivor 
of Qc) and (^ij) deferred n years, the premium to be returned in the 
event of the annuity not being entered upon. 

Let a* be the purchase-price. I'heii we have 

Benefit side = + «'x| A— 

= ( la + - \a ) 

Ml] n\ y xy^' 

+ [a(l + a -I- I a - I a ) 

^ ^ ^ ^ hi u, ' hi y I /J, 

Payment side = a. 


Hence equating and solving for a, we have 

a = 1 ^ I ^ I ^ I n'^x I y ““ I xy^ 

I - (1 + a-)(|,^A^ + |^ 

and a' =• a(l4-K) + c. 

To find the annual premium for a similar benefit, all premiums 
paid to be returned on the death of the survivor should that occur 
within n years. 

It has already been pointed out (page 151) that some difficulty 
attends the fixing of the status during which the premium shall be 
payable. We may consider both cases. 


(a) If the joint lives be taken as the status, the benefit side 




M 


M. 


tC-i” ll 


IV 


p 4" 
^ y 


M 


- M 

'jr+u - 1 x-\-n 


V /M - M 






D 




V ' 

Payment side == 7r(l 

whence we may obtain tt and also 


,-M 


R - R 


r?/ r4-reM/+»> 


Ti, : 7/4-yfc \ 

J 
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(b) If the premium bo payable to the death of the last survivor, 
we have 

.R ^ R 

Benefit side = 7 i| + «) + <'] f — 


t -f- 

"D” 


h+n 




D 


y 


xy 


Payment side « + 

from which other values of tt and r' will be found. 


21. In the problems connected with pure endowments with return 
of premiums, the element of mortality is in practice frequently 
ignored. This is in effect taking for granted that the life will 
survive the term ; and if it does not, the office receives for its trouble 
interest on the premiums which it has received and now has to repay. 

Thus in the case of the annual premium for a child's pure 
endowment to (x) payable at the end of n years, with return of 
premiums in the event of previous death, the net premium is 
simply found from 

a— 

?i.l 

When the question is complicated by making the premium 
payable only so long as the father (//) shall survive (see page 315), 
the net premium is taken as 


EXAMPLES 

1. The sum of £s is deposited by each of persons in a fmid, 
and accumulated at compound interest. £a is paid on the death 
of each member, at the end of the year in which he dies, and at 
the end of « years the amount remaining in the fund is applied to 
the purchase of an annuity upon the life of each of the surviving 
members. Find the amount of the annuit 5 ^ 

Let the amount of the annuity be p. Then the value of an 
annuity of p to each of the survivors of persons alive years 

“go is 
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But the accumulations of the fund are 

<+1(1+0*-^+ ••• 

Hence 

<+1(1+0*'®+ ••• +<+„-,} 

p = j—. 

x+n jj-fw 


N 


X+71 


Alternatively, p being the amount of the annuity as before, 


Benefit side = 




D. 




D 


Payment side = s 
Equating, we have 


^*+2 _ 
D. 


P 


*D - o(M - M ^ ) 

= _» li* i±2' as before. 


N 


«+% 


2, If persons each secure by annual premium an endowment, 
show that the amount which will be payable at maturity to the 
survivors consists of the accumulated premiums paid by the 
survivors and by those who die. 


D 


The annual premium is P^^^ » 
and its accumulations to the end of n years amount to 

+ +• ■ ■ +U..(i+0) 


JSJtjl iya?+7J- 

. N , 

P A x - hn~l 




0 




D 


x+n 


N -N 

^ JB-I ^ x+n-l 


^x+n 


= I 


x+n 


which is the amount payable at maturity, being 1 for each o^f 


the I , „ survivors. 
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X ~T 

3. For what benefit is the single premium? Explain 
the formula verbally. 


This is the single premium for an endowment assurance of 1 
with the net premium returnable, since the value of such a 
benefit is 


the payment for it being A. 

Hence A = ^ 



Km = 


rfA-r 

Ull 


1-A 


Ail 


Now is the value of a perpetuity-due of But will 

U 

insure the payment of 1 at the failure of the joint status of (it) 
and « I ; and after that, a fresh status of a similar kind being set 
up and the payments of premium continuing under the perpetuity, 
payment of 1 will be made on the failure of the second status ; 
and so on indefinitely. And this is the benefit asked for, since on 
payment of the endowment assurance 1 may be taken, and there 
remains A to set up a second similar contract, and so on indefinitely. 


4. ^‘‘Suppose the annual premiums to increase or decrease a 
certain sura every t years, and at the end of u intervals of / years 
each the premium to continue constant ^during the remainder of 
life, what annual premium should be required during the first t 
years ? Jones gives as the answer to this question 

while Chisholm, correcting him, gives 

-K 

State the different conditions under winch both answers are 
correct 
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This problem is discussed m Text Book^ Articles 28, 29, and 
35 of this chapter, and from what is shown there it will be 
observed that Jones's solution proceeds on the assumption that 
the premium increases or decreases by q per unit of the sum 
assured, while Chisholm assumes the increase or decrease to be 
q per unit of the premium. Each answer in its own case is correct, 
the question being stated ambiguously. 


5. Find the annual premium for an annuity to {x) after death 
of {y), all premiums paid except the first to be returned in the 
event of (x) dying before (y). 



Benefit side = | (^ + 0 + 

Payment side = + 


a a 4* 0 

aj I’v 


And TT == 


t>_i 

D_. 




6. Deduce a formula for the annual premium for an assurance 
on the life of (a?) against (j/) for n years, with return of all 
premiums paid should (y) predecease (a?). 


Benefit side 

Ml - Ri-R I mM L. 

xy ^ -f k) + c} x+n:y+n i-Hn 


Payment side = tt 
whence 


xy 


N , ^ ^ , 

aj-l.V-l 


D 


xy 


TT = 


^i+5:»+n 


7. Find the annual piemium required to secure to (x) a pure 
endowTcnent of 1 payable at the end of 20 years, with return of two- 
thirds of the premiums in the event of death within the seconc^ 
half of the period 


X 
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Benefit side 

= ^ + 5{x(l + ic) + c} 

X X 

N 

Payment side = -'^— 


D 


whence 


^»+10 ^ a;+20 


8. Find the annual premium limited to t payments for a whole- 
life assurance to (ce) subject to the condition that interest for each 
year on the net premiums, up to and including the year of death, 
is to be allowed by the office at rate e, which is the rate realised 
by the office on its investments. 




Benefit side ~ 4- iw 

N ,-N , 

Payment side «= tt 


D 




whence ir — 


M„ 


CN ,-1 - *- S * - iV - ( N .+.-1 - «,+* - 

M. 




since 


N -iS -iR = S -S -iS -wiS ,+iS. 

X X a;~i X X ai-l x 


= ll 


and similarly = R 




A proof of this formula by general reasoning similar to that of 
Text Bookf Article 66, may be given. 

The office can gain nothing from accumulation of interest on 
the premiums, and therefore the payment side is the value of a 
benefit of tt payable at the end of the first year if death occur in 
the first year, 2 t payable at the end of the second year if death 
•occur in the second year, and so on, increasing up to the /th year, 
after which the increase ceases, and the benefit remains at jStt till 
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the year of death. The benefit side is simply the present value 
of 1 payable at the end of the year of death. 


9. Find the annual premium for an endowment assurance to 
(a?) payable at age (a? 4-i) or previous deaths subject to the condition 
that interest for each year on the net premiums, up to and 
including the tth year or the year of previous death, is to be 
allowed by the office at rate z, which is the rate realised by the 
office on its investments. 


Benefit side 


M 








•R 




-m. 


D . - > jj 

X ^ X 

N ~N 

Payment side = co+t-^i 


x-fM 




whence 


D 






since as before N , - iS^ - eR^ 

as-l X X 


■ iS^ 


x-^t 


R 


X-ht + ^^x+j;) 


SB-ft 


and 


and since ^XN^ 4 ,^ + 


^x+t 


^aj+i ^a;+« "" 


A proof of this by general reasoning may also be given. The 
value of the payment side is as before that of an increasing 
assurance of tt, 27r, etc., up to tw in the fth year. But in this 
case the benefit ceases then entirely, tw being receivable also if 
the life completes that year. The benefit side is simply the 
present value of 1, payable at the end of t years, or at the end of 
the year of previous death. 


10. Find the annual premium for a pure endowment payable at 
age (.r + 0> premiums to be limited to n payments, and to be 

returnable in the event of death befoie age + 
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D 


15 - R , -»M 


Benefit side = - + [7r(l + k) + cJ — 

N , 

Payment side = t . F± i. r i 

fa 

D ., + c(R,- R_- «M ) 


ht 


(N.-X- Ci +0(\- 


11. Obtain a formula for the office annual premium, P, required 
for a policy on (a?) for a term of n years, the assurance to cover 
(1) an advance of £p made out of a trust fund at the beginning of 
each year, (2) the premiums actually paid under the policy, and 
(3) the legal expenses of the arrangement, say £a. 


Benefit side 

R - R . 


P' 


— 72 ]yj[ 

* "»+" + {^(^1 + k )+ c } — ^ 


•f- d 




D. 


Payment side « 




D. 


whence 


Cp+c)CR - 

(N*.I - - Cl + -<)(« - IW - « J 


and P «= 7 r(l + k) + c. 


12. Obtain, in terms of commutation Symbols and the rate of 
interest, an expression for the annual premium for a deferred 
annuity to be entered on at age 65 on a life now aged 40, the 
premium to be retmmable in case of death before 65, and the 
annuity to be payable half-yearly, and to be complete. 

Benefit side = ^ + i(l + i)5 

40 

+ {P(1+-c)+«}(R4o-*^05-25MJ] 

N -N 

Payment side « P S 
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whence P 
and P' = 


^SO ■“ ^64 ”■ (^ + ^)(^^40 “ ^65 “ ^65^ 

P(l +k)4-c. 


13. Required the net single premium for an insurance upon the 
life of (a?) of ^1000, increasing at compound interest during the 
first 5 years at the rate of 4 per cent, per annum. 

The single premium = {(1 -01)0^ + (l-04)2C^^j + (l-04)sq^j 


14. An office proposes to grant endowment assurances under a 
table of premiums reduced by anticipation of future bonus. 
Investigate a formula for the annual reduction when the dis- 
counted bonus is 

(a) A quinquennial cash bonus of 1 per cent, per annum of the 
premium. 

(h) A simple reversionary bonus of .£1 per cent, per annum 
declared quinquennially and vesting when declared. It may be 
assumed that the office does not allow interim bonuses. 


(a) For a cash bonus the reduction is 


•01 P' 


+ ^a;+l0 ^t4-15 


ml 


SB+IO 


r±U 






(J)) And for a simple reversionary bonus 


•01 X ^^x+10 ^^wC-{-15 




15. Obtain a formula for the office annual premium for an 
endowment assurance policy on (x) to mature m 20 years, the 
premium to be based on select tables, and to provide for a com- 
pound reversionary bonus of p per cent, per annum declared 
quinquennially, with interim bonuses at the same rate after the 
first 5 years, and the' loading to provide for an initial commis- 
sion of k per cent, on the sum assured spread over the whole term, 
a constant of I per cent, on the sum assured, and a perceiitage*of 
m on the gross premium. 
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The problem to find the net premium for such an assurance 
has been discussed in general terms on page 305. Here the 
particular case is treated^ and the office premium also deduced. 

Firsts to find the net premium, we have benefit side 


D, 


[«3 



1 + 100 )^ 

M 

^Ea;3+10^ 

+ 

( 1 + 

5p'^ 

100 , 



+ 

( 1 + 

op'' 

100, 

) ~ ^Ca;]+20^ * 


+ 

i!o( 

^1 + 
's 

(R 

looy ^ 

■ ®tai]+I0' 

■S“w«.) 

+ 

105* 



R 

[«3+15 


+ 

ifel 



“ ®'W+20 



Payment side = ^ 


D, 


whence 


N. 




J / 

-N I 

[dJ]+20 t 


[»3 


M jl-JL 




R — . R ^ 

bW 


\j+I6^'^IOo(^'*'rOd) \i+2o5 




- M 

[a3+20 




Fuither, the office premium 

1 


1- 




- + 




100 


looy 


16 Find the annual premium for a deferred «nnuity-clue to 
(x), the first payment of which is to be made at ago willi 

premiums returnable in the event of death before that age. If 
(ft;) survive the 7i years, the annuity is guaranteed for at least 
t years whether he live so long or not. 
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Benefit side = + + 

I ”^*C 

Payment side = rra -r 

xn] 


Equating, tt 


V>7T + ,1 + ^.«+» 

(N*. , - N - (1 + «)(R, - R - nU^J 


and T == 7r(l+/f) + c- 


17. Find by the table at 3i per cent, the annual premium 
at age at entry 30 for an endowment assurance of 1 for a term of 
30 years with a uniform reversionary bonus of 1 per cent, on the 
sum assured in respect of each year entered upon after the fiist. 

Benefit side 

_ ^[ 80 ] ^60 ^60 . .Ai ^[ 30 ]+l ^00 “ ^^^60 ^^^60 

D«, ■“», 

N ~N 

Payment side = P S? 

^[ 80 ] 

.ha.ce P - P»-^ " (W. - “a - ^«u, * J 

N — N 

[ 30 ] ^60 

(10267*77 - 4671*51 + 7432*6) + *01(278665-44-58079*89- 
29 x4671*51 + 29x 7432*6) 

614584-81650*3 

13028*86 + 3006*5716 
532933*7 • 

16035*4316 
^ 532933*7 

= *03009 


18. Find by the table at 3| per cent, for age at entry 
40 with a tei*m of 15 years, the annual premium for an endowment 
assurance of 1, together with a compound reversionary bonus of 
1 per cent, per annum, which is to compound every 5 years, with 
an interim bonus at the same rate in the event of death during 
the 5 years calculated on the sum assured and bonuses m foi"be 
at the beginning of the quinquennium. 
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Benefit side = [(M^ - JI.. + D..) + -OICR,^;,, - Rf^oi+s) 

■^[403 *“ 

+ -01(1-06)(Rj,„,^ 3- RJ + -01(l-05)=(R^- RJ 
- M,3{(1-05)3 -1} + D, ^[(1-05)3 -1)] 

N - N 

Payment side = P — ^ 

^woi 

whence 

^ “ If -‘IT’ 

[ 40 ] 65 •- 

+ -01(l-05)(Et^,^5- R„;) + -01(1-05)2(R,„- R,,) 

+ {(l-05)*-l}(D,,-M,,)] 

= 1(8202-99 - 5689-39 + 9958-2) 

362204-126234-5 ^ 

+ -01(191831-83 - 151953-13) 

+• -01(1-05)(151963-13 - 115901 -12) 

+ -01(1-1025)(115901-12 -84608-96) 

+ -157626(9958-2 - 5689-39)| 

14268-1029 
225969-5 
= -06314 

19» Given that the office single premiums for pure endowments 
of 00 at a certain age, with and without return of premium m 
event of previous death, are £70 and £65 respectively, find the 
office single premium for the pure endowment with return of half 
the premium in event of previous death. 

As pointed out on page 299, it would be wrong to charge 
£67, 10s., as that would suffice for the return of £35 (t.e., half of 
£70) and not of £33, 15s. in event of previous death. 

Instead, let S be the sum assured under a policy without 
return, and (100 - S) the sum assured under a policy with return, 
so that the premiums on the two policies shall be equal. That is 

(100-S)x-7 *= Sx 65 
S - 51-852 
and 100 -S - 48^4:8 
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The premium under each policy will be 33-704, and the premium 
required under the joint policy will therefore be J67, 8 s. 2 d* 


20, Find, by the use of the following office rates, viz. : — 

^'mrn “ ^40 ioi = -01475, and A', „ = -56396, 

the annual premiums for an assurance on a male life, aged 40 
next birthday, of ^ 1000 , payable in the event of death within 
10 years, with a return of all the premiums paid if he survive 
that term : — 

(a) If the return of premium is to be made at the end of 10 
years, and (b) if it is not to be made till death. 


Let P be the premium required. 

Then(«) P = 1000 P'^.j 5 , + 10PxP',„^l 


P = 


lOOOP^oiol 


Now P' 40.^1 is not given, but may be taken 

•09479 -•01475 « -08004. 


40;i0| 

P' 


40:10i 


P'l ~ 

^ 40:10j 


Though by this method there is insufficient loading on the pure 
endowment portioh of the premium, yet the fact that there is a 
term assurance for a very much larger figure makes up for this 
loss. 


Therefore P 


1000 X -01475 
i - 10 X -08004 


14-75 

*1996 


= 73-898 


Again (6) P = 1000 P'i„ + lOP x P',„ i,A'^ 
p = 

14-75 

“ 1- -8004 X -55396 

14-75 
~ -55661 

=. 26-6 
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If in these formulas we assume net premiums throughout, we 
lOOOAi, lOOOAi 


get (a) =» 




and (b) =« 


_ .inA2_„^ 

” 40.101 *'""* 40 : 10 } ”40 10 ) '^'^^ 40 : 10 ) 

are obviously the net annual premiums for the benefits^ thus proving 
the correctness of our formulas. 


which 


21. Under a certain Reversible Premium** scheme, an 
office undertakes to grant whole-life assurances, under which, 
after n years, the company pays the premiums to the assured, 
instead of receiving them from him, and this continues until the 
life drops, when the sum assured becomes payable. If w = 20, find 
the office annual premium at age 40 by the Teoct Book table at 
3 per cent., allowing for a loading of 15 per cent, of the net 
premium, and 5s. per cent, on the sum assured. 

Benefit side 


Payment side 

whence t 

Under the given conditions 

^ = M,^*q025N5, 

N 39 - 2 - 16 N,, 

11869-4 + -0025xll2093'8 
458461 ~2-15^xU2093 8 

12149-6345 
'217459 33 

- -05587 

and tt' = -05587 X 1-15 + -0025 
= -06675 

= £6, 13s. 6d. per cent. 

22. Find the annual premium for a pure endowment payable at 
6ige (x + n) ; the premiums to be limited to and to bo returned with 
compound interest at ratey in the event of death before age {x + »). 
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Benefit side 

= -^+"+{^(1 +.) + cl {(1 +J) 

M - - M , , 
+ ... +(i+jy_l±Ir.^ i±‘ 


D, r;:^ } 

= + j ^(1 + k) + C J .[(1 +J) + (1 +Jf 

X XX 


M - M . , D , . M' . ~M' 

- j - . . . -^(1 ^jy _f±izi ^±1 




±.‘+(i+y)/ 


*1 D 


D 


X-\-t 




where /yj is calculated at rate while ^ ^ jc-fi 

1+i 

IH-J l-he 


are calculated at rate J, which is such that 


Payment side «= tt 




By equaling the two sides sr may be found, and tt' = 7r(l + /c)-i- c. 


23. Find the annual premium for a pure endowment payable 
at age (^4-^')^ the premiums alone to be returned if the life dies 
within s years, but the premiums to be returned with compound 
interest at ratey, if the life dies after s years. 


Benefit side = ^ + {x(l + K)+cj ^^~^?’:g 

+ {’^(1 + «) + c) {(1 +^>^, 

X 

4 . (1 4 . jy+i 

4 . ... 4.(l4.y)r^^±!:i^:2!£±r} 

3i 

Payment side == t ^trr i 

X 

whence by equating, ir may be found, and tt' = 7r(l 4 /<) 4<7- 
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24. Find the net preminm limited to 10 payments for an 
assurance on (x) under which the sum assured is 1 until all the 
premiums are paid up ; thereafter the sum assured is the amount 
of the premiums accumulated at compound interest at rate i from 
the dates of payment of the premiums until the end of the year 
of death, should death happen before the expiration of the 
twentieth year of assurance. If the life survive 20 years, the sum 
assured again becomes 1, but the policy-holder is to be entitled 
to an annuity, until death, at rate i per annum upon the total 
amount of premiums actually paid without interest. 


Benefit side 
M - M 


■«-f9 


+ {?r(l +k) + c}{( 1 +i)-f'(l +^)2. . . 4-(l 4.e)l0j 




+ + 10 [«•(! +K) + c}e ^+1° ^ "t! j? ' 


the expression until death'* being taken to imply a complete 
annuity, 

N . N , , 

Payment side = tt — £±2 


And T may be found by equating the two sides. 


25. Given values of as fol low’s fat 3 per cent., 19*805; at 
3| per cent., 18*441 ; at 4 per cent., 17*155, find at 3 per cent, 
the annual premium for an assurance on (ir) of £100, the sum, 
assured to increase by £1 per annum for each year entered upon. 


Here P - 


100A,+ (IA), 
1 a 


To find (lA)^ we may make use of the general formula 
established on page 297. 

(IB 


(IBX = -(1 + 0 


di 
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We have 



1 *04883 + *00399 

^005 

= 10*881 

39*141 4- 10*881 
20*895 
= 2*394 


26. If the office premium is 15 per cent, greater than the net 
premium^ find at 3^ per cent, the approximate annual office 
premium for an endowment assurance on a life aged 40 to be 
payable at age 60 or previous death, all the office premiums to be 
returned without interest in the event of death before age 60. 
Given at 3 per cent. = *20413, at 3J per cent. = *19385, 

at 4 per cent. = *18428 ; and A^^.^ at 3^ per cent. = *55338, 
and (1 + cent. = 13*207. 


The benefit side = A^.,^ + P(M5)(IA)^^,^. 
By Lidstone's general formula for any benefit 
(IB) - -(l+i)§ 

— 

Hence = -(1+i)— |J?I 


= _ (1-035) 


005 


- -(1-035) 
= 2-054. 


- -00957 -ix -00071 
-005~ 
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Therefore the benefit = ’55338 + P(l’lo) 2 05 1 
= -55338 + Px2’3G2. 

The payment side = P(l+«^.j-5]) 

= Px 13-207 

Equating the two sides we get 

Px 13-207 = -55338 + Px 2-362 

T, -55338 

^ “ TO^ 

« *05103 

The office premium therefore = ‘05103 x 1*15 «= *05868. 

27. Use Lidstone*s two approximate formulas to find by the 
table at 3|- per cent, the annual premium for a joint-life 
endowment assurance on two lives aged 44 and 45 respectively, 
which shall increase by 1 per annum, Le. 1 to be payable in the 
event of the first death taking place in the first year, 2 if it 
happen in the second, and so on, 20 if it happen in tlie twentieth, 
also 20 if both survive the twentieth year. 

The two formulas are 

P as P-J-P P 

ajftj * 

AA — 

3 % 34 % 

P^.^ -04391 -04206 

-08829 -08460 

-03613 -03416 

-05216 -05044 

Enter annual-premium conversion tables inversely to find 
«4t-.«.i9i 11-301 10-869 10-461 

Enter smgle-premium conversion tables to find 

«.«it -64172 -59864 55919 

A -04308 -03340 

A* 


4% 

-04030 

-04078 

-08108 

-03229 

•04879 


•00363 
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Hence approximately the annual premium 


-(1-035) 


*= -720 


- -03945 --00182 


005 

11-869 


28. A father, aged 35 next birthday, has a child, aged 1 next 
birthday. An assurance of £150 is to be paid on the child attain- 
ing the age of 21, provided the father be then alive. In the event 
of the father's death an annuity of £5 is to be paid annually until 
the child attains age 21, with a payment of £100 at that date. 
The premiums are to cease on the father's death, and to be 
returned on that of the child before reaching age 21. Deduce 
the formula for the annual premium. 


Benefit side = 150^5:S+6 k|^«3^|j+100d2o Pj(l- 
86:1 


Payment side « t 


N -N 

^ S4;0 -^ 84120 


n 


85.1 


By equating the two sides, tt may be found, and w-'® 7r(l + «)+- c. 


29, A debt is to be discharged by ?t equal annual payments 
to include (a) principal, (5) interest, and (c) the premium for an 
assurance to provide for the cessation of the annual payments and 
the extinction of the debt, if the debtor aged die before the 
expiration of the n years. What should be the amount of the 
annual payment ? 

If the annual payments arc made at the beginning of each of the 
n years, we have the annual equal payment of principal and interest 
’ K 

to repay a loan of K in that time, — ; and the annual premium to 
insure the balance of the loan outstanding is 

'ti\ 

ir 

Adding this to — we get the whole annual payment requiredU. 

V| 
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Alternatively, we may proceed thus. If the loan be repayable 

IT 

by n equal instalments of — the amount payable under the 
policy if (.r) die in the first year is — second 


K 


«1 


— f, and so on. Therefore the whole benefit under the 
a- 

%\ 

policy is 

1 d: j 


and the premium to be added to the equal annual instalment 
. K . 

of — IS 

• • • +C^+„_2aii) 

^n\ 

^ 01-1 


The two results are identical, for 


Si % — 1[ 71 — Jj 




CJli+v+v^+- . • +o»-2) + C^^j(l +(> + (’=+ ■ • . +Il’»-8) 


-f. . . . 4* c. 


a?+7t-2 


+ . . . +o»-2C 




30. Find the annual premium required at a^e a* to secure XI 00 
per annum for six years commencing on a child*s sixteenth birth- 
day ; the premiums are to be limited to (16 -j?), and in the event 
of death before age 16, the whole piemiums paid are to be 
returned, while if it occur between ages 16 and 21 a proportion 
of the premiums paid, decreasing in arithmetical progression from 
five-sixths m the seventeenth year to one-sixth in the twenty-first, 
is to be returned. 
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Bene6t side 

N,.-N, 
= 100 - 


" X 

'^^19 ^^20 


+ (16 “ir){7r(l +/c) + c} 


100 




} 


5— ” + {’r(l +«^) + c} j 




-fKi.-ft 




is)| 


Payment side 


. a,-- ! ^ 

‘D„ 


whence tt may be founds and 7r' = 7r(l +k) + c. 

A‘ better method of carrying through the transaction would be 
to have six policies each for £100 payable at ages 16, 17^ 18, 19, 
20, and 21 respectively, with return of premiums paid in the event 
of previous death. 


31, Find the single payment required to redeem future 
premiums under a child's endowment with retuimable premiums, 
effected at age a?, and payable at age (a? + i), which has been n years 
in force. 

If TT and tt' are the net and office premiums for the original 
benefit, and if we wiite A and A' for the net and office single 
payments now required, we may take it that A must be equal to 
the value of the future premiums now to be forgone less the 
return in respect of these premiums, and plus the return in 
respect of the single payment. That is 

A - ^ii!+7i.-l ” / ^a,+7l ■” ^ai+(f ” 

A « ^ ^ TT g 

x+n «+» 

M - M 

+ {A(l + K0 + c'}-^i^l ^ 

Hence 

and the single premium required 

A' - A(1 +k') + c'. 


y 
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32. If you were furnished with the office annual premiums 
for temporary assurances of £100 for from one to fifteen years at 
age ar, and also ynth full tables of annuities, how would you arrive 
at the annual premium for an assurance of £1000 deci’easing by 
one-fifteenth each year, and at a premium also deci easing by 
one-fifteenth annually 

Let the premium required commence at 15P and decrease by 
P per annum. 

Benefit side 


lOOOx^V(nr|+P'^^^:5^+P'i.» 






where etc., are the office annual premiums per unit. 

Payment side = P(a^ _ + a^. 5 ^ + a^. 3 |+ ... +a^.j.g,) 
and P may be obtained therefrom. 

A more practical method of carrying through the assurance, 
which, however, would not fulfil the condition that the premium 
should decrease by an equal amount each year, would be to get 
(x) to effect fifteen policies, as follows : — 



The sum assured decreases in the required manner, but the 
piemium does not, though it too decreases in total, since at the 
end of each year there is alw’ays one premium less to pay out of 
the fifteen with which we started. 






CHAPTER XVII 


Successive Lives 
EXAMPLES 

1. Give an explanation of the expressions 

(а) KKA^ 

(б) (l+i)U 

(a) This represents the present value of 1 to be paid at the 
end of the year of death of ( 0 ), who is to be nominated at the end 
of the year of death of who is to be nominated at the end of 
the year of death of (ai). 

(b) This represents the present value of 1 to be paid at the 
moment of death of (js'), who is to be nominated at the moment 
of death of who is to be nominated at the moment of 
death of (a?). 

2. Show that the single premium for an assurance^ with return 
of the premium along with the sura assured, is equal to the value 
of all the future fines on successive lives, where the lives are to 
be nominated all of the same age as that at present of the life in 
possession. Explain verbally why this should be so. 

The single premium ft>r an assurance with return of premiiun 
is found as follows : — 

Benefit side = + B x 

(6 X 

Payment side = B 

A 

and B = ,= — ^ 

I 

X 

Again, the value of all future fines on successive lives of equal 
ages is 

A, + (A^2 + (A^®+ ' • - ad inf. 
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NoWj under the assurance, we obtain 1 4- B at the death of (a*), 
whereof 1 will pay the fine falling due at his deaths and B will 
set up a new policy of like nature on a life then aged x, which in 
turn will pay the fine at the second death, and provide B for a 
thii*d policy, and so on, ad hifiniUmi. 

3. Find the value of an annuity during four successive lives — 
the second, third, and fourth lives being nominated on the deaths 
of the first, second, and third lives respectively. 






ir^_i+A i-y 

1-A AAA 

w SC y « _ 1 

d 


A 1-A 1-A 

— *+ A„A^ -^+ A^A A,,-^* 

w X ^ w X y ^ 


4. A copyhold estate is held on two lives, each renewable at 
the end of the year in which it drops, by a life aged 10, on payment 
of a fine of £S. Assuming the two lives to be now aged 30 and 35 
respectively, find the present value of all the fines in perpetuity at 
3 per cent, interest. 


The value of the fines payable on the succession of lives 
stai'ting from the life now aged 30 is 

^ ^ “^10 ^ ^ ) 

- 8A3J1+A,,4(AJ24. . . } 

8A.. 


1- a: 


10 


Similarly, on the succession starting^from the life aged 35 we 
have 

8A«, 


85 


l-A. 


10 


The present value of all the fines is therefore 

Taking the Carlisle table at 3 per cent, we have 
8040129 4 -43399) 6*68224 

1 - 28606 "" 

=8! 9*360 
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5, C and D have the perpetual right of alternate presentation 
to a living of the annual value of £k. Assuming that D has the 
next right of presentation, that the present incumbent is aged 
and that his successors will all be aged x on appointment, find the 
sum which C should pay D to purchase his interest. 

On the principles of Text Book, Article 32, the value of the 
perpetual right is 

Of this series the even terms represent D’s share, which is 
therefore equal to 

+ '*^) { 1 + • ■ • } 

_ + 

Modifying this formula in accordance with Text Book, Article 
35, i.e, assuming a new presentation to be made at the moment of 
death, and the presentee to then enter upon a continuous annuity, 
we have 



CHAPTER XVIII 


Policy-Values 


1. The Prospective and Retrospective Values of policies under 
various ordinary classes of assui’ance should be written down 
and their identity proved. We propose to deduce the retrospec- 
tive values for whole-life and endowment assurance policies, and 
prove that they are equal to the corresponding prospective values. 

Assume that each of persons has effected a whole-life policy 
at an annual premium of Then the premiums paid at the 

beginning of each year accumulated at rate i to the end of n 
years amount to 


I>*+D,+l+ 


+ D 


x+n-l 




N -N 

SB (ya+W- 


The claims paid at the end of each year accumulated at rate i 
to the end of n years amount to ® 


+ (1 + £)»-2 + 


C + C -f 

X * x+l 


4 * d 




, . +c 








M 


ss±n 


The fund in hand made up of the surplus of accumulated 
premiums over accumulated claims is therefore 



-N 


M 
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Dividing this by the number of survivors, viz. we have 
the average sum in hand in respect of each survivor, that is 
P(N ,-N , - M ^ ) 

Y _ je-l ^ g! 

X 

as+w 

which is the policy-value found retrospectively. 

The prospective value is 

-- P^(l + 

To prove the values by the two methods equal, we must assume 
the rates of mortality and interest to be the same as those employed 
in the calculation of P^. 

Now 

PN -M M -PN 

« + g 

c6+n x-^n 

«= A^ -pn+a^) 

x+n x^ 


For the endowment assurance payable at age (j7+ t) or previous 
death, the value by the prospective method is 

»^ajF| . t-%\ ^x-hn . 15 - n- 1 ]) 

By the retrospective method the value will be the same as for 
the whole-life policy with the substitution of for P^., Thus 




D... 




Xt\^ iC+Tl-l 






x-^nit-n\ ar{|v> 

~ ^a+t ^a+t 




since 
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Olliers which should be worked out similarly arc : — 

Pure endowment 

= \+u.f^;n-P.r,0+^+«rr5rrn) Prospectively 
PifN -N ) 

-= retrospectively 


Temporary assurance 

„VJri = ir^r^n) prospectively 

= ~ ~ ~ retrospectively 

Limited-payment policy 


(1) When n < t 

+ prospectively 

= ~ I . retrospectively 




(2) W^hen n — on > i 

prospectively 




Joint-life assurance 


V-. = V«v+»"V^+®r+,rv+J prospectively 


% sey 




D 




retrospectively 


Leasehold assui*ance 

Jfi == + prospectively 

~ retrospectively 

^Further problems similar to these will occur later, f^nd will 
then be disposed of^ 
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2. The notation for policy-values in regard to select tables 
follows the rules already laid down (see page 140). 

If i < 71, the period during which selection is assumed to have 
effect, 

V — A - P ft 


If ^ 


== 1 - W+i 


V = A -P a 
t ^ [a] ^ [a] 


- I 


If the life presently aged (x + i) is assumed to be still select the 
reserve value is 

A -Pa =1 
"[«+<] ^Ca?r[a+f3 a. . 


3. A very simple proof of Text Book formula (3) is as follows 


V +P = A -Pa 

» » » a+w a? x-hn 


= K+„ + ^,+nK+n+l') - + V»+l) 

= «?.+„ + ®P«+ J\+u+l - 


Or, retrospectively. 


V 4-P = 

It a; * sc 




■" D U 

x-^n x+n 
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Similarly, we have for pure endowments 
V 1 + Pl- = A 

^ \i(i 


n at\ 


r-Pr.fl 


c+ji i-Tij xt| sc+rt .-/i-il 


“ ^Pr^.T^i'^x+n+l . C - zt - 1] ^ ifj + 

p 1 w - N 

^ . tr 1 . ii I O'/lv a -1 i>hn-~l^ _l P 1 

Or, again, + ^ 5 + P,r, 




01+ 

P fN , - N ) 

as-l f fzt'-' 


L‘£-^n 


D 


JC+Zl j-1 




4. By Text Book formula (3), 

A+p* = 

~ ® \Hx^% ~ w+l^ai) « (-l^»^ 

Therefore C,V^ + PJ(H-i) = -»+iV«) + «+iV« 

From this we seh that the reserve value at the beginning of the 
year, and the premium then paid, both accumulated to the end of 
the year, are equal to the reserve value at the end of the year, 
together with a contribution towards the claims payable. 

Now, if the mortality actually experienced agree with that 
assumed, the account will work out as follows for policies, 

each for 1, existing at the commencement of the year : — 

Claims payable . . . . . . «= 

Contribution towards claims payable 

Eeserve released . * — 

c-f-n 7z-j-l jc 

Together • ■ • • ^ 

SO that the claims payable are exactly met. 

^Profit or loss from mortality in an Insurance Office therefore 
depends on a comparison of the claims payable less the reserve 
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released, with the expected contribution towards claims payable. 
If the claims, less the reserve, exceed the contribution, there is a 
loss to the office, and vice versa. 

Therefore mere comparison of the claims payable with the 
accumulations of premiums received is no test of profit or loss from 
mortality. It is impossible to view the contracts in this light, 
since at the date of the claim the accumulations of premiums 
received are not available, having been applied to pay current 
claims and to increase the reserve (apart from payment of 
expenses and distribution of profit). Further, however long the 
life live, even beyond his expectation at date of entry, there is a 
loss to the office in respect of his claim (unless indeed he live 
beyond the limiting age of the mortality table used), since is 
the average reserve in hand at any time while the claim to be paid 
is 1. Every life assured on the books has to contribute towards 
the deficit, and the profit or loss on mortality, as already stated, 
depends on how this deficit compares with the contribution. 

In the case of an assurance under which no further premiums 
are payable, we have 

Here the reserve value accumulated for a year is equal to the 
reserve value at the end of the year, together with a contribution 
towards the claims payable. 

In the case of an annuity, we have 

= (^ + "x+»+i)“9*+«(^+®»+«+i) 

This formula was discussed in the notes on Chapter VII., page 120 

6. Returning to the equation 
QV^+PJ(l+i) = 

we see that 
according as 

reserve value immediately after payment 
of the (w+ l)ih premium and ^^^V^ the reserve value immediately 
before payment of the (n + 2)th premium. Therefore the former 
is > =» < the latter, according as interest on the reserve is 
< > the current mortality lisk. 
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It will be found that, unless the policy has been a considerable 
number of years in force, („V^+ P there- 

fore V + P > ,V . On the other hand, where the policy has 
been a long period in force may exceed 

and therefore V -t-P < ,,V , that is the reserve value of the 

% X X n-f-L a? 

policy will increase in the course of the year. 

In the case of a temporary assurance 

»+l^^U\ 

according as 

(JV,+Pj7.)i< - > Wl-„+iVV|) 

And it will be found (where i is not very great) that interest on 
the reserve is insufficient to provide for the current mortality risk, 
and that Jij., is greater than Indeed ^Vij| alone 

frequently exceeds as may be seen from Text Book, page 

319, Table C. 

In the case of a pure endowment 

.''it+pji > - 

according as 

(Jif+Pil)* < = > 

But obviously 

since the latter is negative. 

Therefore „Vjj -t-Pjj < showing that the reserve 

value in this class increases in the course of the year. 

For the endowment assurance (the summation of the last two) 
we have 

V~-+P~ > « c V- 

according as 

< =» > w(i - 

that^is, according as the interest on the reseiwe is < =w > the 
current mortality risk. 
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6. As an illustration of how to ascertain profit or loss from 
mortality, let us assume in connection with the example worked 
out on page 316 of the Tend Book that the actual mortality experi- 
enced for the first five years was as shown below, and not according 
to the Teyst Book table, and that the annual premium was *01873. 


Age. 

h 


30 

89685 

656 

81 

89030 

740 

32 

88290 

700 

33 

87590 

720 

84 1 

86870 

750 

35 i 

86120 

766 

etc. 

etc. 

etc. 


We have first to construct a table, thus : — 


Year, 

Premiums 

received. 

as per Text 
Booki p. 316. 

Survivors 

at 

end of year. 

Fund req[uired 
at 

end of year. 

1 

1679*800 

•01168 

89030 

1039*870 

2 

1667*532 

•02364 


2087*176 

3 

1653*672 

•03590 

87590 

3144*48] 

4 

1640*661 

•04847 

86870 

4210*589 

5 

1627*075 

•06133 

86120 

5281*740 

etc. 

etc. 

etc. 

etc. 

etc. 


Then we may find the profit or loss, as follows : — 


Year. 

B 


3. 

4. 

5. 

Fund at beginning of year . 
Premiums received 

0 

1679-800 

1039-870 

1667-532 

2087-176 

1658-672 

3144*481 

1640*561 

4210-589 
1627 -076, 

Interest .... 

1679-800 

50-394 

2707-402 

81-222 

3740-848 

112-226 

4785-042 

148-651 

6837-664' 

176-180 

Claims ..... 

1730*194 

655 

2788*624 

740 

3853-078 

700 

4928-693 

720 

6012-794 

750 

Fund m hand at end of year ! 
Fund required do. 

1075*19 t 
1039*870 

' 2018*621 
2087*176 

B153 073 
3144 481 

1208 593 
4210 5 89 

6262-794 

5381-740 

Profit (+) or Loss C -) . 

4- 35 -324 

-38-552 

+ 8 592 

-1*996 

-18*946 
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7. By Text formula (10) 

A ^ “A, 

-y «t4 ^ 

n jb ““ 1 — A 

) 

This result may be pi-oved by general reasoning. 

Suppose {x) to enter into such a contract as that described in 
Article 60 of Text Booh, Chapter VIL, under which the amount 
payable after deduction of the single premium shall be 1. That 
is, if B be the single premium the total sum .assured is 1 -4 B, the 
loan on the policy is B, and the interest payable in advance on 
this loan is dB. Then B = A^(l + B) 

A^ 

whence B = -z — r~ 

The sum assured is therefore . , . " 

The single premium, which is also the amount of ^ 
the loan, is . . . * • . j — ^ 

The yearly interest payable in advance, which is 
also the annual premium for the net amount pay- 
able, is ^ 

SB 

The net amount payable at death is the sum 

1 A 

It. 1 1 . 1 I. «_* A! 


assured, less the loan, that is 


1 - A. I - A 


Now, after n years the resciwc required under 
the above single-premium policy for - r - is 

from which deduct the policy loan which the office 
must take credit for , 


The difference is 




which is the reseiwe required for an annual-premium policy under 
which the net amount payable is 1, and which Ms been n years in 
force. That is. 
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8. The proof of Teait Book, Articles 41 to 43, seems rather 
laboured. The matter may be put more shortly. 








( P ,+„+«0( i +'')+( c -'‘<0 


A 

Ih X 


1 + 


C-nd 

(P*+.+‘0(i+«) 


Now, according as c > = < #cd, the expression 


C--Kd 


is positive, zero, or negative ; and < s= > 
P -P 

Or, again, V' = Efl « 

^ ^ « p c+d 


Therefore 


g+tt 1 4- K 

V' > = < V 

U « % X 


p ~P P ~p 

as 

P 4. - - ■ - x-j-n 

u:Hi I 

that is, as d > = < 

1+AC 


or as d - 


d ^ ^ c 

^ < r+^ 


or, finally, as Kd > = < c 


9 Texi Book, Article 48, is very important, and has a wide 
bearing in a consideration of the effect that an increase in the 
mortality has on policy-values. 

One is apt to assume that merely because one mortality ta]jle 
exhibits higher rates ot mortality than another, the former requires 
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larger reserves than the latter. But it is nnpos.siblc to argue so 
fast ; for we see that, if m the expression 

P, +rf 

t •}- II 

we increase both P^, and P we cannot tell whether the 
whole expression is increased or diminished without more minute 
examination. 

The same point is seen on examination of the value of 
found retrospectively, 

W +0'*'^+ • • • + +0} 

If the rate of mortality as a whole is increased, it is quite true 
that P is increased and I decreased, both tending to increase 
but at the same time etc., are decreased, and 

etc., proportionally increased, all tending to decrease 
and the final result may quite well be a lower value for 

Now, as pointed out in Text Book, Article 48, If the increase 
be proportionally greater at the younger ages, the policy-value 
wall be diminished, and if the increase be proportionally greater 
at the older ages, the policy-value will be augmented.” Also, 
Dr T. B. Sprague, in liis paper, " How does an increased mortality 
affect policy-values” (/. /. A.^ xxi. 109), says : '*It seems that we 
may faiiiy draw the following conclusions : — 

(1) If two tables show the same mortality at young ages and 
at higher ages an increasing difference^ in the rate of mortality, 
then the one which shows the higher rate of mortality will require 
larger policy-values, 

(2) If two tables show the same mortality at high ages, but an 
increasing divergence as we pi-oceed to younger ages, then the 
table which shows the lower mortality at younger ages will require 
larger policy-values. 

(3) If two tables, A and B, show the same rale of moii:ality at 
the middle ages, say about 50, but at younger ages the table A 
shows the higher mortality and at higher ages the lower mortality, 
then table A will require the lower policy-values.” 

Finally, Dr Sprague tells us that '^‘'policy- values do not at all 
depend upon the absolute rate of mortality exhibited, but only 
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upon the progression that the rate of mortality exhibits. It is the 
table in which the mortality increases the more rapidly^ that 
requires the larger policy-values.” 


10. As shown in Text Book, Article 49. 


V' > = < V 

% X % X 


according as 


If, then, it be desired to compare the reserves at 3 per cent, 
of the experience with those of the O^, a table should be 
worked out for each age as follows : — 

jjM 

Ratio of annuities-due, , at 3 per cent, for comparison of 
policy-values. 



Here then 
because 
Also 

because 

But 

because 



Z 
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The matter becomes rather more complicated when it is deshed 
to compare the H** and reserves with the 
In this case when « < 5 


according as 


H“a 

-rr,-' > = < 


0“a. ^ 0^'a 




But when « = or > 5, 

and > 


< O” ,V. 


U 


according 
that is, as 


1 


0“a 


H^a 


H^'a 




> = < 




V-fu 


O^'a 0“a 

X 


Having drawn up a table of the two ratios 


x4*»i 

H’^a 


0®'a 


' and- 




O’^'a 




X+fli 


we can tell, by inspection of the ratios, at what ages at entry and 
for what terras the and reserves will be greater than, 
equal to, or less than the reseiwes. 

It is wrong to assume that, because one table or combination of 
tables shows larger reserves than another for whole-life policies, 
the same relation will hold for endowment assurances. Comparison 
must be instituted between an entirely "different set of functions, 
viz., tex-m annuities. For 

xTj ^ ^ 

according as -JH > « < 

a — a — - 

Jrtj 

This IS not a merely theoretical point; for as a matter of fact, 
while the and reserves ai*e greater on the whole than 

the for whole-life assurances, the i*everse is the case for 
endowment assurances. 

If two mortality tables yield equal policy-values, that is, if 
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V = V . then the ratio — will be constant for all values of 

n X n r a 

X 


Xf and we may write 


But again 





i+«^ 

l + K 



1 *4- /7 

whence 

a = 

, 1 


a. 

1 + /< 



l + «' 

Then 

V' = 

- r-f-w 


% X 

1 + o>* 


1 +« 








1+k' 




1 + ®, 

s V as required. 
n X * 

1 -f* 


l+K 


£-1 


1 + ^ 


> 4-1 


1+K 


a —K 


Px 


X 

which is Text Booh formula (29). 

The conclusions of Text Booh^ Articles 59 and 60, may b« 
proved directly for the rate of mortality, q' 
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The addition to be made to the rate of mortality at age .r if 
equal policy-values are to be produced is therefore ^ — ) 

which increases wdth an increase in ^r. 

Now, if instead of this increasing function we make a constant 
addition of r to the rate of mortality, the increase will not be so 
rapid as is required to give equal policy-values. Therefore, on 
the principles of Text Book, Article 48, the effect of adding a 
constant to is to diminish policy-values. 

Again, if for we substitute - r, the rate of mortality 

* 4 " 

will be increasing more rapidly in proportion than under the 
formula which produces equal policy-values ; and therefore on the 
principles of Text Book, Article 48, the effect of deducting a con- 
stant' from q^ is to increase policy-values. 

11. In this connection it will be useful to discuss the reserves 
required for policies upon lives subject to extra mortality. Extra 
mortality will probably occur in one or other of three well-dehned 
ways. 

(1) The extra mortality may be higher than the normal 
throughout, the difference being small a*id slowly increasing at 
first, but becoming great in the later years of insurance. We 
should expect reseryes under such a table to be greater than 
those under the normal, as the increase in the mortality is pro- 
portionately greater at the older ages. 

(2) If the extra mortality is greater than the normal, but by 
a constant difference throughout, we should expect the extra 
mortality reserves to be less than the normal, since this constant 
addition does not allow for the increase in the rates at older ages 
being sufficiently great to give equal policy- values. 

(3) The difference between the extra rates of mortality and the 
nermal may be great at first, afterwards diminisliing, and finally 
disappearing, until the two tables coincide. Hero also the reserves 
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under the table of extra mortality will be smaller than the normal^ 
as the increase is proportionately greater at the younger ages. 

The effect upon policy-values of an increase in the mortality 
under a table graduated by Makeham's formula; — A +Bc®; may 
be considered briefly. 

If in this formula the value of A be increased, the result, as 
shown on page 232, is equivalent to increasing the rate of interest, 
and that, as proved in Text Booh, Articles 69 and 70, results in a 
lower policy-value. A lower policy-value is therefore the effect of 
a constant addition to the force of mortality. If, on the other 
hand, B be increased, the effect, as shown on page 233, is to 
increase the age, and therefore a higher policy-value will be given. 
If A and B be both increased, the ultimate effect cannot be 
ascertained without further investigation, as the two increases* 
operate in opposite directions in their effect on policy-values. 

There are two well-known methods of dealing with extra-rated 
cases in valuation. 

(1) Policies on such lives may be valued at the increased ages 
which correspond to the higher rates of premium charged ; that is, 
they are treated throughout as normal policies effected at such 
increased ages. 

(2) The policies may be valued at the true age, precisely like 
normal policies of that age, each yearns extra premiums being 
assumed to meet that year’s extra claims. 

It is interesting to examine the extra rates of mortality which 
are assumed to underlie each of these methods. 

Suppose (x) to be a life charged the premium as at age 
Under the first method we then have 


Years 

Elapsed. 

Normal Rate of 
Mortality. 

Assumed Rate of 
Mortality. 

Extra Rate of 
Mortality. 

0 

% 



1 

7x+i 



2 




t 

! 
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In examining the second method, we know' that for a normal 
life 

while in the case of the extra-rated life under this method 

(»V« + P,+ R)(l + 0 = 

where R is the extra premium, and represents the actual 

rate of mortality. That is, the normal reserve plus the ordinary 
net premium and extra premium accumulated to the end of the year 
are assumed to be sufficient to meet the normal reserve at the end 
of the year, and make the necessary contribution towards payment 
of the claims actually experienced. Hence 

ss 

R(1 + *X 

ss - 

where represents the extra rate of mortality which 

it is desired to ascertain. Since R « - P we have 

x+r a? 


Years 

Elapsed. 

Extra Rate of Mortality. 

0 


1 


2 

— CV-WO+'K 

S-t-S 1 

i 



^^2. The proof that a decrease in the rale of interest increases 
policy-values, and vice versa, which is given izi Text Book, Article 
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69, is made to depend on the conclusions of Text Book^ Article 59. 
Conversely^ the proof of Text Book^ Article 59^ may be shown to 
depend on the proposition that an increase in the rate of interest 
decreases policy-values as proved in Text Book, Article 70. 

Thus, let be diminished at each age by a constant percentage. 
Then a'^ = ‘ ‘ 

= + («')\P»+ • * • 


~ a 


calculated from the normal mortality table 


at rate of interest y, which is such that 
1 1-r , 1 


V == 


Now 


1+i 


.i — i , whence ^ — = 
1 + 2 * l+j 


< TTl ^ ^ *• 


V' 

% X 


1+a' ^ 

1 x+n 

1-ha' 




« V" calculated from the normal 

n X 

mortality table at I’ate of interest j\ 

But since J > i, calculated at rate i, and therefoi'e 

V' < V. 

n X n X 

Hence it is seen that the effect of diminishing at each age 
by a constant percentage is equivalent to using a higher rate of 
interest ; that is, policy-values are diminished. 

By a similar process it may be shown that the effect of 
ina’easing by a constant percentage is to increase policy-values. 


13. The propositions of Text Book, Articles 71 and 72^, may be 
proved as follows : — 


If % < Vi 


then 


and 




JC+1 


1-ha 


'»+i 


i+Vi 


that is. 
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Again, if 










a 


v-vp > - — 

a. 

that is, 

pi _ > p 

Further, if 

then 

d > --- — -d 

^+"* ^+Vi 

that is 


Finally, jV^. = 

a -a 

1 r+l 

i+fl. 

X 


Therefoi‘e, if is negative. 


14. Besides the two cases mentioned in Tex't Book^ Article 73, 
in which negative policy-values occur, the following may also be 
noticed ; — 


(1) Reversionary Annuity Contracts. 
Here we have 

1 * %+n 1 a.4 | « n : y +w 



a — a 

jr-f .ft . 




% / 




n : y^n 


It has already been pointed out (page 274) that the annual 
premium for such a policy may decrease with an increase in the 
ages. If this were to happen, the above formula would give a 
negative result, 

(2) Contingent Insurance, - (a?) against the survivor of (y) and 
(sr), {p) having died. 


Under such conditions 


VI - = A ^ pi 

n x:ys xf-7i.i/+a * 





CHAP XVIII ] 


TEXT BOOK— PART 11. 


361 


As pointed out on page 247, if n be small, less 

than P^.— > in which case this value will be negative. 


16. To prove (l+ 

= A -PC^UW 

n a a.+n x x-hn 

~ \+ii~ 

= V«-{P»+^n“KP. + ‘0}a,,„ + ^P« 

(since PW = P^ + ^Rm)(P^ + d), seepage 196) 

» A -Pa +^^P(''‘>{1-(P +<0a , } 

■(' 




2m 


Again 


V® « A 

% XI i a;+w:r-7ii xr\ x+mr-nl 


/a 


\ *+»:r-»| 2m \ 



V. J \ 8?-+^ 


C.tooe iSj - seepage 198). 


p __a +- fl - 

:r-«l ■*" arir 1 ®4-?i : r-%) * 0»*» TV xt\~ ' 


’^a;+i»;r-»| * a;r| ®+n:r-TO{’*' 2m D 

s- V — + 2illi.p® VI— 

n ar j ~ 2m xr\ 


a+7t 


'a-f9£..r — » 


Or, better 

«- iir 1 


A — i - P^2^aW — t 

x+n^r-nl a»'j x+n r-n] 
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(substituting for , its value as found on page 198) 

“ ■^a+»:r^“^aTl^*+»:’^'*' 2m ^iFi^^S+ntr-wj ~ ^afl^^x+Klr-nj 


= V - VI- 

^ swrj^ 2m **"1^ 


m - 1 


Similarly, V^ + — 


16. To find (» being an integer and t a fraction). 


Now 

and 


'IT’ A ^ "P V I ii, 

n-i-t X X 1 — ij 

o!% = 

ja = a —1 
i| 1/ y 


Therefore, interpolating by first differences, where k is any 
fraction of a year 


/fra/ 




Hence 


and 


V 

X 


A 


-( 1^0 


■aj+»+« 


which agrees with TeM Book formula (31). 


17. To find = 

«+*V« = 

= A -Ip +^^P(»>(P +d)]-a + 

97 { **** 1 

(A*+„+t-P*ax+„+i)(l +^ 7 “^ w) 
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which .igrecs with Text Book formula (nC), since 

^ 1 4 7i 4-1 ^ j*+ 




— A — P ‘I 
““ •‘V4«+« ) ®4/i-f« 

if first differ eri CCS ^nre taken to be constant. 


To find if 

Yini) 

W4« ^ 


(' = i+^) 


sinc^t 


m 

— A - ~ *f .9 ^ 

0.4/14# 0. \^ jj4»4i 7n / 

= A -F'">a<»‘) . + F’®)f— - 

{[14^4^ ® 0J4w*f'<^ \7/i / 

A«.«- {‘’.+’" 2 ^- n-’cp.+'o} w^-3^ n-> 

+ ['’-+-S- n«(p,+fl} {a - 0 - (> --I-’)} 

’ ., (1 -/)- A -*■"■) 

m m \m J ^ \ w / 


.+,'T'‘ 


A,..«“‘’.V„,+'‘.(i -0->’.(i - ‘';') 
+ n-'(i - c''.+'')v.«+ p.(i - ') - f,(i - “)} 


p<«(l -.) 


2m 


V - P ( 1 - + ’? — V - P fl - 

n-n'* «i} -*w * ("•'* *' A >» 7/ 

i-) 


^d”i~ ^ iwf 

*Jim ^ 
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The third and fourth terms of this expression are very small, 
and in practice are usually ignored, it being assumed that 

vw = V -pA- 

» »-f-« « m / 





x-i-n+t X i-i-M-ri 


It may be noted that where the mthly prciniuins are instalment 
premiums, the third term will not appear in the expression for 
the exact value of and therefore the value used in practice 

will in that case be so much nearer the true value. 

To obtain proceed by 

interpolating between 

/ F“\ 

L.LV(J'^>+—) and „,7.+iVW 
r+m * »» / ”+-5- * 

p(m) . P(mx 

Thus = „^sV(«>)+-^ + «ff( ^i+iVt»>- 

= + smf + 

«+- ® V"+'^ * ”+S ■'■ / * [m J 

Now, substituting for and „ , » nVW tlieir values as 

found by Text Book formula (36), we have 

k, 


v« = (: 

aj ^ 


i+^=ip(™) 

2m ^ 


Ar V +i( 

/L® * »«'' 


‘nYs) 




w - 1 


The quantity PW is very small, and may be ignored ; 

and P^ may be substituted for PW in the second term. If 
these alterations be made the expression will agree with T&vt Bod’ 
formula (38). 


18. To find „^,V 

# xr I 


V - 

%+s xr j 


•P_.-.X 


»+n+«:r-»-M *rl l-trJi+n+iir-a:!^ 
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Now 


(I •! lU 


il 


*! . U‘ 




0 




«;<«-! 1 j 


- 1 


Hence inlerpolaliii^ by first diflerenccH, where /c is any fraction 
of a year 


, { a - , — a . —I - S' 

A. I lim, J/Iffi-iA'l 


and , j a , . , — — = ~ a 




’“0 


Or folIoAiin^ the method of TV.r/ i?ooA', Article 7S, \vc have 

The two formulas are identical, since 
V - 4./f V - - V 

* -I n « * r-m :r-7&-ll |^A»f ^*+1 X 

"* < +H ; f- /i' “ ^ 1*71^ : T' ^ ^ » 

',*» ^ C*^.) -f H 4- 1 . r - 1 } “^Ji H ; r - nj) 

I I // ; ; r- «! - 1 j J r-?tp ^ 

f * /j *“ ^Trl‘'*'r \ 


«■ T.. And, „VS), ■(,.*+.) 


-= A X 1 TP! 

i %/•! ...- . »r ■»? r-»-~r 


A L 4. vA 


- l’<’2-’ f !« 


ftyX X A *" 

':> I w*f/ Vwt-f, ^ iff j ‘\» } 'f, f : . - « - ir-w •- j.i il * f . t - n - 1 ^ ^ 2 ffi 
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rrtm) _ A /p _ + + (1 __ 


/{--fj 


^a;F] + J . r--?t-tj ^asf] ) 




7»- 1 


2?» «^l 


>ft)f/p 1 pi-'\a +p^-ri fl 

Tj^'^^aj+»+i:r-7i-ii -^rcrK x+w+iir-ft-ij^ xrjV a/ |\^ 


/•■f 

m 




4- d 


ffl- 1 




The third and fourth terms of this expr<\ssion are very small, 
and in practice it may be taken that 

- V P 

n+t asrl ^4-* «»*| *rjl J 

«s A -,-.P_a 

x+«4-<;r *-»-«) XI \ t fw+f" xr "y 

As was the case for whole-life assurances, the third term in the 
exact expression entirely disappears when the premiums receivable 
are instalment premiums, and accordingly the a|>})roxiinate expres- 
sion is in these circumstances so much nearer exactitude. 


20. To find V 

n-+i; r x 




»i+t:r X “a+n+l f* * l-( | “j!+*+{;r~^rij 

*“ •^»-(-»+j~r^A+)t+nr‘^“fl + r^»C^ ~0 
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21. To find 

V(»0 = A - ^ + 

^ ^ t - I -J-f r - / -I, 


') 




7«- I 

"27;r 
?« - 1 


^ 2m /•- )o -q ^ ?j 


+ {,>',+ ^ ,n->(i>ki+ <0} ((1-0 -(i - 

A,+.+, - P.-w.-'iim, + r^Xi -0 - ,r.(i - 


/• + 


pw(i -s) 

8 V - P PC’^o f" v^- - pi-f 1 - 

+.rf!!izl pc«ofi ^ A 

^ 2m ^ ^ \m ) 

The third And fourth tenns are a^^ain very small and may be 
ignored, and we i»h»nli have 

\m) .•= y _ p A . A 

n-f<!r X • w+f:r'^x r xy J 




>.f 7? 4.f r X r +« -f f ; /• - n - < j “ r j\^ 5 w 


-.) 


22. In practice, however, these expressions for limited-payineni 
policies are inadmissible, as explained in TeM Book^ Articles 115 
to 119 ; and we may modify Tes^t Book formula (55) as follows :— 

+(P',(i-.)-p,},.,i.,„„ 






TT pf/J 
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The formulas given in sections 15 to 22 clecliicc^cl by 

Mr J. J. M^Lauchlan {Trans, Act. Sac. Edin.^ Vol. IL, No. 12). 


28. To find the reserve after n years of a pure endowment 
payable at age + with return of premiums in the event of 
previous death. 


By the prospective method 




= ^+[^(i+k)+ci — A j-< 




N -N 


D 




By the retrospective method, the premiums returned at the 
end of each year accumulated to the end of n years, for policies 
taken out, amount to 

{r (1 + /c) c}{^/^l + 4. + 0” - H - 

= {<1 + K)+c} 


Dividing this result by the number of survivors after n year.s 
we have 

{«•(! + k) + e} 


D 


x+n 


The reserve by the retrospective method is therefore 

.V - HI t »M, , J 


D 
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Tht* two expressions are klenlieal, for 


J) 


^ D 


[’^IN .,-^^,,.,-(l+^-)(R 

» // 

-iD 

D,, , , «M , +n , -R . _/M 

= +!ir(l+K)4-ri . -J ±! 


3 + /? 


e-i-ib 


fi . -1 


since v 




As i‘\}>l. lined on pa^e 318 the premium for this Inuieill is 
usually calculated without taking any account of the deinciit of 
mortality* The premium char^tal would lluuHdtire be 

'' ■ a„ 

with a suitable loading for expenses. 


The x*eserve aecordinfcly might be taken as tlie net proniiuins 
accumulated at rale i to the dale of valuation. 


i>,,(i+*> . ^ 


.V-, 

1 



24. ‘fo find the res<‘rve undtu* a snn3.»r withlhe atldiiion 

ihai simple int<‘resl at ratey is to be relumed with the preniiuu'w 
in event of death beftw age (*r-f /), 


2 A 



370 


ACTUARIAL THEORY 


xvin. 


Prospectively, the reserve is 
^+{x(1 + k)+c 1— i±2 — 


+J{7r(l +'c) + cj 


»1.« + •**,«+ - “‘.I, - - 1 ''■« 


D 


Z4-W 


N ~N 


D 




The third term here is made up of the liability for return of 
interest on past premiums and that on future premiums. The 
former is equal to 


n(n + 1) 


2 + 


JT 


D 


jr-fH 


”(”+n M 




D 




JTT 


And the latter is equal to 

x+n ,r-^t ^ ^ j;4-« 2 A* j*/ 

_^V' 

Together, as above, 

, ^ - '^'-2 M , „ 


D 




D 




The reserve found retrospectively is 

^ - l7r(l + k) +c'} (R^ - R J 

-/)-(! + «) + c){sR^- 28^. :(”i) M,„)] 

The two formulas may easily be proved to be identical if the 
value of TT as found on page 309 be remembered. 


26. To find the reserve under a similar policy except that the 
premiums are to be returned with compound inleresl at rate J in 
the* event of death before age (*r+/). 
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Prospecli^'ely, the reserve is 

Pli-' + 1^(1 + «) + c] ^ 1(1 + +■/)" f) 

-7r(l 

And retrospectively 

^ - {^(1 + 1. {(1 +/)(M_ _ M, , „) 

^’+71. 

These two should be proved equal, given the value of t as 
found on page 310. 

26. To find the value after n years of an assurance deferred i 
years, premiums payable throughout life but returnable in the 
event of death within i years. 

Three cases arise, viz., n < = > /. 

( 1 ) « < t 

Prospectively, the reserve is 


+ {t (1 + x) + cj — U 


rN 




I> 




/•j }} -I n 

I) 


Eetrospnclively 

jr(N ,-N^„ J U -R 

.V.’--’ ^+«-V_j;r(l+K)+r! • 

X-l-W/ * 2 f-ifc 

Now these two expressions are identical, ft)r 

- e- C'l;*'.-. +'■1 ...Il 


«+» 


1 


[■■IN -1 - a ■>■ •‘Xif, - H«, - - M.+,- XR,- V. 

+ + \+„ - 

r,-- [“.f,-^ w> K.,. -“W-'''’- w- .1 


jf i tt 


Since T m 
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( 2 ) 

Prospectively 

Retrospectively 




-{5r(l + K)^-rj — 


R - R . » /M 


which may easily be proved identical. 

(3) 91 > t 

M N 

Prospectively — |jp— 

■^ac4*» A-fn 

Retrospectively 

r j ,.ll+»)+c, — 

These two expressions also may easily be proved identical* 

We have seen that when the reserve which the office 
must have in hand is This has to be provided out 

of the premiums received, and the mortality up to age (,r + 0 
be ignored, as the premiums are returned in the event of death 
previous to that age. We may therefore find at what rate of 
interest the premium calculated by the exact formula will amount 
in i years certain to this amount. Thai is, find j such that 

The reserve, when n <1, may then be taken as Tr(l 

27. To find the value of a similar deferred assurance, but witli 
the condition that during the i years the premiums shall be paid 
only so long as another life (y) survives. 

(1) When n < t 

(a) (y) still alive, occurring in cases out of 

Prospectively 

- +Ml + «)+el j— + + 






r- f • J ’ 'M » - t 
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Relros]>e<*tively 




1) 


n --R 

- [7r(l + ^)-f rj ' - - 






D 




(/?) If (//) (lied aft<T ?// payments had been made, occurring 
in ( , ,p - j) )/ , eases out of / , . 

V ill* wC+/fc 


Pros|)ccli%ely 


N 




Retrospectively 




D . 

li-n 

(2) When = /. 


- [7r(l + /v') + e] 


R -»ll -wM 

,] e z+w ; 




D 




of / 


(a) If {%}) lived (/-I) years, oceurrinp^ in cases out 


ojH 

Prospectively 




Rctn>spi‘cLheIy 

TT 


’ r 'iicij _ [,r(i + K-) +f} 


(/;) If (//) died after w (</) payments, occurring iu 
( “* eases out (»f / ... 

M N 

Prospectively 






Retrospectively 

«. _J:r(l + /c)+cl 

(3) When » > /, 

(a) If (//) lived (/-* 1) years, occurring in cases out 




]M "N 

ProsiKfcUvely ' Z+» _ *• ‘'■t 
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Retrospectively 


N, , E -11 ,-/M ,, M ,,-M , 

’^+’^-^ --{^r(I + K)4-cl 


(b) If («i^) died after m (< /) payments;, occurring in 




Prospectively 

*4.71 !it-J. 

Retrospectively 


-N N 


-1 

wz / 


-{7r(l4-#c)4-c}-^ ^ ^ il l±!t 

28. The reserves for limited-payment policies^ endowment 
assurances, and temporary assurances have already been given, 
both by the retrospective and prospective methods, and the values 
of each by the two methods are equal. 

The three classes may be looked at together in the following 


manner ; — 


t^aa ; i « w{ 

N 

= A -Pa 4* P — 

a!4?i t X X n 

a hn 

V - = A P-a 

fb xtf 

dN , , _ N 

= A -} 

^ D . ^ u/ i T5 — 

«+» 

-A -P-. +£a±!>fa£zj 

a-ftj xti jc-fTi” JQ 

jT-jf-ft 

yi- = A-i pi a 

« aM ic-f7t;«-7i| jjF" i+?i i-^ri 

M , , >j 

= A_. — _2±iL_pj_a +pi »+<-i 

*+“ **l ^+» D, ™ 

= A -Pi-a +0‘‘l 
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111 each of llic.se exju'essioiis the fir.sfc two lt‘niis arc of I bo 
general form P alone varying with the nature of the 

N 

benefit. The third term has ®-t— ^ con.slant with a varying 

coefiicient. This coefficient consists of two parts, the first of 
which shows the correction to be made on the second term for the 
value of the premium, and the second the correction to be made 
on the first term for the value of the sum assured. Thus in the 
case of temporary assurances, no prcniiiini will be received after 
age ,r + ty and therefore the v^alue of ail premiums after that age 
must be added to the liability; further, no claims will be paid 
after that age, and therefore the value of a iireniium starling 
then wiiich shall be sufiicient to meet all these must be deducted. 


29. These formulas may also be worked into the following 
forms : — 


N 


V sr A -Pa + P 

i:/ X t t .rH-H J) 


T+f -1 








since 


V . 

w xi j 



s« A . - P r, a 


CP, - P>’. - .P + PA-i 


D 






D 






I) 




. 0\n - - P.-,CN.-, - + P,N,-i 


A P , ^ 


d-i-ii 


since P?,CN + 

* -i-f - 1 ^/4-f -» 1 - 1 
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vu... -p... 


/ I " 


A - Pl_ n 




D 






D 


» 4- /fc 


since Fr|(N = K ' i - I’, : 

Here each expression is of a perfectly general form incio pen- 
dent of the value of /, except in &o far as t determines the value ol' 


the premium for the benefit, 


.h.,. 


D 




P alone varies, being the premium for the particular benefit under 
consideration. 


80, The reserves for policies under many special schemes may 
be simply found by remembering the method by which the 
annual premium was calculated. For example : 

(a) To find the value after n ycaVH of a wholc~lift‘ policy to 
(a?), under which interest at rate j is to be guaranletal on the sum 
assured for I years after the death of (.r), and thereafter tlu* sum 
assm*ed is to be payable, the office assununin of inleresf i in 
its calculations. It will be rememben‘d (sec pag<» MS) that the 
annual premium for this benefit is 

Therefore the reserve will be 

,vji+C/-0-r;wl 

(A) To find the value after » years of a whole-life policy, under 
which the sum assured is to bo payable in t o<jual !uuiual insfal- 
ments, the first at the end of the year of death of (a'). The 
annual premium for this benefit (see page 147) is 
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and ther(Tort‘ ilu‘ reserve will be 

X ^ 

31, To find the value after n years of a policy for the whole of 
life under which the premium is P for the first i years, and there- 
after is 2P. 

(1) When w< the value is 

Prospectively 




D 


4n 


Retrospectively 


«and these tw’o are equal. 

(2) When n = or > the value is 


A - 2 Pa ^ Prospectively 


which are also equal, 

32, To find the value after // years of an endowment assiiranct* 
policy payable at the c^nd of t years or previous death under whicli 
the premium is to b<i P for the first /• years and thereafter I2P. 

(1) n < r. 

Prospeciivtdy 

~ ^’Ov+n rn;;! + : „ i— ) 

Rctrospeelivel}^ 

o,”- 

(2) ft = or > r, 

Prospectivdy 

A 2Pa 

- /-//i 

Retrospectively 
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Again in each case the reserves by the two inelhocls nia} hv 
proved equal. 

33. To find the value after n years of a policy subject to a 
contingent debt should (x) die within t years. 

(a) Where the debt is X for the whole period of / years. 

Assuming that (.r) is rated up r years, we have 

(1) When w < L 

(2) When = or > t, 

(h) Where the debt is fX for the first year, and decreases by 
X per annum for t years, we have 

(1) When n<t. 

(2) When w = or > t 


84. To find the value of a doublc-endoMunent assurance policy, 
2 being payable if (x) live t years, or 1 if he die before that. 

V = »v ^ 

s= V ~ 4-A -i P ^ ft 

n ajF| «+».«-■»{ 


n isTl ^ a+«: scf } * ^ 
irf} 

" It ( ”* ^ rf{ 0- Vj ) 

= (1 + ) + (.\+n ■. H ,Tf “ ^ J ) 

Similarly, to find the value of a half-endowment assurance 



CHAP, 


TEXT BOOK-^PART II 


379 


policy, 1 bein^i^ payable if (.r) live t years, or 2 if ]i<‘ die before 
that. 

S5. To find the value after n years of an annuity deferred 
years which %vas pui*chased by single payment. 

(1) n < L 

Prospectively 

Retrospectively 

I X , \ a + D 

X f I iV • y M X 


The two expressions are equal, for 

_ ^x+f °x _ ’ 


DO D i -/.!*>+?> 


(2) n sr or > L 

Prospectively 

Retrospectively 


*|“A 


Again 


|nD-(N^-N" ) N 

j I / V if+t r-fw/ t 


36, To find the value of a similar annuity with the condition 
that the premium is to be returned if (a?) die 'within the (> years* 

( 1 ) « < L 

Prospectively 

f~«j ff+io * ^ \ ‘ ' J 

Retrosj)ectivcly 

AD^ . 

-^?^{A0 + k)+c}~.S. »+» 
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Bat the latter is equal to 
^ [A[D, - (1 + «)(>!_„ - - e(M „ - M , „)] 




ji- [A(D^- (1 + k)(M,- ~ + 




+ N,^, + lA(l + K)Hri(M_-M .,)] 


* r*\‘ ‘ 'v » 

N M - M N .) 

+,A(14 K)+c, Jj--- - SUHl A JJ 


cs+n 


u 1 1 


(2) n = or > t 

Prospectively 

Retrospectively 

D M - M N - N 

- { A(1 + «)+c} 

a+% 

But the latter is equal to 




D 


X t ^ 


F. 


-l-[A{D^-(l + 0(M.- NU)} - r(M,- ,) - (X,.,, « X^^ „)1 


ai+u 

1 


J5+?i 


D 


£i? 

i»?+7fr 


xi^n 

37 To find the value at the end of n years of an assurance* 
with a uniform reversionary bonus of d per annmn declared every 
five years, an interim bonus of 6' being granted in respect of 
each premium paid since the date of last investigation should the 
life die within a quinquennium, assuming ?i to be a multiple of 5. 

Whole-Life Policy. 


x+n 


+ .+,0 + - • • )l 1 '■ 
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r having the value t'ouiid for the preimuin for tins benefit on 
]>age 302, 

When // = 1), wc have 

* *“ <» <1 , ^ 

iJ 

r having its appropriate value. 

Endowment Assurance, maturing at age (*r+/). 

x-i-n 

j-w+io"^ . . . + 

When b' = 6, we have 

9+n 

** ^^9’+« :r^Ti 

w in these two formulas will have different values as found for the 
two benefits on page 303* 


38. To find the value of an assurance with a compound rever- 
sionary bonus on similar conditions* 

Whole-Life Policy. 

' (I+.»)^(.M.^.- + . .. 

* or-l n 

+ '/( + *'(1 + «+«) 
If //=«., 

+Ki+-wXR,+„+5 

ir will have a value appropriate to the benefit as indicated on 
page 304. * 
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Endowment Assurance. 


D 








- 5M 

: H'JO 7v.,iW 


+ • • • + 6'(1 +56) •' (R^^(_5 — I^j.4.i“''’^^i+f)) ~ i<:.'-M 

If b' = b, 

j5l_(l + 66)Y{M^^, + 6(R,^,-R,+„+,) + Kl + 5'0(R,,H-.-.- «.hhJ+ ' - 

S*f-% 

+ 6(1 + 56)^(R,^,., - + (1 + 56)-*>V.+» - M , 

The values of r are indicated on page 305, 


39. To find the reserve under a Discounted-Bonus or iiixiMUM- 
Premium policy. 


(a) Cashi Bonus. 

It was found on page 306 that the deduetion from the ordinary 
premium for a discounted bonus of k p<‘r annum of the premium 
N 

was kV Therefore in finding the reserve of this class of 

policy, we must add to the ordinary reserve fin a full profit policy^ 
to allow for this decrease in future premiums ; but mmi also 
make a deduction from the liabilily, in res^pect of future bonuses 
at this rate which will not be payable. That is 


V' 

91 X 


N n 4 - D 4 . . . 

V + A-P' 1 

% X * N .*’4*^*^ ® jQ 

A-1 »4-» 


N 

V 4 -kV 

91 j+9t 

^ x-’L 


N 






A-fti 


n X ® V 


r4-2 

t-l 


N . J 

■vHh'ft'" 1 


^V^b'feing the reserve for a full px’ofit pohey* 
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(A) Uniform Beversionary Bonus. 

The deduction from the ordinary premium found to 

be An addition and deduction must be made as above 

^--1 

explained, and we shall have 


V' 

n X 




/ R li •>. 

^ In n y 




(c) Compound Reversionary Bonus. 

The deduction from the ordinaiy premium is 

iT 


T-1 


The reserve accordingly will be 


V' = V + 

» « n a 


N 


K-l 


3C-f» 




1 ) 


.r-f^ 


fKK.. - + ^>(1 + 56XR,^„^, - R,+„+,„)+ • 


r - 1 




N 


^-1 


j A.|.» 


40. The subject of .surrender-\<ilues does n{)t fall to be 
discussed, but it may be i emarked that a surrender-value is as a 
rule granted only where a benefit is certainly payable, as under 
whole-life assurances, endowment assurances, joint-life assur- 
ances, etc. It is customary to allow no surrender-value where the 
benefit is only contingent, e.g., temporary insurances, where the 
sum assured is payable only should the life die within the term, 
a contingency which may or may not happen ; contingent insurance, 
(.r) ag<iinst (//), wdierc the sum a?>.surcd in payable only should (.r) 
die before (;/), which may or may not happen. 



384: 


ACTUARIAL THKOIIV 


[ViMR Win. 


In the case of a pure eiidtnvineni with r(‘turn ftf tin* im^niiums 
in the event of previous death, a ^urwiidvr-Mihu* is 
since a benefit is paid whatever happens ; but \^h('r«‘ d is a pun* 
endowment without return, usually no surreiidei -value is paid, as 
the benefit is then contingent on survivanee. 

In the case of the double-endowment assuranee, the mtdhod 
by which the surrender- value is calculat'd rc'cpun's special eon* 
sideration, since it must not be overlooked that only half the 
benefit is certainly payable, the other half being eonlingenf on 
survivance. 


41. The principles of Text Booh^ Ai*tieles 1-2 and 1 23. on which 
formulas (56) and (57) are founded, m»ay be stated generally so as 
to apply to any kind of benefit. 

First, let W be the amount of paid-up policy to lu‘ granted. 
Then the value of a benefit of W must equal the value of t he policy. 

Second, the paid-up policy must equal the sum originally 
secured less that proportion of it which the future preniitmis 
will cover. 


In the case of a whole-hfe assurance, we have 

(1) ‘ WA «= V 

( 2 ) - - 


W 1- 

l-f Ih 


N 


Similarly for a deferred annuity-due, whcr<f P ^ ^ 


we have 

If 

iJ 

(1) 

(2) 

W 

For a 

reversionary annu 

(1) 

(2) 

W 


N 


£±£-2^ u- 1 ^ H C: 




!-■ 




l-f ^ 


-»V 


1 -- 





CHAP, xvin.] 


TEXT BOOK— PART IL 


385 


42. I'o find tlip paid-up }>oIicy U> be issued after n years in lieu 
of a pure endowment policy payable ai the end of f years with 
return of premiums in ev<‘nt of previous death. 

The %"alue of the present contract is 


- R.+„ - 


I) 


x4-« 


Now, the 71 premiums paid are to be rtiturned in event of death 
before a^e under the paid-up policy as under the original 
contract, and therefore we shall write 




whence W 


x-l i-f-a-l/ \ j5 x-f-n js+i-' 


D 




43. Under a last-survivor assurance three cases arise in finding 
the paid-up policy. 


(1) (*r) and (;/) both alive. 


WA- 


0? j-Tl-Jj/'ttt 


« A 


-r-P-a 


>»t-» : ?/ -}- w Vi/ x +» ; y +» 


(2) (.r) dead. 


(3) (.y) dead. 


or W = 1- 


■ty 


a;4*9i y-f» 


W A — A ~ P~~a 


or. W 


F " 


w A — A ~ P—a 

aj4-« cy J+ft 


or W « 1 - p-H, 


44. It is a common practice for offices to guarantee paid-up 
policies under limited -payment whole-life assurances and endow- 
ment assurances, the amount of each paid-up policy bearing the 
same proportion to the original sxim assured as the number of 
premiums paid bears to the whole number payable. 


2b 
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It sometimes happens however that the \ aim* ot* tiu* ^aiaranteed 
benefit exceeds the value oi the oripnai pnliey, and the comliiions 
may be investigated. 

Under the whole-life a.ssuran<*(‘ by limited payments where f 
premiums were originally |)a 3 ’able and ?i have b(*en paid, the 

amount of paid-up policy is y. Assuming the life lo lie still 
select, we have 

according as 

^ t Jd 

or according as 


The following figures based on the lable at 3 per cent* 
illustrate the point ; — 


Age at 
Entry. 

Original 

Number 

of 

Payments 


(■ 

p 

^ .*1 .1 

when a « 

^®) 

(0 

1 

r> 

I 


15 

80 

20 1 

2*689 ^ 

2-fi70 

H 2*693 


2*702 

40 

15 i 

3*953 

»-!<76 

i :tn*6r» 


.. . 

50 

15 

4*963 

4 -WO 

L 4‘7M 


... 

60 

10 

8*271 

7-S5i> 

1 - 


... 


Similarly, in the case of the endowment assuranc^e 


according as 

In the endowment assurance of practice the right-hand side is 
al\^^ays the greater, and therefore the value of the guaranteed 
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benefit is always less than the value of the orif^inal oontmei. Tht^ 
fi,u;ures arc on the same basis as befort*. 


Age at 
Entry. 

Rndow- 

inent 

Term. 

i’x,r. 

(■ - ?; 

1 

(~<l " 

w 

(0 

1 

5 

10 

10 ^ 
! 

30 

20 

4 *031 1 

1*223 ' 

4*428 


40 

16 

;>*726 

5*973 

6*231 


60 

ir> 

6 '107 


6*307 


60 

10 

9*783 

9*743 i 

1 

... 

! 


46. To convert a whole-life policy, effected by annual premiums 
n years ago at age x, into an endowment assurance payable at age 
(x + 7i + i)y or pi*evious death. 

Let the future yearly premium be P. Now the present value 
of the benefit as altered less the value of the future premiums 
must be equal to the reserve held by the office. That is, 


A P — « it M P A. 4, P ^ — 

V Pa - 4-P a V 

n arc'/Hil ^ .e * n at 


V 

« s 


and 


jt" n‘^t\ 

V V 

p « n « i p 

^ ""‘“’a x:nlt\ 

A+Ult\ 


Thus the future pronyuni required is equal to the endowment 
assurance premium at the original age, together with the difference 
between the r(\sorve required for the same endowment assurance if 
effected at the outset and the actual reserve in hand spread over 
the future duration of the policy. 


Now V,.. - - . 

% A. 




1) 


.H 


^ u j jy 

Therefore V — - - V « 

““ tt » J! D 
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and this is the lump sum to b«“ paid to the ofliee if the future 
premium is to be premium ft>r an endow iiient, assurance 

at the original age at entry. 

It is frecjuentlv suggested that it ^eould hi* an e<|uita!»le 
arrangement merely to pay the difFi^rence betwei^n the preiniiims 
accumulated at compound inleresf , or 

N - K 

But this is insufficient, since > (1 +'>V’ 

* /+n 

on page 295. 

The following case will illustrate the ab.Hurdity of thi* sugges- 
tion. Suppose an office 

(1) Permits its whole-life policy-holders to alter to endow'ment 
assurance on paying up merely the diference in premiums 
accumulated at interest^ and 

(2) Permits its endowment assurance })«dicy-hnlders to pay 
only the whole-life premiums, the difference between the 
premiums being allowed to accumulate as a d<ibt against the 
policy, which wjU be deducted from the sum asstiml on payment 
either at maturity or at previous death. 

No policies will be taken out under the second scluune, fur 
under the former just as good a benefit is seeurtMl for the same 
premium, with the additional advantage that the iiccunuklati*ci 
difijerence in the premiums will be deducted only at maturity and 
not at previous death. To put the two classes on an i*<|uality» 
the amount to be charged at the end of m y<*ars in the first 
scheme should be altered to ^ 

N , - N ^ , 

s ria] * a-/ fi 

Another illustration of the same absurdity may foe given. 
Suppose the assumed conditions to apjdy to all classes of assurance. 
The life assured would then be well advised to lake out a 
temporary assurance which will give him the sum assured in the 
event of death during the term at the lowest premium Then at 
the end of the term, if he survives, he alters to luidownient 
assurance, and pays the accumulated difference 

(Pfl-pya+iys - I’iiP+i)-, 

and he should immediately receive 1, which is clearly wrong. 
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The correct amount to be paid by him is 

N - N K V 

/p r>i \ ar-l _ p l 

^ am' xni'/ J) " i;) 

r 4-7/1 7 4-7«- 

- 1 


Thus he provides the payment of 1, which has to be made to him. 
From the formula given on page 387, v^^e have 

V - - V 

P — P — J- j'.7«4-fj n X 
'a 

x47?:f ; 


= 15—4. 


a;4ftiM 


(P p X., V" 

N x+aztj 7 7? f t { r-^u j* { n X 


x4n:«{ 


V 

it T 

\4tt t\ 


From this expression we observe that the future premium to be 
paid is the endowment assurance premium at the present age, 
less the reserve value of the existing policy spread over the future 
premiums. 

Again, we may argue as follows : — As no premiums are to be 
received after age (a?4*«4* 0^ and as the office will lose the interest 
in advance after that age on the assurance of 1 which will then be 
payable, the total loss to the office is 

J f 7 t 

“•(l^ + f0(a,+,.-ax+,:7i) 


Spreading this loss over the future premiums and adding the 
result to the picbcnt premium, we have 

p « P 4 

Now lei the premium to be paid remain at to find the 
altered sum assured, S. 
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We have 




V 

V X 


V H P a , r 

“'’S :-iL:i\ 



V 




P 


which may be explained by general reaM^ning. -^, 4 ^ if 

single premium at the present age for a sum assured i>f I pa}%able 

at age ai + n + i or previous death. Therefore is the single 

V 

premium for a sum assured of Also P, i» the 

annual premium for a similar assurance of 1 , ami therefr>re is 

P 

the annual premium for a sum assured of ^ ^ . Together 

^ i f j/jF 

these two sums .make the total sum assured und<‘r the poliey as 
altered. 


46, It is sometimes <1< '^iivd to apply the bonus on a wboUj*Iife 
policy so as to limit the future premiums or lo niter the policy irito 
an endowment assurance. 

Mr Manly has put forward the following fonntdas in aiisw-er 
to this problem, and has also Mipjdied tables to facilitate their 
application in practice. 

If the future premiums arc to be limited, lei .r^ etc,, 

be the ages of the life assured at the suoce.ssivt* periods of division 
of profits ; yp ^ 3 , etc., the ages, at and after which the. pre- 
miums are to cease ; and Bp B.,, etc,, the amount of the 
reversionary bonuses. 


Then at the first investigation, wo Imvo 


B,A 


1 ir. 


D 


from which may be oblaiaed. 
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At the succeeding investigation, we have 
P(X ,-.N 0 

2^2 -1 Vj-K 


BA ^ 




from which ?/o ni»ay be obtained. 

And we may proceed similarly at the following investigations. 


If the pidicy is to be altered into an endowment assurance^ 
lei //j, //o, //j^, etc., be the ages at which the sum assured will be 
payable, and let the other symbols have the same meaning as 
befort*. 


We have at the first investigation 

•*^1 

from w*hich we may obtain 
At the next ixivestigation 

BA, - ■ 

from which ?/,j may be found. 

And we may proceed similarly at the succeeding investigations. 


EXAMPLES 

1. Given IV, ^’01521, -02654, 15'5679, find the 

value of a wdiole-life policy for £1500 effected at age 25, which 
has been 17 years in force, and to which a reversionary bonus of 
£383 is attached. 

Value of policy » 1883 x A^^ - 1500 x P 25 (l + 

X- (1883 X P,2 ^ 1500 X PJ(1 
. (1883 X *02654 - 1500 x -01521)(I + 15’5679) 
« (49*975^22*816)16*5679 
«« 449*984, say £449, 19s. 8d. 
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2. Give as many formulas as ycm know for 


i Jl 

= i-(P,f,+rf)0 + " . 

- aWn:^.V-P,^)(^+'^. 

^ y4.?re~»i' 

= 1_ 

“ TT^.j=ii 
= 1 _ 

l-A. 


) 


j -j-n 1, 

l-A 


-A 






= 1' 




p - p 

-(I 


1 - (1 - ,)(1 - J - 1 : ( - J 1 1 


3. Find formulas for and ,.,V^ when the rate 

of interest is zero. 


V = 1 — ^ ^T'f » 
» * l+«. 


I +P 


(when interest is zero) 1 - j ^ ” 
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.. 1 _ 


1 4 * 


=.- (w hen interest is zero) 1 


+ r 




A , -vn 4-/? , .r-‘ -v) 


1 4-e^ 


(when interest is zero) 1- - ^ 


since 


jr 


\ +7t 


, 4.^ _ 

j*. I - j t 

when interest is zero. 




it will be obseiwed that the formula for limited-paymentwdiole- 
life assurance is the same as for endowmexil assurance, so long as 
71 < i in the limited-payment assurance. 


4, Under a policy taken out «at age x which has been 7t years 
in force, the sum assured and bonuses amount to S. Pi'ove that 

p p 

the ^’’alue of the policy is equal to -f 4- ~ y 


Value of i>olicy 


SA 


j 4 w 


SA 


Ji’i'ih 




d" 


- + •]•) 

- (s+P.+ T>V.-('’''"^') 


5, There are 44 policies of 1 each, all effected at age 40, which 
liavc been in force 1, 2, 3, etc., up to 44 years respectively. 
I'he sum of their values is 17’02789, Find the values separately 
of the aggregate sums assured, and of the future net premiums, 
liaving given A c- ‘3704 34, 


By Tiwi Book formula 1 8, ivc have 

-V. • »’.(l- -V+rA^ 
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Therefore 

(n-MT.-’h >i -ttinrii’.n) -; ( H x -nTo ir.f) 
= 10-S'7721 + 16-Of);>10 
= 27-r)72r.i 


which is the value of the aggre}?ii«<* sums assur.-d. And the vahu! 

of the future net pTcmiiaus 

— ■A' A - '■'V 

“ “ .111 

= 27 - 572 :n - n-r>' 27 }'‘.\ 

= 10-04142 


6. Explain under what circumstances anil give 

an example from some known toble of mortality where the 
anomaly occurs. 

V < V 

ns »-l 


if 

if 

if 



< 

1 *- 





< 






< 



which is very unusual^ but does occur at the Infantile apecs of nil 
mortality tableSj and ai very ad\Mncv{i a^e,s of some niortalily 
' tables which have been badly grndu«ite<l, the i'nrlisle Table. 


7, Find the res^erve value after ii years of a pnro t iulo\vni<*nt. 
policy effected at age x to be payable^ ai ag<; (.r ^ /), with po mi mas 
limited to r and to be returned in event of death befon^ ag<* (.iw-/). 


Tlie net premium for such a policy was found on page 321. 
The reserve value after « years is 
(1) » < r. 

Prospectively 




rM 


-fi 


a?-j-w 
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Retrospectivflj' 

N ,-N 

-izi ■ 

(2) n — or > r, 
i^x>spccti\ oly 


- !r(i +«)+(•! - -: .. 3g’ 


M M 


^'i-r{7r(l + K) + f; Ll±^ 


Retrospectively 

N 




(1 + S') 4* < 


R -,rM 

/ 7 j-J 


In each case the values found by the two metliods may be 
proved eciual* and it will form a useful exercise to do this as shown 
for other similar problems. 

8. Find the annual premium to secure an endowment assurance 
to (»r), maturing!; at the end of t years, with a guaranteed bonus of 
£2 per cent, for each year completed ; and also the reserve value 
at the end of « years. 

Benefit side 




Payment side 


N - N 

p f t r^-l 

1 ) 


whence equating and solving 




The reser\ e value after n years is 
Prospectively 


jcHr'W' JL •()*> j£ 4^ 

I> " 

x>^n 


5 


N -N 

D~ 
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Betrospectivcly 

l>x4.n 


- M 


D 




'' ^ ‘t’- 


9. Find in terms of comimitatKm rolimins fhr n 

years of a policy for a deferred annuity, pavalde half-} early, 
maintained by annual lueiuinnsN. to bo <‘nfered mii at a/^e (.r-i-,:). 
Examine the three eases, n <, 


Here 




1 


> 2 - 1 ; 

and reserve value of policy 


^3-} “ i--l 


(1) 



(a) Prospectively 

i) 

s 

(6) ilelrospcctively 



(2) » .. 



(a) Prosjicctively 

»rt- 


(/;) Retrospectively 

■■ ' 1) ' ' ■ 
r+j 


(3) 7e>5r, 



(a) Prospectively 





(/;) Retrospectively 

D"~ 



- N’ 








D 


X{-« 


10. Whal annual premium should be charf^n-tl for «ii assiir.tm'e 
of £1000 to (,t), the premium beinjr .suwossivoly rcdiu-otl by of 
the 6rst premium and ceasing altogether after the tenth payment !> 
■VRiat is the reserve value of the policy at the end of (J years ? 



CHAP, xvin,] 


TEXT BOOK—PART 11 


397 


Benefit side 
Payment side 
wlience 


lOOOM 

_y 

’ D 


P ™ 


lOOONl 


The i*eserve value at the end of 6 years 

*- lOOOA — P y f r> i o ^ j^ip) 

i*+(‘» n 

«+o 

IL Find the sin^cle and annual premiums for an assurance 
upon a life aged x, the sum assured increasing in amount at 
compound interest at rate j. What would be the policy-value 
after t years? 

llie single premium is 

(1 +J)^K h;(i • • • 

And the %^alue of this policy after t years is 

(1 +jy ■ ■ ■ 

To find the annual premium, we have the benefit side the 
same a^ the single premium above, and 

NV 


Payment side 


T-l 

D 


Hence P » — — J 


sr-l 


The value of this policy after i years is 

g 
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Or *1’'’ sin, ('ll- jirciniuiii is 

''(i L/ ("Mi I ' ' ' ‘ 

I 

4 

Find J, suoh that , ^ llirt! I hr sini^lr pn^nnmu 

I 4- I ‘ / 

calculated at i*aie J, and the vahie of tlu* after t 

years is 

A' 

In the ca.se of the aimual-premmni p{>}u‘y w** have P 
The value of this policy after t yt*ars is (1 -r,/ )’ , ** 


12. A policy by annual premium was issut‘d ?? years a.sro for 
a reversionary annuity to (a*) after ( ?/). Fmd tin* reserve value at 
the present time. 

(1) (y) still alive , Va j = a ‘ j ,Q + ) 

(2) (?/)dead i -» « . 

13. Find an e^prc^s^^n for the value at the end of » yc*ArR of a 
contingent insurance jiayable if the survivor of (.r) and (//) die 
before (r). 

It must be ascertained whether (a’) ami (//) are both alive. 
Then if both are alive 


® t 1 >i:jf4 n) 


If (jf) is dead, 


V^- A ^ 4.f/ ) 

And, similarly, if (y) is dead, 

i^xyis “-f H jtuiS^ ^ t tt) 

14. Obtain by the retrospective method a fonnula in terms of 
annual premiums for and prove by general reasoning and 

algebraically that 

P 

V « --2 £21 

It af p i 

* am] 
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V’, 

% Jt>t 




M - M ^ 

pi __ H 

* x-l i+U-^l 


1 ) 


j^tb 


N -N 

^ - 1 r+» - 1 

P3 - ]>J-. 

/?} /a! 


Similarly, 




D 


Z-l-W 


P - PS 
^ P 

^ xn\ 


These results are correct, for the risk already undergone is 

that of a temporary assurance for n years, which would be covered 

by an annual premium of the surplus premiums paid are 

therefore (PJj- - and (P^- respectively, which obviously 

must have sufficed to purcliase certain amounts of endowment at 

age(»r + «). Now, will secure an endowment of 1 ; therefore 

(l>i ^ P^ A and f P - P^ will secure endowments of 
\ xt\ ah/ ^ / Jiaf 

PJ . _ i>l«. P - 

^ ^"J and i-espectively. 

^ j 71 } j:*n'} 


These, then, must be the accumulated reserves under the t%vo 
ptdides. 

Likewise, in the case of the endowment assurance we should have 


and when n ^ 


p pi_ 

V r- 

xT\ ' p 2. 

xn\ 


V - 

t ~ pi 

*<! 

= 1 


showing that the accumulation of overpayments will exactly 
amount to the sum required at maturity. 
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If). Given at per rent. .^V .iinl P 

find the preiniinu tor lln' afl*' ’d entry \1’ tin- miIuo ot the sum 
assured and the amount of paid-up ]»ih.-_v e.piu al. nl 


to 

U JtS 


Since 

therefore 


V 

% j[ 


p. -p, 

1* f >i 

ri -J 


•o.'i'tiT X ■itnth’. -o:'.! X 'riottui 

= -01377 


if 4* 5* 


P .■. + rf 


.14 « 


•03917 


W 


•(c.oiT-)- cnit'' 
•65d73 
V 

« ar 

•r)0ti«4 

'miii 

■76730 


lf>, Ilavinsf £,dvcn that at 4 per rent, interest, I’.j,,.,,,, -01015, 

and A^g „gj — -51078, find )!oO Oaceij 


8o’'^so:fil ” ■^40:adl“p!ffl:45i®«:‘i51 


1 *5107^ 

-51078- -01615 X since a 


03f<lii 


1 -A 
rf 


^(FP)a 


= -51078 --20543 
= -30535 

V - 

_ » 20:i0| 

X • 

•30^ 

" ’51078 
=. -69781 
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/ 17. A whole-lift* jKtlioy w.as (‘ft'ocled n yearb ago at age j, and 
the sum a.ssured is now to be reduced by half, the value of the 
rest of the policy being Bpjdied in reduction of the annual premium. 
Find the future annual premium. 


(a) We may take half the premium formerly payable and 
deduct tlu'refrom the value of half the policy divided by the 
annuity-due for the rest of life. 


I V 

Thus, iP - * 


i I’,-! -P,) 


x^n 


* P 

X 




r4*7i 


(h) Or we may take the premium at the pi*escnt age for a 
policy of and dediict therefrom the whole value of the old policy 
divided by the annuity-due at the present age. 


Thus, 


V 


4P a-lP 

S^ar+H a » y+ii- v 




P - tp 


(c) Or we may reason that the value of the present policy 
muhl <*quai the value of a sum assured of i less the value of the 
future pj'eniiuihs, 'fhus, if P l>c the future annual premium. 



V iA -Pa 

n X - 4 4-» »• 

and 

JA , 

£ J-7I> X j tt 3 



hence 





18. (.r) and (y), who are insured under a joint-life policy for 
£1000, desire at the end of 7i ycar^ to have it converted into two 
single-life assurances for £600 each. What premiums will be 
payable by (*r) and (y) resiiectively ? 

The joint-life policy has accpiircd a value of of which 
(.r)'s share is and (y)*s these two parts together 

making up lh<* whole value of the policy. Now, if from the 
premium payable by (.r) at his present age for a £500 policy wc 
deduct his interest in the old policy-value spread over the vniok 
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of his life, WT shall .irrii'f fit .'III t'ljiiitahlf j i. uri-)) in h,. jwud jty 
him. Thus we have for (,i }’s ucm jxiHry for X.'iUil .i juviiihiiii of 


.’iOOP 


^ 4 - 1 , 


lom V T 

±i 

a , 


And similar]}^ for (;/ys new policy the pn niuo, is 


lOOU 

rmp ^ ^ 

TH « ,4 

li^n 


19. A whole-life poliey for ;£lonO, efloHed ncfo 2^^. has been 
thirty years in force, and has accnmulated bonns of X 4 oU* 

It is proposed to devote pari of the bonns to eonv<n*l the policy 
(including the remainder of the declared bonus) into an einlownumt 
assurance maturing at nge 60 . Using Ihi* tabh' at 3 per cent., 
and ignoring the question of loading, fiini how nnieh bonus will 
remain attached to the policy after the alteration has tieen mnAi\ 


The office has in hand at present 4o0A If X be 

the amount of bonus to he sutrendcn^d Ibis will In* red«c<‘d to 

hav<: in hand for 

the new contract 

The differenM’ Inilwcvii Ihfsi’ Iw-u rficrvi'.s mast he the jireseut 
value of the bonus lo he sum-ndcrcii. That is 


XA, 


so 

X 


- 1 (45(» - X)(A_,^,.,.._ . A 


«i:nt 

685«47 - 154' 10 - 353*53 + 53*70 
•68547 

337*783 


=» X337, 15s. 8 d. approxiniatelv. 

Bonus amounting to £ 112 , 4s. Id. will therefore remain .atfaehed 
to the policy. 

At future divisions of .surplus tlie whole-life bonus only will he 
appHcahle to the policy, and it will have to Iw* converted into 
endowment asararancc bonus by simple proportion. 
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20. Give the pro«;pc‘ctive and ri'lrospective values after n ycai*s 
of a ciiild's e)Kl<»vvnieni policy effocted at age payable at a|!^e 
(^r + O? premimns to be payable only so lon^ as the father (y) 
lived alon^^ with (.r) and to be returnable in event of death of (.r) 
before age {x + f). Prove the formulas identical. 

Prospeclively — 

If the father is alive to-day, which will happen in 
cases of the survivors, 

^ + w + [(, + IXM,„ - .V ^,) - M„,) + . . . 

+ ( . u - 1 ^ n 

If the father died after « payments : *“ n,Pip 

^*tl+ {:r(l + «) + 

If the father died after (a - 1) payments : /,+A(„.sP,-,.aPj,) 
cases, 

etc. etc. 

If the father died after 1 payment : -p ) cases, 


1) 


M 


M 


j;'"-+{’a+-)H -4 ^'{y ' 


u 




x-^n 


The sum of all these cases is 
+ {«-(l + «) + c}( 

■'a.+ rt 


' t+% x+n 

rM. 


. _ x+a X H . „ ■ 

■••■ +»Pj,— 1)-;;-- 1) 






M. 


a5-t-9> 

- M 


j-+» xHj^ n 4- . . 4. « i- 1 




xf 

N -N 

» - I :?/ 1 £ 




zi-n 


i) 




K-l:vtf- 1 J 
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EetroApectivcly — 

t{//1+0’‘ + /,+, X /'/5 +0”'-’ + '^.; ^ 0‘ ' ' ’■ '■'*'•** 

M M 


- M 

• ;* ' ' !J:3 




M . - Af 


■ ■■) 


'+ ... f,_ 

N -N , .M ■ M , M.,, - M , 

_ 1 . <1# ^ 1 * ^ » JL 1. — 1 • -lA fl — l iy-«. \ * }.* < ‘t i , *'i I 4 n 


_ ‘ /+J.-3.-M n-1 _ X . ■‘'‘‘4tt *1’ 

fl. + -^P, 


M .o- AI . 

^2*2/ ^.r+H ?4“1^ 


^ . ’."AU. 
^ 1 1 « 


) 


To prove the two final ex]wrsMons wo inwst first 

recall the expression from which the vahu* of the prcnnnm was 
obtained, page 31S. Adapting that expn^ssion tf> the pros< 'it e.^vt , 
we have 


D . /M - M .. 


/M - M ,. M - M 

.. 'I-Xn " 


1 ). 


+. n — ’ '' ' - - A 
N N 

:w-l “ '"'rf f-T:vi f-t 
_ -D^ 




» * k 


Therefore 

D*+,+Kl + x)+4{(M,- + M^^,)+... 




D 




-^)i>- 


Abojt fe to be noted tliat 1) is of the form t<’/ I . 

*11 1 V 
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Xow llic rPM-Tve Uy tlic prospevlivc niptluKl 

rl) . / 't , M , M 

'i), -D--- 


+ -’P. 


' ' ■*■'+•■•+«- 


\f 

X-f ft ^ X rtri ^ JP+/ 


< 4 - At 




9'/ }/ 

f-n/ 1) j 

i b>i ^ 


D 


JC+AA 


- N 

v+w - 1 r 4 -< -l’V 4 -f - 1 


b 




,,h,[».,. + M' + 0+'':IG'i...-m,J + ,.,(m.„-m,^j+... 

t M f7t f-1 “* -f-f) * * * 

x-i-At;y+jj y -J 

^Vr«*, + l-0+«)+'':i(M,- M,„) + /-,(M,„- M„,) 

1) I 

"■®’(^,i -lij-l “^a+I-'t!,»lt-t^ J>* ~f 

rg y 

-!.C1 +«) h^lKM, - M,+.)+P/M,„- 

, ..•■(I+K)+f}( ^ ’■+ 24 - « _J±L_ 

/ - i » V » / • I ^ j.trt*' **11 


N «« N 

jf-liwl <- { -ft- 1 ',/H /4“5 , 


«l?4-7>- 


+ . . . + p 

which is the reserve by the retrospective method. 


2K Mr (L H. Ryan formed for a parlicular purpose a hypo- 
thetical morialiiy table by acldinji^ *01 to the 3 per cent, 
at all ages. Show that the policy-values by such a mortality 

table are xxecessanly less than the 3 per cent, values. 
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By this hypothetical table 


F -F 

a+w ar 
* z+u^ 


(P*+»+-oi)-(P,+-oi) 

p^^^h..oi+7/ 


But the true value by table at 3 per cent. 


-P 

A+?i a, 

P 

*+» ^ 


Therefore for every value of x and /i. 


22. Each of persons effected n years ago at age x a whole- 
life policy for 1 at an annual premium of Find the reserve 
required to be held to-day in respect of the snrviv<irs. How mucli 
of this is required for the lives that are still select/' and how 
much for the now damaged” lives f 

The total reserve required is 

Now of these survivors, arc still select Thr rose <> 
required for them will accordingly be 

■" ^Ixj^rx+wj) 

The remainder of the lives are the « damaged/* and they 
number The reserve required for them will be 

^ Ci,+« - L4.J 
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The i*{*S(i*ve for Ihe “select** lives, together with the reserve 
lor ihe “damaged/* will equal the total reserve required 




7 \ ^ V 1 1 [ ^^n]) ^]xi( js]+» “ * 

li+ji]-' D - D 

W+it ^Ix+ul 

M 

-P IJ 

j Jil Irr 





M 

, - p 









2n. A policy for a term of n years is granted at an annual 
preniinni to a life aged .r, with the option of continuance at the 
end of ihe term as an endowment assurance, maturing at age 
+ on payment of the normal yearly premium at age (.r4-»). 
Find ex])re.s.sions for the value of the policy on a select basis, 
(1) at ihe end of the (w - l)th year, and (2) at the end of the 
l)tli yt‘ar, assuming the option to have been exei’cised. 

The preiniinn payable during the first n years is 

M -M fP ~VN -N 

I ' '•r I y" 

‘ « i " “'» ]■} « Wl **Uj4-^* 

Mhih* the pr<‘nuuiu therealler tor i years if the option be exercised 

(1) The reserve at tlu‘ end of the (;/- l)ih year i$ 

';ovr 

(2) The reserve at the end of the («+l)th 3 ’ear, the option 
having been exercised, is 

A P - a — - 

24. If in the formula — A + Bi**" the value of c be 1, what 
edeet is jmniuced iqion (1) (2) '1\ and (3) 
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(1) If c - I, then - A f iLwIiieh is oonstant lor fill vahie*> 


of X. 

(2) It has already l)eeH j>r<>\ed that ini<h‘r surh <*unditu>iis as lo 
mortality 

a == — -,s (see pa,irt014J 
/z -f o 

and A (see page lil^} 

fL 4 -^ 


Therefore 


( 3 ) 


. /f „ 
i 

[x + d 
F' 


(«)V ■*= A 

ft as 4+^ 4 z+n 


jUi 4* ^ ft* 

0 


which is obviously correct, as the premium for ea<*h year will 
meet the year’s risk, and there will be no reserve to aeiminulale. 


25. Prove that the expected death-strain under a whok»-lilV 
policy, subject to an annual premium pajable throughout, life, 
increases with the duration of the fisMiiajioe if, at all ag<*s on tin* 
basis of the valuation mortality table and rat<* of int(*resf, A-w is 
algebraically > iAn, 

The expected death-strain in thi* («-f 1)th y<\ar t»f a policy 
eifected at age x xs ^*-»d Ihtf following }eur 

strain xvill then^fore be iiierea.sing, if 

that is, if q ^ g 

X * X 

if 

^ ^as+ix+l ""•PflS-fft^as+w+X "*Px+A+i^Jp-fw f« 

^ Wl - 0 - + •■)«*+„ < V»+2 - + ')«,+,+! 

^ ~ ^®*+»+2 ~ ““i+B+i “*(*^4+11 t-l ~ 

that is, if 

wh^h is the condition desired. 



CH\P. XMH,] 


TEXT BOOK--.PART IL 


409 


At IIk- c<>mmc*ncement of a certain year a company has on 
its hook^ / p(*rsons who ha^e been assuiTcl for 1 each for n years, 
and mIjo will hr subject throuf>’hout the year to a special rate of 
mortality -t /c , and in respect of the claims which occur anion^&t 
them, thf‘ company inulerlakes to pay only the reserve values at 
the end of tlu* year. On the assumption that the extra mortality 
will cease at the end of the year, and that it will not prejudicially 
aflec't the lives remaining assured, state under what conditions the 
t*om})any will make a profit from the arrangement, and find an 
expression for the amount of such profit. (Assume the premiums 
diu‘ at the bt'giiming of the year.) 


'fhe oliice will have in hand at the end of the year 




which under normal conditions is sufiicient to meet its claims and 
the reserve values required for the survivors. 

Under the conditions stated the number of deaths is increased 
to I Ui + m / * but the amount paid to each is only 

« Further, the survivors will be 

Therefore to meet its actual claims and the reserves for the sur- 
vivors the ofiic<* should have in hand at the end of the year 


_ / V V -i-d X V 
■ X 11+3 x-» 

Tht‘ (idicf will therefore make a profit, if 

>iir-y i ^x+1 ^«+l' 

that is, if ® 

which n3usl always hapims, as fractional. 

Further, the amount of the profit must be 


27, The actual claims for the year in an office exceed the 
expected amouiit. Does the difiFerence represent the loss from 
mortality during the year? Give the reasons for your answer. 

This difference docs not represent loss from mortality. The 
office has in hand for each policy oii its books a reserve _v,due of 
certain amount, greater or .smaller. comparison merely bet-.veen 
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actual and expected claims cannot tlK-reforo iiulk‘at(‘ tho profil or 

loss from mortality. The loss to Uie throu^^h \hv (kvilh of 

any single life assured is not the sum assured, as wmhl ho implied 
in such a comparison as that suggested, hut the difierence 
between the sum assured and the above-nieiitiom*d res<‘rve. It 
is this difference, then, that must be taken account of, if we an* to 
make a true investigation into the profit or loss from mortality. 

The reserve held by the office at the beginning of the year and 
the net premium then paid, both accumulate<l to tin* <*nd of the 
year, provide two things : — 

(1) The reserve value requh-ed at the end of tin* year ; and 

(2) A contribution towards mortality risk. 

The total of the contributions to mentality during the year 
would require to be compared wdth the net loss to the office in 
respect of the claims, i.e., the difference between tlie sums assured 
and the reserve values as described abcjve, the balance betvecu 
these totals representing profit or loss frtmi mortality. 

It is indeed conceivable that the actual claims in an office 
might exceed the expected, and nevertheless a profit from 
mortality result. For the claims might have occurrt»d chiefly 
among old assured lives where the reserve values w<‘iv con- 
siderable, and the actual loss to the office consecpiently .siii/ill. 

On the other hand, the actual claims might bt» Wi*!! within the 
expected, and yet there might be a loss from «mrtalitj% due to the 
fact that the claims occurr<?d chiefly amongst njcently fissunni 
lives where the reserves in hand were small. 

In this connection it may be pointed out that in (In* annual 
reports issued by insurance compatiics, one may sonnet inu^s observe 
a table giving the distribution of the claiias crpcrk*iH*<‘d according 
to the age attained at death. Such a tabic, !>tnvcv(T, Ci)nv(*ys Ijut 
little information regarding the mortality expeiiciK*** of the com- 
pany. It is obvious that much would depend on a vurk^ty of 
considerations, such as the average age at entry and the class of 
insurance effected. A company transacting little \%hole-bfo 
businesa, and that chiefly at the 3 *ounger ages at entry, hut doing 
a large endowment assurance business, would tend to compare 
unfavourably in such a comparison with anotiu*r offic<' doing very 
little endowment assurance business, and a considerable amount 
of whole-life business chiefly at the older ages at entry. We 
could not conclude merely for this reason that llu* profit from 
mortality iu the first company i.s less than in the second. 
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28. Assuming that an otnce had on its hooks at the commence- 
xm*nt of a yi‘ar a group of 1000 lives aged 40, each of whom was 
insur<‘ti tinder a policy for £100 (without profits) payable at age 55 
or death, and effected exactly 10 yeais previously at an annual 
premiuiu of £3, 14s. ; also assuming that 10 of these become claims 
(payable at the end of the year of death) during the year, the 
remainder being still in force at the end of the year ; that the 
office earns 4 per cent, interest on its funds, spends 10 per cent, of 
its pu'iniun.N, and makes an 3 percent net valuation ; find 
the total profit to the office earned by the group during the year. 

imieh of tliis is (1) profit from mortality; (2) profit from 
interest; (3) profit from loading? 


From Hardyls Valuation Tables'* we find 




1 ^^*^40 . lY; ^ ^^30 • ^ 10 : 151 

66-847 - 3-244 X 11-383 
29*921 


n^^3u:25i ^^^'^41:14] ““ ^®^^80:‘iS1^4l:l4| 


68*528-3*244xl0*805 

33*477 


The accminilaiitm of the fund is as follows; — 


Fund at beginning of yeai, 1000 X 29*921 . , . 29921 

Office ]>rcmiuius paid, lOOOx 3*7 , . 3700 

Less — 10 per cent for expenses • .370 

3330 


33251 

A(M also one year's iuttu-est Ihcn-on at 4 per cent., the 

rate realised * . ^ * * . . . 1330 


34581 

Deduct the eliims jia} able 1000 

Actual fund at end of year 33581 


From wdnch deduct the office's liability, 990 x 33*477 * 33142 

Dificn-ni‘ts being total profit earned by the group 
during the year ♦ % , • » t • " ^ ^ 
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Tt>lal profit , as befoiv . . * .439 

Made up thus : — 

(1) The liability at of yi'ar was , 

3 per cent, net premiums, 10( fu x 1 1 :):! I \ 

Interest for year at 3 per cent, the valua- 
tion rate . . • ^ * 9(tr» 

Less — Claims payable as btTorc . , « ItHMt 

Deduct — Liability at end of year as before . 331 13 

Difference, being prt)fit from mortality . 13 

(2) The office premiums were as before . 37<">0 

The net premiums . . , .3214 

Difference, being loading • . joO 

Less — ^Expenses as before ♦ . 37t^ 

Add — Interest for year at valuation rate 3 

Profit from loading ..... 

(3) The interest realised was as Inffore . 1330 

Deduct — 'Interest alr<‘ady taken credit 

for m heading (1) . . 093 

Do. heading (2) * . 3 ^ 

998 

Difference, being profit from Interest . 332 

439 

29. What is meant by an and valuation ? How «!o 
the reserves by this basis compare with those required by Dr 
Sprague's Select Tables? 

For the purposes of an H“ anti valuatiwi, in the 

fundamental formula 
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wc in«;ert values for the functions on the right-hand side of the 
equation, as follows : — the net premiums are used 

throughout; and — when the policy is of less than 

fiv<» years* duration, the values from the tabic are used, 
but when fi\e or more years have elapsed, the values are 

taken. 

In the case of policies, which have been less than five years 
in f<»rce, the reserve is less than that required by Dr Sprague*s 
Select Tallies at all ages at entry. For those policies of five or 
more than five years* duration we may compare the formulas, 
as follows : — 

xrOl^ and 




_ a(H^(5)) p 


It will be seen that the only difference between them is that 
tin* and valuation employs the net premium, while 

under the other the select premium is used. Now ^ is less 
than P^^^ of Dr Sprague’s Tables for all ages at entry up to 4:3, 

and thereafter is greater. Hence the and reserve is 

greater than the select reserve for ages at entry up to 43, and 
ihcrcafter is less. 

It may be mentioned that for an average office an and 

a close approximation over the whole business to 
th(^ r<‘Kcni. rtquircd ^y Dr Sprague’s Select Tables. 



CHAPTER XIX 


Life Interests and Reversions 

1 . In practice it will be found that Life Interests are usually 
payable with a proportion to date of death, and therefore in such 
a case, though Text Book formula (1) is commonly used, a more 
exact formula would be 

X X 


F 


V - 




A policy must then be taken out for and W(! have 

Amount paid to vendor . * , • . 


a 

I’C+rf 


p'“+;/ ■■ 


First premium on policy 
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The annual income is . 

to Ix'. applied in payment of 

One year's interest on total outlay . 
Annual pi’cmium on policy * 



At death there is received — 

Sum assured under policy , 
Proportionate payment of life interest . 


Topfethcr • . . , 

which is to be applied in payment of 


Total outlay . 



One year's init‘resi tlicrcon * 



1 


i-± 

2 

so 


F 

1 + — 
^ 2 

P' 4-d 



2. Where the life interest to (.r) is limited to n years, the formula 
is on the same lines as Te^ct Book formula (1). The policy to be 
rfteeted is an endowment assurance which will return the total 
outlay %vith a year s interest at the end of the first year in which 
no payment of life interest is made, tliat is, at the end of the 
(« 4- l)lh yt\ar or the year of previous death ; and we shall have 

1 
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S. The problem as stat<‘<! in Te^rf Jhmk, Article bl. i*- much more 
frequent in practice ihan ihe probluii to iiml tiu' ^alue of ihe 
life interest, ami therefore it will b<; well to .state the matter from 
that point of view* 

1 


Since 


F +«/ 


- 1 purchases a life interest of 1, a snnj of 1 will 




purchase a life interest of ][““ policy 


to be 


effected is for r-rl-TTv 
Amount paid to vendor 
First premium on policy 

Total outlay 

The annual income is • * • * 

which provides for 
One year's interest on total outlay 

Annual premium on policy « ♦ 


At death the sum assured is received 
which repays 

The total outlay ♦ * • 


1 

i’'r 
i J" 


] (rj,/) 

j - Cl-'- HO 


if 

r- (p , -i , 1 ) 

F, 

i-(p;^-iO 


p',+rf 

I f p , . i/) 
I 

i-(P>rf) 


r-(P’;vrf) 

d 

Y 


i -(r f/} 


And one year’s interest thereon 
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4. lii with the Reversionary Life Interest, formula 

("J), us lie ntioned in Ttwt Ihiok^ Article ol, was given b}* Mr Charles 
Jcllii'or, ll i« assumed under it that an aimuity for the joint 
Ines IS ai'inalH purchased or set up m the books of the office. 
Dr SpraiiUi*, arguinu' that if the number of contracts entered into 
is sidii<*u*ntly largt% no such procedm*e is reciuired, or, as a matter of 
fact, carried out, suggt*stt*d formula (a), where one ratt* of interest 
is assumed throughout, and which, witliout the correciiou for A 
payahie if (//) di<* first, resads 

Or, if we are lo assunu^ a higher rate of interest till the life 
interest conus inii» possession 

For a complete reversionary life interest we might use the 
formula 

JT “ J, *“ 


y. + d 


(‘ - s 


V F. + rf* 


i-0\+^0(J+%) 

wlii. ii formulas (16) and (17) of XVo-iflioo/, Chapter XIV. 

If now w« give reversionary 

ebargi* of !» we shall give 1 for a similar charge of 
In this case a policy must be effected 


r-(!% + ^0(i>O’ 


i *(1'' +f/)(i t-«J 


Proceeding as before, we have 
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Amount paid to vtmdor . • * . . 

First premium on polu^y * . « ^ 


f < HM* \iV. 


Price of joint-life annuity 


1 

V 

r i,fi 


« « 


Total outlay 


» • 


The annual income, from the annuity 
during the joint livt's and from tin* 
life interest after (//)\s dtMth. is 

which provides for 
One year's interest ^ 

on total outlay . ^-Tp. .Uf/w'ilV, 

Annual premium on p' 


{ r . f M 


P 

1 - .'j- „ , 


policy 




PV^ d 

1 ( P i \ I -4 // ) 

At death the sum assinvd is received ^ !/ wr ) 

which repays 


The total outlay . 

And one year's in- 
terest thereon . 




r-(F 


i (P^ f (ij\J 4 ) 


5. For the Absolute Reversion, Jeilicoc’s formula (8) ass^nnes 
as before that an annuity is actually or constructively purchased, 
while Sprague's formula (9) rejects this as not in accordance with 
customary practice, and adopts one rate of interest throughout, 
assuming that reversions will be purchased in suilicient numbers to 
wai^rant this procedure* It is true that a specially large reversion 
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nnulit lliroAv ou\ tlu‘ iivi'rnf^o on which llie latter arf3;:ument rests^ 
bul Ibis nien'Iy iiuli«‘nles that the office must avoid contracts 
of sueh size, just as lliey have a limit for the aniomit of assurance 
on any one life. 

As hefert*. lei us eonsid<‘r the reversion which can be purchased 
for a ; 4 :iven sum. as tliat is the more usual problem. A reversion 
of i is purchased for 1 -;/(l ; therefore 1 will purchase a 

j'eversiitn of \ . And an annuity of , ^ , must 

Ik* purchfi'^i‘d. Tinni 

Amount paid to vendor • . . . . 1 

j 

Fricf of (uinuity - — — -a 

1 -ef(l +etj ■>- 




Tlu; annual income from the annuity is 

which is interest on the total outlay. 
Tlie amount reeeivi*d at (.r) s death is 
Avhich repays 

I’otal outlay . . . * . 


l-dli+nj 


Om* jiNir’K intiTJ'sl thereon . 


d 

J rf(l f «_) 


d 

l-d(l+aj 


1 

I -rf(l +aj 


1 

r-./(t +,V) 


6. In ihr (MS'* .>f the Conlinpfcnt Reversion, Jellicoe’s formula 
(10) pr<w*e<ls on th<' same principleas his others, viz., of purchasing 
an annuity during the joint lives ; while Sprague's, formula (1 2)^ has 
one rat e throughout. Sprague's formula cannot, however, be further 
reduced to for it is necessary, as in the immediate and 

revcr.si«mary life interests, to set up a policy to cover possible loss 
of cajutfil which v ill happen here if (a*) dies before (y). In the 
absolute re\ersiou the only possible I(»ss was that of interest so 
hmg as the life !i\cd, and accordingly no policy to cover loss'of 
capital was necessary. 


\ 
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Mnr xn\ 


N’<w if 1 M/\(1 ] it ) *•. n cut 

sion of I. tlioH I will |iun'h a ji( r<\rr‘»f»n uf 

-- , — — .for which ain»>uiti a pnlrx no {,, ) f f’ ) 


must be effect er]. AKo an annni1\ f)f‘ 

be jnxrchasctl. Ae<Mi»!?i weh/ue 
Amount pail! to 'eiufor 

First premium on jioJicy . * 

Price of joinl-hfo annuily . 

Total outlay * . * , * 


V ^ fl 

1 '\\ \ *i ) 


nn^t 


P 

1 \ ta ) 

pi ^ // 


I .V 




I (P’i 


The annual income from tin* joint-life annuity is 

which will piwitle 
One year^s interest on . 

total outlay , » . 

^ 1 iP ‘ lit/ ] 

t i ,,f 

Annual proniimii on p.i 

polic)’ , . , j'l 


}> ’ -f ,/ 

^ I , ‘ V ^ ' 


f; frf 


If (j-) (lies fiiM, Hk* Slim assured h}' the policy 
falLs iu, iuul if (//) (hes iirsl, the amount 
111 reversion, aimumtiuir to , , , 

which /;ives 

ToWortL., . ■r:(f;,;.,(,v.:;) 

One year’s interest 
thereon , , . r 


1 


1" ■ j 
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7. Tln‘ n-jfibod of book-kt*opmg I o be usoci in connection with 
reversion, > prt‘srnts scntn* diHiculUeh, There nre three common 
mt^tliods to bo <*hoM‘u inmi. 

(0 There is the iht‘or<*tioal inelhocl, upon which Jellicoe's 
fn’inuhis proceed, oi' actually purchasing from the annuity 
vhp.o*’»')t d an annuity to pay premium and interest or interest 
alone, as the case may he. The amount available to purchase 
these annuities is the diilerence between the sums in reversion 
and tluur jmsseut value : it must be added to the ainouni invested 
in rc‘vei>,ions, and will then* appear as an asset, while it will also 
be (‘iiterc'd as a liability by being included in the annuity fund. 
Tiu‘ annuity, as explannal, will ahvays provide the necessary 
annual ineoint*. If, however, Sprague’s formulas be used and this 
method folloi^ed, the annuity will have to be purchased on, say, 
a 5 per cent, basis, which of course is not profitable to the annuity 
dc p.n imenl 

(2) Interest at an assumed rate may be added yearly to the 
vahi<‘ t»f the reversion, and taken credit for in the revenue account, 
Bui the annual increase in the value of the revei’sion is not so 
great as a year’s interest, and if only a few reversions were to fall 
in during ,i fpdiitjnonniuiu a large sum might have to be written 
ofFthe reviTsions aeconnt at the valuation. Where the business is 
n<*w or of no gr<%'d extent this might easily occur, and accordingly 
in such eir<nnnslanc<‘s this method is not to be recommended, 

(H) The safest method is to acid only the yearly increase in the 
\alu(‘ of 111** r**v**rsioii, ami take credit for the whole difFerence 
h*‘twe«*n 111** fund in nwersion and its value when it falls in. Such 
a sinng**nt nudbod imsans, of eoursc, that this form of investment 
may show at *uut tinm a very l*»w rate* of inter(‘sl, and at another a 
rate* swollen fiui of. ill pioporlicm But obviously a loss cannot be 
incurred a! any tune. 

EXAMPLES 

L Del ermine the preseni \alue of an annuity-ocrlain of per 
annum f<ir n years, ivlnch is t*) pa\ during its continuance a given 
rale of interest on the junehase mone%,aiul to leplacethe purchase 
numry at the expiration of llu* term at a diierent rate of interest. 

On the princijdes of tlu* life iulcrest, 





m 
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t n\v. \i\\ 


wlu^T r/ is the iMtt‘ of inU*rost to !fo n ah t ti, oii<l P v Uio 
sinking fund payahlo in afi\an<*o rM|iiirtd in .nnooiit in I at Mio 
end of (;/ + i) years, ealeulafod al the rate ot iiiP re .} f .r he: 


2. A sum of ,€10,000 Is r**q«iretl on the ••eeuniy of .m ample 

reversionary life interest to (Oo) niter It is n t|uired to tind 

what annual charge on the life inteia'd nnnJ he gueii, and for 
what sum (35) must be assured, the i*\\ii*v |m*iinnjH on ins iiiV 
being £2, 8s, lid. per ceiiL, and interest being taken at 5 per cent., 
with the joint-life annuity based on ilie Carlr le lahle. 

The annual el large \sill be 

10000 (P 'g. + ti) ] f )0i )0(«t ^2 i i fi 4- M t f 7 2 ) 

■ 1 - , inT.'.J i 13 

- 1715 


and the amount of the policy 

10000 


1 - 


21210. 


3, What charge must be placed on funds, over Dibich an nbsrdute 
reversion is held payable at the death of a pt»rson ageii fio, In eon- 
sideration of a sum down of £!djOu(^- The Parlish* ‘Falde with 
5 per cent, interest is to ]>e usetl 

The charge is 

10000 iOOOO 

' •fis 202 

17104. 

4. A sum of £20;,000 is desired, to be secunal o\ei fun»1s falling 

to a person aged 30 should he be alive at the^ death of hh mother 
aged 60. Find the amount of the ne<‘t‘ssar\ tluirge on Iht* ftmds, 
having given that ^ *01351. Tlu^ Carlwlt* Tablt‘ is to be 

used for the joint-life annuity, luid 5 per cent, inlertssl is to be 
assumed. 

The charge is 

20000 ^ 20000 

!<i.; 

» 46707. 



CHAPTER XX 


Sickness Benefits 


EXAMPLES 


1. If tlu* Lw of sickness be sucli that at any age two are 
ly sick for one !hat dies, hnd the single premium for a 
sickness allowance <»f 10s. a ■week at age a’, to cease at age 65, 


Out of persons alive at age x the number constantly sick 
during the lirst } car is during the second etc. Therefore 
the amount paid in sickness allowance is 26 x 26 x etc., 
and the present value of the payments is 


r3r)2C</^ + rrf,^j+ . • • 

and the value of the benefit to each person is 


LHI^O "i*. • . ■4*C 


u 


D 

jt, 

M - M .. 

r»2(i+0‘— 


2. Find the weekly preiuiuni nnpiiicd at age .r to provide the 
folknving lienefils :~ 


(а) at death. 

(б) A hickness allowance of 10s. per week limited to « y^ears. 
(r) A deftn-red annuity of 10s. pci week to be entered upon at 

the end of n jcar.'>. 


Benefit side « 25 — + ‘5 “ + 26 


D 


1 >. 


D. 


Payment .side » p.— » -j* 1 — 


IK 


P )>cing the annual eunlribution. 
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\x. 


Equaling aiul solviinr. 

2r)M (1 +/)'4 -m(K - K , ) i \ ; ’[> I 

^ ■ N N ••.DU) 

V 

And Uie weekly premium is 


3. Find the wt‘i‘kly eoiiirihul inn retpnred at t in pru\ide 
ihc followin^j^ benelils : — 

(a) £20 at death, 

((>) A sickness alhnvnnee of £1 per week fur (lie lir-f si\ 
months* sickness, lO^. per week for the set‘oiu! st\ sumHhs,^ a?»d 
5.S. per w'eek tliercafler, the whole benefit to cease at the end oi* 
7? years, 

(e) A deferred annuity of as. per week !»» he ent<*red upon at 
the end of n years. 


Benefit side 

.*0 M.G R- K; . J+ -.-.(K*' - K|> „) + -jr,(Km _ K>n ) 

” D_^ ~ ■ I)^ 

N +J,D 
+ ]» .J±ii 7 r.JJ» 


1 >. 


Payment side -- P 




1 ) 


Hence P may be found and the vieekiy coninhutioii is 


P 

.72* 



CHAPTER XXI 


Construction of Tables 

1. A of formed as shown lu Tcdi Book, Article 49^ 

at rate i may bo clieckeil \er 3 ' simply with the table at vatoj. 

For a1 rate f\ 

(loff/ ••• +log/„_j) + log('(.r+.r+'l+ ... +.iirri) 

And at ratt‘ /, 

^ + 4*log/j^^^) + logi)'(a: + 7+l + . - +(17^1 

Therefore 

1:^*' “ ^ log at rale J ~ ^ log D^. at rate i 4* (log t/ - Jog v) ^ ^ 

2* A table of A may be formed with the help of Gauss's 
h^garithms in a way similar to that ixi which is formed as 
sho%vn in 7W/ Ihok, Article 99. 

A, - '■'/,+'?A+i 

- ‘'1‘A^K-^ \+x) 

wluw II -1 

P. 

Hence logA^ = log»';^^+l«gn +[i'KlogA^^j-logA) 

Starting then at the end of the table we have = o and 

logA^^^ “ Froxn log» dediict logll^ ,, as tabulated (for 

the 7M Bmk tabh* al pages -199 and 501); enter Gauss's table 
with tljc ddference as argument, and to the result add 
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log ^*'*'** A^, ... Fn^n 

log A^^*. deduot logll^,^,,; mivt <J,uiss's riuc! |<» tin* result 

add log and ,, aiul so enj, to 

age 0. Then lake llu* aniilogs, and the fal»h‘ el' A is fonnod* 
The table of A^ when forni<*d may hr simpi} elieeked Mith 
the table of For 

+Vl - ('■-'/«,) + ('' •■• +(>■■■</*',, ,) 

S. Besides the method of tabulating given in JVa/ Bimi, 
Article 56, Ave might enter aimual-preininm et»ii version tables 
with and so obtain as described in Chapter VIIL Or 
again, we might make use of a table of reciprocals, whieli %ve should 
enter with 1 and from the result deduct </. Thus — 


Age 

a 

„i. 

1+a 

P -- -<i 

1 a 

(1) 

Ci) 

i 

i 

(3) 

{») 



1 

J 


Neither of these methods, how'^ever, is a cortinue<i inelhod. 


4, The arithmometer may be employed to form a table of 
in the same way as described in Tejti Book^ Article 61, for A^, 

A preliminary table of the differences between the temporary 
annuities must first be drawn up, thus: — 
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\vlH*re t)if* au’t* at which the aiinuil} ceases is always the same, 
\ i/ , .r -} - 1 . 

Pulling 1 on tiu* slide and fi on the fixed plate with the 
regulator at siihlracti<»n, multiply d by (1 -f --jj) 

\a!ue of \ - ’vull r<‘su]t On changing the regulator to addition, 
eoninuuai multiplication of d by the series of diiferences found as 
above, will give the values of etc. For 

<*te. etc. 


6. Instead of using the values of -Acr^to help in forming the 
table of poli(*y-valueb as described in TeH Book^ Article 78, we 
may use the annuity-due values themselves. 


For 


\' 

W X 


a 

1 - ./A? 


Tlu*reibr<‘, putting - on the fixed plate, multiplying succes- 
a 

hivciv bv a a etc., and U'.ing the ‘■'effacer'' between each 
op<‘mtion, wc* gel the values etc., the complements 

X £ 

of which arc tlu; reqyjnrecl policy-values. 


6. *riu* values of endowment assurance policies may be similarly 
airiwd at, since 

V « 1 ^ lV±!ii£ES 

H xr\ a -7 

«r| 

Or they may be n>rmcd on the principles of TeM Booky Article 
7H, since 

V ■ V - 4- ‘ ‘ I J 

n-fi AY} " ft 1 

A .* -li 
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A prOinimarv us for tin* tulwluUnjx “1' A . uinsf Uu'n** 
fore be formed, eonsisliiipf <»f 

a 


n 


- a 

ti 


" :..r 

ole. 

Then with the rei^ulator at athiitioji, uiu! 


I 

1 ^ H 


on I he 


fixed plate, the suet vssi\ e uiultiplieuiion h\ these ditrereiiees ^\Ili 

give us jV . el,-. 

The results may be cheeked hv addition tor 

1 r, 1 4* , i -r ^ 




U 


?:»* . if 


i 4 




7. The construction of tables of poliey-vulnes for lindtt^d- 
paymenl policies is a .slower pn*cess, as tlu^ premium*- !ia\** tt^ In* 
valued separately from the sums assum’d and the difiereiiet* taken. 

As a prelmnnur\,u table t>f diilen'nees of am \ii{ \ \,du. ^^h^n^lf! 
be foniied, as in the ease of eiulownieut H*vsurauees. 


p-.-. - 


Yt‘ar,s in foroe 

Ainmity A'^ ; 


4 » -2:1*1 

«- 3 

4' -‘i - ^.f-4 

«-4 


2 

'-ji 

1 
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VniWuix , P. on fin* ik<‘r! pk1^^ find mullip]yin|T by 1, we ^ct 
the \ahif‘ of tlie pu i outslamliii^ al the he^viujjbi^ of the last 
yeai of pn )!,,>.!*. pnyhuniL h\ J\. Then the successive multi- 
piicaiion of V h\ the (juaiitities fbuiul above and their continued 

addition will tin* value of the piMniinns outstanding at the 
h« vinainu. ttf e ach rear down to the second. For 


V 


etc. 


~'^j+ft-2:r|) 

etc. 


The rc'-ults may bo checkod i)y addition, since the total 

= -l) + (^+i:iro,+«,+2.r:r5;+V3:*--4!+ 


The va1u<‘ of tht‘ j remiuin*? inust be deducted from the corre- 
spoitdinu assurance value to get the value of’ the policy. The 
iotiil may he cheeked by addition, for it should be equal to 
j -f A j . •f less the above summation of the 

valu<*.s of the premiums. 

rile value of the policy after the premiums are paid up is, of 
tamm*, just the as^uraiua %,ilu<\ 


EXAMPLES 

1 , Show in didaii how to obtain a table of annual premiums for 
whoU»“life .issuiMnct‘s from the values of without constructing 
th<‘ table. Assuming a rate of mortality represented by a 
constant addition of *01 to according to a standard table, explain 
h<»w the required premiums could be approximately obtained 
wilhtmt special tables. 

Write di>wn in a c<dumn in reverse order the values of from 
age dovnvards. From these values prepare a column of 
h»g 
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Then Iog»>7?a,., - , 

etc. * U\ 

From this Iasi column pass io tht^ vaiurs of 
Enter annual-premium eom’orsiou tal)l(‘s with tliMC \‘aluchj aial 
obtain P„.g» etc. The folhmnif? schedule evhihits \hv 

process : — 



logCS) ; losH) I'V 

+loge I-* i 

“iog*:?vj “ : 


With reference to the second pari of the ^pt<^sUon it was sho^n 
on page 232 that it may be i-casoiiably assumed that the adciit jon of 
a constant *03 to the rate of mortality ^\iU ha^c tht' same t troel as 
an increase of '01 in the I'atc of interest per niut. Wt* nia\ 
examine this assumption with refereuee t<i an ineri-ast from 3 per 
cent, io 4 per cent, in the rate of interest unph^ud in annintj 
values. The assumption is that in an} table 

w. * w* 

1-04^® “ 'l-03^» 

, 1-03 

~ 1-04^''* 

1 . 1-03/, > 

1-9® = roi(^-9®) 

, 1-03 -01 

9* J-Oi'A+l-y-J 


« ^/« + *0i approximately , 
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If, then, flip premiums required are 3 per cent, premiums, 
\\v .shall iihfain ffond approximations if we enter a ,3 per cent. 
;inmial-puini,iM converMon table with 4 per cent, annuities as 
found by the method in the first half of the question, thus 
foliowiiig the formula 






2. From a table of show how you would constx'uct a 
table of a , 


Since 




1 




and the value of is given, that of can be found. 


Then from etc., find log(l -jV^),log(l 

log(l -jjVq), etc., to each of which add log(l4-aQ) and the results 
arc log(l-l-fij), log(l + ^Tjj)j log(l+j{7g), etc. Find the antilogs of 
these, and doduei 1 from eiich number, and the results are 
following scheme shows the process : — 







